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This  book  is  the  second  part  of  a  work  on  the 
theory  of  gyroscopic  devices  (CD's)  (the  first  part 
was  published  in  1962).  In  it  the  theory  of  active- 
type  gyroscopic  stabilizers,  differentiating  and 
integrating  gyroscopes,  gyroscopic  navigational 
systems,  and  also  certain  questions  of  gyroscopic 
stabilization  are  considered. 

Basic  attention  is  allotted  to  determination  of 
ynamic  errors  of  OD's  in  conditions  of  random  con¬ 
trols  and  disturbances. 

The  book  is  intended  for  engineering-technical 
and  scientific  workers,  studying  questions  of  applied 
gyroscopy,  and  can  serve  as  a  training  aid  for  students 
and  post  graduates,  studying  the  theory  of  GD's. 
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PREFACE 

In  this,  the  second  part  of  a  work  on  the  theory  of  gyroscopic  devices  (GD's) 
a  theory  of  active  gyroscopic  stabilizers,  and  also  of  differentiating  and  integrating 
gyroscopes  is  expounded,  certain  questions  of  gyroscopic  stabilization  are  considered, 
and  information  on  the  theory  of  gyroscopic  navigational  systems  is  given;  among  the 
latter  are  Foucault  gyroscopes,  the  gyropendulum  and  the  gyrocompass,  and  also 
gyroinertial  navigational  systems. 

The  theory  of  the  indicated  GD's  is  considered,  taking  into  account  the  same 
features  which  were  noted  in  the  preface  to  Part  I  of  this  work,  l.e.,  basic  attention 
is  allotted  to  determination  of  dynamic  errors  of  GD's  in  conditions  of  random  controls 
and  disturbances;  here  there  are  used  probability  methods  of  research.  In  the  analysis 
of  GD's,  besides  methods,  widely  employed  in  applied  gyroscopy,  there  are  also  called 
in  engineering  methods  of  the  theory  of  automatic  control. 

The  expediency  of  such  an  approach  found  its  confirmation  in  the  contemporary 
tendencies  of  development  of  the  applied  theory  of  gyroscopes,  where  in  the  solution 
of  different  problems  connected  with  analysis  and  synthesis  of  GD's  probability 
methods  of  investigation,  and  also  methods  of  the  theory  of  automatic  control  obtain 
ever  greater  importance. 

The  author  expresses  his  gratitude  to  A.  A.  Sveshnikov,  D.  R.  Merkin,  E.  I.  SILv, 
Ya.  G.  Ostromukhov,  and  S.  S.  Matveyev  for  a  number  of  remarks  on  the  book,  and  also 
to  scientific  editor  R.  I.  Chertkov. 

The  publishing  house  and  author  request  that  opinions  on  the  book  be  sent  to 
this  address:  Leningrad,  D-65*  Gogol  street,  8,  "Shipbuilding"  Press. 
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CHAPTER  7 

ACTIVE  GYROSTABILIZERS  AND  THEIR  APPLICATION 
Designations  Appearing  In  Cyrillic 
B  ■  IR  -  Inner  ring 

*  -  &  -  gyrohousing 
r  -  g  «  gyroaeoplc 

T  ■  Oyro  -  gyroscope 
TB  -  OV  -  gyrovertical 
r.u  ■  gm  •  gyromotor 
rH  ■  DO  -  directional  gyro 
Tk  •  Oh  ■  gyrohousing 
TC  ■  OS  ■  gyrostabilirer 
rT  »  OT  -  gyrotachometer 
nr  »  gd  ■  gyro  device 
r.a  -  g.e  -  gyroequator 
A  ■  mot  -  motor 
A»r  ■  mot.g  -  motor  and  gyros 
AM-  TQ  -  torque  device 

AC  -  SP  -  signal  pickoff 
kh  -  In  -  Inertia 
k  -  c  -  correcting 
K  -  Fr,  R  -  frame,  glmbal  ring 
M,  u  m  Pend,  pend  -  pendulum 
MK  -  CP  «  correcting  pendulum 
■  -  best  -  beat 
H  -  OR  -  outer  ring 
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n  «  per  -  periodic 
n  *  p#  Pot  *  potentiometer 
n  m  p  ■  piet  -  platform 
p  •  t,  oont  •  frame,  control 
P  -  Slit  -  distributor 
0  -  vel,  s  -  velocity 
o  ■  s  ■  sterilizing 
o •£  -  b. a.  -  atabiliaing  motor 
CA  •  8M  •  stabilizing  motor 
ot  •  stat  -  static 
t  ■  fr  ■  friction 
IT  -  TO  -  tachometer  generator 
y,y  -  Amp,  amp  -  amplifier 
a  »  e  »  equator 
K  -  arm  •  armature 
q  -  clro  ■  circulation 

§  7.1. 

1.  Function  end  Typee  of  Active  OS's 

In  the  first  part  of  this  work  [120]  directional  gyroscopes  and  vertical  gyros 
were  considered,  in  which  astatic  gyroscopes  with  three  degrees  of  freedom  are  used. 
Such  QD's  are  devices  of  readout  type  (Chapter  1,  §  2.4,  Par.  1).  A  common  deficiency 
of  readout  GD's  is  their  susceptibility  to  the  influence  of  external  disturbances. 

To  increase  the  accuracy  of  a  OD  of  this  type  we  carry  out  "unloading,"  applying  a 
complex  suspension  system  for  the  gyroscopic  sensor  with  minimum  friction,  and  also 
servos,  ensuring  readings  of  the  sensor  with  minimum  load  acting  on  it.  Here,  total 
error  of  the  GD  is  "composed"  of  errors  of  the  gyroscopic  sensor  and  errors  of  the 
servo.  These  and  other  circumstances  complicate  creation  of  precision  GD's  of  readout 
type. 

In  the  last  decade  in  connection  with  the  development  of  automatic  adjustment 
and  control  systems  it  was  necessary  to  increase  accuracy  of  GD's.  Furthermore,  there 
arose  the  necessity  of  directly  stabilizing  separate  instruments  and  devices  on  an 
object.  For  solution  of  these  problems  there  were  created  GD's,  based  on  the  prin¬ 
ciple  of  active  gyroscopic  stabilization. 

The  essence  of  the  principle  of  active  gyroscopic  stabilization  consists  in 
compensating  external  disturbing  torques  by  stabilizing  torques  artificially  created 


Function  of  Active  Gyrostablllzers  (OS's' 
Circuits  of-  flS's 
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In  the  device  by  a  special  stabilizing  (unloading)  motor.  Control  of  the  stabilizing 
motor  is  realized  usually  by  a  signal  pickoff (through  an  amplifier),  which  fixes 
small  shifts  of  the  gyroscope,  caused  by  external  disturbances.  With  these  shifts 
in  a  power  gyroscope,  Just  as  in  an  astatic  one,  there  appear  torques  of  gyroscopic 
reactions  (gyroscopic  torques),  which  compensate  the  disturbing  torques  in  the  inter¬ 
val  of  time  until  the  stabilizing  motor  begins  to  work. 

Such  device  we  call  active  gyroscopic  stabilizers  (GS's)  or  active  gyroscopic 
frames  (gyroframes) . # 

The  stabilizing  motor  "unloads"  the  OS  on  only  one  axis,  on  that  one,  for  which 
«  there  is  not  required  application  of  "delicate"  suspensions,  as  this  occurs  in  GD's 

of  readout  type.  With  respect  to  the  other  axis  of  the  suspension  the  GS  is  sensitive 
to  external  disturbances.  Decrease  of  the  shown  influences  on  one  axis  in  active  GS's 
is  easier  than  the  same  with  respect  to  the  two  axes  of  suspension  in  the  readout  GD. 

It  is  understandable  that  a  GS  does  not  need  a  servo  for  taking  readings,  since 
it  permits  direct  mechanical  connection  with  the  stabilized  object  or  with  the  angular 
motion  pickoff  of  the  object,  determined  by  the  GS. 

These  and  other  circumstances  explain  the  comparatively  high  accuracy  of  GD's 
based  on  the  principle  of  active  gyroscopic  stabilization. 

In  accordance  with  what  has  been  said,  an  active  GS  is  what  we  call  an  electro¬ 
mechanical  gyroscopic  device,  applied  for  stabilization  of  different  objects  and 
equipped  with  a  special  motor  for  overcoming  the  Influence  on  the  stabilized  object 
of  disturbing  torques.  At  present  active  OS's  are  widely  applied  on  ships  and  aircraft 
for  direct  stabilization  of  separate  instruments  and  devices.  Furthermore,  certain 
types  of  directional  gyroscopes,  gyroverticals,  and  combined  devices,  called  direc¬ 
tional  gyroverticals  operate  on  the  principle  of  active  gyroscopic  stabilization. 

Active  GS's  are  rather  complex  electromechanical  systems.  The  theory  and  methods 
of  calculation  of  GD's,  baaed  on  the  principle  of  active  gyroscopic  stabilization, 
were  broadly  developed  in  the  works  of  Soviet  scientists  B.  V.  Bulgakov,  B.  I. 
Kudrevich,  A.  Yu.  Ishlinskiy,  Ya.  N.  Roytenberg,  and  others, 
v  In  this  chapter  questions  of  analysis  of  power  GS's  and  also  application  of  GS's 

in  certain  gyroscopic  devices  (DG*,  GV's  and  others)  are  considered.  Power  GS's 
can  be  based  not  only  on  astatic  gyroscopes  with  three  degrees  of  freedom,  but  also 

*  Subsequently  we  shall  use  the  first  of  these  terms,  and  by  gyroframe  we  mean 
the  actual  mechanical  part  of  a  gyrostabilizer  without  electrical  components  of  its 
control  networks. 
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e.g. ,  on  floating  integrating  gyroacopea  with  two  degrees  of  freedom.  Such  GS's, 
finding  application  in  certain  gyroinertial  navigational  systems,  are  considered  in 
Chapter  11. 

Active  OS '  a,  depending  upon  the  number  of  gyroacopea  applied  in  the  frame  can  be 
one  or  two  gyro.  By  the  number  of  axea  of  stabilization  power  GS's  are  subdivided 
into  single-axis,  double-axia,  and  triple-axis.  A  single-axis  GS  stabilizes  the 
object  about  one  axis;  such  a  stabilizer  can  be  used  also,  for  instance,  in  a  DG 
of  active  type.  A  double-axis  OS  provides  stabilization  of  the  object  about  two 
mutually-perpendicular  axes,  l.e.,  creates  a  platform,  stabilized  with  respect  to  the 
plane  of  the  horizon;  this  stabilizer  can  be  used  also  as  a  GV  of  active  type.  The 
triple-axis  GS  stabilizes  an  object  in  three  mutually-perpendicular  axes,  l.e., 
creates  a  platform  stabilized  relative  to  inertial  space  or  to  the  plane  of  the  hori¬ 
zon  and  in  azimuth;  this  stabilizer  can  be  used  also  as  a  directional  gyrovertical, 
an  instrument  determining  three  angles  of  rotation  of  an  object  about  its  center  of 
gravity. 

Depending  upon  the  method  of  controlling  the  stabilizing  motor  we  distinguish: 

1)  active  GS's  with  control  for  the  ’’angle  of  precession,”  using  gyroscopes  with 
large  angular  momentum; 

2)  active  GS's  with  control  not  only  by  the  angle  of  precession,  but  also  by  the 
derivative  of  this  angle,  and  also  by  the  derivative  of  the  angle  of  rotation  of  the 
GS  about  the  axis  of  rotation  of  the  frame,  using  gyroscopes  with  comparatively  small 
angular  momentum. 

The  latter  GS's  sometimes  are  called  active  stabilizers  based  on  "small"  gyro¬ 
scopes.  In  this  case  the  weight  and  dimensions  of  the  Btabilizer  itself  are  consid¬ 
erably  less  than  for  a  stabilizer  with  control  of  the  angle  of  precession,  but  the 
system  of  automation  for  a  GS  based  on  "small"  gyroscopes  is  more  complex. 

Application  of  active  GS's  in  different  gyroscopic  devices  appeared  in  the  Soviet 
Union  at  the  end  of  the  1920' s,  but  the  basic  principles  and  schemes  of  active  gyro¬ 
scopic  stabilization  were  developed  in  1924  by  S.  A.  Nozdrovskiy  [106,  158],  Anal¬ 
ogous  schemes  appeared  abroad  considerably  later  [186,  191]. 


2.  Fundamental  Schemes  of  GS's 

The  principle  active  gyroscopic  stabilization  we  shall  explain  from  the  example 
of  a  single-axis  GS  with  one  and  two  gyros, 
a)  One-Gyro  Stabilizer. 

The  schematic  of  a  single-axis  GS  with  one  gyro  is  shown  in  Fig.  7.1.  Basic 
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components  of  the  stabilizer  are:  gyrohousing  Gh  with  rotor;  frame  Fr,  playing  the 
role  of  the  outer  gimbal  and  rigidly  joined  to  the  stabilized  objects;  signal  pickoff 
SP,*  fixed  on  spin  axis  Ox  of  the  gyrochamber,  called  the  axis  of  precession;  ampli¬ 
fier  Amp,  which  amplifies  current  from  the  signal  pickoff  and  transmits  it  to  the 
armature  circuit  of  motor  SM;  stabilizing  motor  SM,  connected  by  gear  transmission  to 
frame  Fr  and  intended  for  application  at  torques  to  the  axis  of  stabilization  (axis 
Oq  of  frame  rotation),  which  compensate  external  disturbing  torques  acting  on  the 
frame;  correcting  pendulum  CP  and  torque  device  TQ,  which  are  elements  of  the  cor¬ 
rection  system  of  the  GS. 

Let  us  consider  briefly  the  prin¬ 
ciple  of  action  of  a  GS.  During  appli¬ 
cation  of  an  external  disturbing  torque 
M  (Fig.  7.1)  to  the  axis  of  rotation 
of  frame  Fr  the  latter  will  not  turn 
about  its  axis  of  stabilization  Oq; 
due  to  the  gyroscopic  resistance  of 
the  rotor  the  frame  will  preserve  its 
initial,  e.g. ,  vertical  position,  but 
the  gyrohousing  Oh  will  precess, 
turning  about  its  axis  of  precession 
Ox.  Due  to  this  motion  there  appears 
gyroscopic  torque  M  ,  directed,  oppo- 

D 

site  the  external  disturbing  torque  M. 
This  gyroscopic  torque  in  the  first 
instants  compensates  the  disturbing  torque,  and  the  frame  preserves  its  initial 
position.  Subsequently  with  turn  of  the  gyrohousing  about  is  axis  of  precession  Ox 
a  certain  angle  p  signal  pickoff  SP  through  amplifier  Amp  will  switch  on  stabilizing 
motor;  the  latter  will  apply  a  stablizing  torque  M.  about  the  spin  axis  0  of  the 

S  T] 

frame,  directed  opposite  external  disturbing  torque  M.  Under  the  influence  of 

torque  M  the  gyrocharaber  will  start  to  precess  in  the  opposite  direction  and 

s 

will  stop  at  a  certain  position,  in  which  stabilizing  torque  M  will  balance  the 
*  external  disturbing  torque  M,  if  the  latter  does  not  change.  The  gyroscope  axis 

will  oscillate  near  this  position. 

Thu:  ,  the  magnitude  and  direction  of  current  intensity  in  the  armature  network 

^Frequently  instead  of  "signal  pickoff"  they  apply  the  term  "angle  pickoff." 
Subsequently,  as  in  Part  I  of  this  work,  we  Bhall  use  the  term  "signal  pickoff. 
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of  the  stabilizing  motor,  and  consequently,  also  the  torque,  developed  by  this  motor, 
depend  on  the  angle  3  of  rotation  of  the  housing.  In  this  case  we  have  an  active 
OS  with  control  of  th c  angle  of  precession.  Let  us  note  that  current  in  the  motor 
armature  and  the  signal  in  the  amplifier  do  not  build  up  instantly,  and  over  the  time 
interval,  until  stabilizing  torque  M  reaches  the  needed  magnitude,  stabilization  of 

B 

the  frame  with  the  object  is  realized,  as  shown  earlier,  directly  by  the  gyroscope 
with  its  precessional  motion  and  accompanying  gyroscopic  torque  M  ,  which  balances 
the  torque  M  of  external  forces.  Consequently,  in  an  active  GS  the  gyroscope  carries 
out  stabilization  only  in  the  first  moment;  subsequently  it  provides  a  stabilizing 
motor,  with  the  corresponding  power  of  which  it  is  possible  to  stabilize  considerable 
inertial  masses  connected  with  the  frame  (what  is  impossible  in  a  GD  of  readout  type). 

From  the  above  we  understand  why  we  sometimes  consider  an  active  GS  a  tracking 
system  [4]  for  the  external  torque  applied  to  the  axis  of  stabilization.  Here  the 
gyroscope  is  a  sensor,  which  "produces"  a  controlling  action  proportional  to  the 
integral  of  the  disturbing  torque  applied  to  the  stabilization  axis,  or,  more  exactly, 
the  integral  of  the  difference  of  the  disturbing  and  stabilizing  torques. 

The  stabilizing  motor  only  compensates  torques  acting  on  the  stabilization  axis 
of  the  frame.  Torques  applied  along  the  axis  of  precession  Ox  (Fig.  7.1)  will  cause 
drift  of  the  frame  with  respect  to  its  axis  rotation,  i.e.,  error  of  stabilization  a. 
Besides  this,  there  occurs  drift  of  the  frame  from  the  assigned  position  due  to 
rotation  of  the  earth  and  natural  movement  of  the  object,  since  an  active  GS,  like  an 
astatic  gyroscope,  does  not  seek  to  occupy  any  definite  position  with  respect  to  the 
earth.  It  follows  from  this  that  active  GS's  can  be  used,  e.g.,  as  directional 
gyroscopes,  but  not  as  gyrocompasses. 

To  keep  the  frame  in  an  assigned  position  with  respect  to  the  earth,  i.e.,  for 
imparting  "directional  force"  (selectivity),  we  have  a  correction  system,  analogous 
to  that  applied  in  a  vertical  gyro  and  consisting  at  a  correcting  pendulum  CP  and  a 
torque  device  TQ.  The  presence  of  the  pendular  correction  system  permits  compensation 
of  the  above-indicated  drifts  of  the  frame;  the  principle  of  action  of  this  sytem 
is  analogous  to  that  considered  in  Part  I,  §  2.3,  Par.  2a. 

b)  Two-Gyro  Stabilizer. 

The  one-gyro  stabilizer  is  sensitive  to  rotations  of  the  object,  to  which  it  is 
attached,  about  the  axis  of  precession  of  the  gyroscope.  Actually,  during  rotation 
of  frame  F  (Fig.  7.1),  together  with  an  object,  about  the  axis  of  precession  Ox  the 
gyro  seeks  to  preserve  a  constant  position  in  inertial  space,  and  its  rotation  about 
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axis  Cx  following  the  object  and  frame  is  realized  by  application  by  stabilizing  motor 
SM  (switched  on  by  signal  pickoff  SP)  of  a  torque  about  the  axis  of  the  frame,  which 
can  lead  to  oscillations  of  the  frame,  i.e.,  to  errors  of  stabilization. 

The  frame  can  be  made  insensitive  to  rotation  of  the  object  about  the  axis  of 
precession,  i.e.,  the  gyrohousing  will  turn,  following  the  frame,  without  switching 
on  the  stabilizing  motor,  if  we  use  a  two-gyro  stabilizer  (Pig.  7.2).  In  the  frame 

of  such  a  stabilizer  are  fixed 
two  gyroscopes  Gyro,^  and  Gyro2; 
shafts  of  their  gyrohousings 
are  Joined  by  a  hinged  mechanism 
—  an  anti-parallelogram  A,  which 
permits  the  gyrohousings  to 
rotate  about  axes  of  precession 
identical  angles,  but  in  dif- 
M  ferent  directions.*  Rotors 

of  the  gyroscopes  spin  in  oppo¬ 
site  directions,  which  deter¬ 
mines  the  opposite  direction  of 

Fig.  7.2.  Schematic  of  a  two-gyro  GS. 

vectors  of  angular  momentum  H. 


With  rotation  of  the  frame  about  the  vertical  axis  the  anti-parallelogram  will 
force  the  gyrohousing  to  turn  together  with  the  frame,  the  signal  pickup  will  preserve 
a  neutral  position,  and  the  stabilizing  motor  will  not  be  switched  on.  With  the 
indicated  turn  of  the  gyrohousings  there  appear  gyroscopic  torques  identical  in  mag¬ 
nitude,  but  directed  along  the  axis  of  stabilization  of  the  frame  in  opposite  direc¬ 
tions  (due  to  the  different  direction  of  vectors  1?  of  the  gyroscopes),  so  that  they 
mutually  compensate  one  another.  In  other  respects  the  arrangement  and  principle  of 
action  of  a  two-gyro  stabilizer  do  not  differ  from  a  one-gyro  stabilizer.  If  to  a 
two-gyro  stabilizer  (Fig.  7.2)  we  apply  an  external  disturbing  torque  about  the  axis 
of  stabilization,  the  gyrohousings  will  precess  in  different  directions  (these  motions 
are  allowed  by  the  anti-parallelogram),  which,  through  the  signal  pickoff  and  amplifier, 
with  switch  on  the  stabilizing  motor.  Presence  of  two  gyroscopes  doubles  the  angular 
momentum  of  the  frame. 


*In  certain  schemes  of  GS’s,  instead  of  an  anti-parallelogram  between  axes  of 
Procession,  there  is  installed  gear  transmission.  Application  of  the  anti-parallel¬ 
ogram  is  permissible  only  in  devices,  where  angles  of  rotation  of  the  gyrohousings 
are  small. 
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c)  Stabilizer  Based  on  "Small”  Gyroscopes 

Gyrostabilizers,  In  which  the  stabilizing  motor  la  controlled  by  the  angle  of 
precession  3,  along  with  high  accuracy,  also  have  several  deficiencies:  relatively 
great  weight  and  size,  considerable  time  for  activating  the  stabilizer  and  others. 
Therefore,  stabilizers  based  on  "small"  gyroscopes,  not  having  these  deficiencies 
have  also  found  application. 

A  distinctive  feature  of  such  a  stabilizer  is  the  fact  that  the  stabilizing  motor 
is  controlled  not  only  by  the  angle  of  precession  P,  but  also  by  derivatives  £J,  p, 
and  also  by  derivatives  a,  a,  of  the  angle  of  rotation  of  the  frame  about  the  axis 
of  stabilization,  i.e.,  a  torque  of  stabilization. 


/(p.  f,  f,  . . a,  a,  .  .  .) 


(7.1.1) 


is  a  function  of  the  shown  parameters. 


Another  distinctive  feature  of  a  GS  based  on  small  gyroscopes  consists  of  the 
fact  that,  in  it  there  are  applied  a  stabilizing  motor  and  amplifier  with  minute  time 
constants.  The  necessity  of  smallness  of  time  constants  is  explained  by  the  following. 
During  use  of  gyroscopes  with  a  comparatively  small  angular  momentum  the  initial 
stabilization  of  the  frame  by  gyroscopic  torque  due  to  precessional  movement  of 
gyroscopes  is  possible  only  for  a  very  small  interval  of  time,  and  we  need  rapid  out- 
in  of  the  stabilizing  motor. 

In  the  considered  GS  with  smaller  weight  and  dimensions  of  the  actual  stabilizer 
the  system  of  automation  is  more  complex. 


§  7.2. 


rnarnic  Characteristics  of  a  GS 


1.  Geometric  and  Kinematic  Parameters 

Investigation  of  a  GS  starts  with  composition  of  differential  equations  of  motion 
and  the  corresponding  transfer  functions.  When  composing  equations  we  have  in  mind 
equations  for  a  single-axis  two-gyro  stabilizer. 

Considering,  first,  work  of  a  GS  on  a  fixed  base,  we  select  as  the  reference 
system  trihedron  for  which  axis  Or)  coincides  with  the  axis  of  rotation  of  the 

frame  (Fig.  7.2),  axis  0£  is  horizontal,  and  axis  0£  is  located  in  the  vertical  plane, 
passing  through  the  axis  of  the  frame;  origin  0  we  consider  coinciding  with  the  point 
of  suspension  0^  of  gyroscope  Gyro^. 

The  position  of  the  spin  axis  O^z^  (Figs.  7.2  and  7.3a)  of  the  rotor  of  gyro¬ 
scope  Gyro^  relative  to  its  initial  direction  0|,  or,  which  is  the  same,  th  ->  position 
of  Resal's  axes  connected  with  the  gyrochamber  of  gyroscope  Gyro^,  with 

respect  to  axes  O^t )£,  is  determined  by  angles  a  and  (3.  In  Fig.  7.3b  the  position  of 


V 


y  -* 


Resal  axes  0gX2y2z2,  connected  with  the  gyrohousing  of  gyroscope  GyrOg,  with  respect 
to  axes  0£r\Z  is  determined  also  by  angles  o  and  p.  The  initial  position  (for  a  ■  6  - 
=  0)  of  Fesal  axes  in  Pig.  7.3  is  designated  0^  (0g)  xyz. 

Transformation  of  axes  O^f;  to  0^x^yjLzi  recorded  in  the  form  of  matrix  equality 

(*|.  Iff  %  Cl.  (7.2.1) 

where  matrix  ■  ||a^vll  (p,  v  ■  1,  2,  3)  can  be  presented  in  the  form  of  the  product 
of  two  matrices,  corresponding  to  rotations  of  axes  O^x^y^z^  angles  o  and  P;  as  a 
result  we  have  matrix 


I— sins  0  —cos* 

—  cos  a  sin  3  co$3  sinasin? 
cos  a  cos  a  tin?  —  sin  a  cos  ? 


(7.2.2) 


which  can  be  obtained  also  from  (6.2.2)*  by  replacement  of  a  by  (90°  +  a)  (compare 


Figs.  7.3a  and  1.6). 


Since  angles  a  and  p  in  practice  are  usually  rather  small,  we  present  matrix 

in  approximate  forms 


—a  0 

-1 

-?  1 

0 

(7.2.3) 

1  1 

—  a 

Transformation  of  axes  0£t\£  to  °2x2y2z2  can  be  recorded  in  matrix  form  in  the 
following  manner: 


I**.  j%»  *«i B  Ci» 


(7.2.4) 


Fig.  7.3.  Euler  angles,  determining  the  position  of 
gyroscopes. 

where  for  matrix  Ag  -  ||a”vll  (p,  v  -  1,  2,  3),  by  analogy  with  (7.2.2),  we  obtain: 


‘formulas,  paragraphs,  figures  and  examples,  numbers  of  which  start  with  1-6, 
ertain  to  Chapters  1-6  of  Part  I  of  this  work,  and  subsequently  indication  of  Part  I 

s  omitted. 
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<*"*  - 


(7.2.5) 


1 


from  which  for  small  a  and  0  we  have 


1  tin  a 

0 

|  cot  a  sin; 

cosf 

[|  —  cos  a  cos 

sinp 

cos  a 

—  sin  a  sin  B 
sin  a  cos  ( 


■ 


1  *  0 

i 

1  i  i 

0 

M  p 

a 

(7.2.6) 


Projections  p',  q',  r'  of  angular  velocity  a?'  of  gyroscope  Gyro^  on  Resal  axes 
°1X1V1Z1'  if  trihedron  is  motionless,  will  he  determined  by  relationships 

p'«— p;  f'«icosp;r'  =  <p,  +aslnp,  (7.2.7) 


where  —  angular  velocity  of  spinning  of  the  rotor  of  gyroscope  Gyrj^. 

Likewise  for  gyroscope  Gyro2  we  obtain 

p*  —  j,  qm -acosp,  r”  -»  ?,  +  isin?.  (7.2.8) 

where  <j>2  —  angular  velocity  of  spinning  of  the  rotor  of  gyroscope  Gyro^. 

For  calculation  of  motion  of  axes  04 in  inertial  space  it  is  necessary  in 
(7.2.7)  and  (7.2.8)  to  introduce  components  of  the  angular  velocity  of  following"? 
of  the  shown  axes  (§  1.2). 


2.  Differential  Equations  of  Motion  of  a  Two-Gyro  GS 

a)  Composing  Equations  of  Motion  of  the  Gyroframe. 

Let  us  compose  equations  of  motion  at  the  actual  gyroframe,  supplementing  them 
subsequently  by  equations,  characterizing  processes,  in  electrical  components  of  the 
GS.  A  two-gyro  gyroframe  belongs  to  multigyroscope  systems;  the  general  method  of 
composition  of  equations  of  such  systems  is  considered  in  §  7.6;  therefore  here  we 
shall  limit  ourselves  to  direct  composition  of  equations  of  the  gyrof-ame,  using 
Lagrange  equations  (§  1.5#  Par.  2).  First  we  shall  consider  the  case  of  a  fixed  base. 

Movement  of  a  two-gyro  frame  is  described  by  a  system  of  four  equations,  which, 
by  analogy  with  (1.5.2),  can  be  presented  in  the  following  form: 


4  (V 

r\  dT 

it  U 

r  " 

4  td 

T\  dT 

) 

t)  * 

4  tdt 

r\  dr 

h)  *« 

JL(1 

T\  dT 

*  UJ  * 
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(7.2.9) 


*  •  I 


where 


T  —  kinetic  energy  of  system,  consisting  of  a  frame  and  two 
gyroscopes; 

M  ,  M  ,  M  ,  Mz  —  external  torques,  applied  to  the  frame  and  to  the  gyro- 
^  Z1  2  scope  about  the  indicated  axes;* 

a,  0,  <p^,  cp2  —  generalized  coordinates  (the  same  as  in  Par.  1). 

Kinetic  energy  of  the  system  with  identical  gyroscopes  is  determined  by  relation¬ 


ship 


t  -  i  {■'„«’+ 1„ .  M’ +(?')’] + Jr. .  [(p-)’ + (o’)  + 

+  /(0’+/(O’l. 


(7.2.10) 


where  Jf  n  —  moment  of  inertia  of  the  frame  together  with  stabilized 

"  object  about  its  spin  axis  Otj  (Fig.  7.2)  (here  there  is 
included  the  moment  of  inertia  of  the  armature  of  the 
stabilizing  motor  given  with  respect  to  axis  Ot^,  which 
we  will  ignore  for  the  time  being;  see  Par.  b); 

J  —  equatorial  moment  of  inertia  of  the  gyroscope; 

&•  6 

J  —  moment  of  inertia  of  the  gyrorotor  about  its  spin  axis; 

p',  q'»  r1,  p”  ...  —  components  of  instantaneous  angular  velocity  of  gyroscopes 

Gyro,  and  Gyro„  (Fig.  7.2),  determined  by  relationships 
(7.2.7)  and  (7.2.8). 

Introducing  (7.2.7)  and  (7,2.8)  in  (7.2.10),  we  obtain 


^  “  -j-  [/ p,**  +  2yr  #  (  f  +  a*  cos*p)  -f  y  (<p,  +  a  »inp)J-f 

+  y{?i  +  «*inp)*]. 


(7.2.11) 


*  2  2  0 

Let  us  note  that  In  expression  (7,2,11)  the  minute  component  Jgha  sin  • 
included  in  general  In  the  kinetic  energy  of  the  gyroscope  [see  1.5.61]  is  rejected, 
due  to  smallness  of  moment  of  inertia  of  the  gyrohousing  about  the  rotor  axis 

a3  compared  to  moments  of  inertia  J  of  the  rotor.  In  other  respects  formula  (7.2.11) 
has  \e  same  form  as  relationship  (1.3,61)  for  the  kinetic  energy  of  an  astatic  gyro¬ 
scope,  if  in  the  latter  we  designate  (Jg  +  J  ^  g)  by  g  [see  (3.2.4)]. 

Calculating  partial  derivatives  of  kinetic  energy  and  substituting  them  in 
(7.2.9),  we  find  the  system  of  differential  equations  of  motion  of  the  gyroframe: 

± [(V +  "r. . «*’ F) ■]  +  Tt  [J (* +  i,ln <0' ,in P  + 

+y(f,  +  ««lnp)sInp]-iW, 

2Jr. ,  (P  +  «**ln  p  cos  p)  —  [y  (?,  +  « Sin  p)  -f- 

+  y  (f,  +  «*lnp)]  acosp  =—  Mm  (7.2.12) 

^.y(f,  +  islnp)  =  Mf| 

^y(f,  +  «slnp)-Af^ 

*We  note  that,  Mv  -  M_  +  M„  is  the  resultant  external  torque  acting  on  axes 

X  Xj 

of  precession  of  the  gyrohousings. 
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— xjA 


(7-2.14) 


(7.2.15) 


(7.2.16) 


For  a  steady-atate  of  work  of  the  gyroscopes  M„  -  Mw  -  0  (§  1,4,  Par.  2); 

z  p 

therefore,  from  the  third  and  fourth  equations  of  (7.2.12),  by  analogy  with  (1.4.8), 
we  have  (considering  ■  <p?) 

7(9,  -f-  aslnp)  “7  (9,  +  asin?)  «  const  «  H,  (7 .2.15) 

where  H  —  angular  momentum  of  the  gyroscope.  Identical  for  both  gyroscopes. 

Then,  considering  (7. 2.13),  we  can  characterize  motion  of  the  gyroframe  by  tw ) 
equations 

i,  [(V +  : .' «»*P) ■']  +  2" $«»?  -  iW, 

27r  ,  ( p  +  a8  sin  p  cos  p)  —  2 Ha  cos  p =  —  Mm 

Usually,  during  Investigation  of  a  GS  we  use  linearized  equations  of  motion, 
which  are  obtained  from  (7.2.14)  in  the  form 

Hi—M, 

analogous  to  equations  (1.6.3)  of  motion  of  an  astatic  gyroscope. 

For  a  single-gyro  frame,  as  it  is  easy  to  see,  we  have  the  following  equations: 

I'J-H'—H. 

Let  us  compose  equations  of  motion  of  a  gyroframe  on  a  moving  base.  Considering 

ourselves  limited  to  derivation  of  linearized  equations,  we  apply  the  Kudrevich  method 

(§  1.6,  Par.  2).  For  this  we  construct  an  auxiliary  drawing  (Fig.  7.4);  on  axes 

0£t|C  we  plot  components  u^,  u^,  at  the  angular  velocity  of  following  u  of  these 

axes,  caused  by  rotation  of  the  earth  and  spinning  of  the  object  (§  1.2). 

Along  axis  of  stabilization  Oq  (Fig.  7.4)  are  located  vectors  of  moments  of 

forces:  J„  a  —  moment  of  force  of  inertia  of  the  frame;  J  3  —  moment  of  force 
f  rj  g.e 

of  inertia  of  gyroscope  Gyro^  (or  Gyro2);  H(P  +  u^),  H(p  -  u^)  —  gyroscopic  torques, 

created  by  gyroscopes  Gyro^  and  GyrOgj  —  torque  of  external  forces  applied  to  the 

frame.  About  the  axis  of  precession  O^x^  of  gyroscope  Gyro^  there  act:  Jg  gP  —  moment 

of  the  force  of  inertia;  H(a  +  u  )  —  gyroscopic  torque;  M  —  external  torques  applied 

T! 

to  the  gyroscope.  About  axis  of  precession  0?x2  °**  Syroscope  GyrOg  there  act, 

•  •  • 

correspondingly,  moments:  J  p,  H(a  +  u  )  and  M  . 

8* e  T)  x2 

In  accordance  with  D'Alembert's  principle  the  sum  of  these  moments  on  axis  Oti 
and  O^x^  (or  OgXg)  should  be  equal  to  zero;  therefore,  from  Fig.  7.4,  considering 
that  the  gyrohousings  are  connected  by  kinematic  transmission  with  a  transmission 
ratio  of  1,  and,  consequently,  that  moments  J  P,  H(a  +  u  ),  M  ,  acting  along  axis 

g.e  T]  Xq 


14 


*  ■  t 


0x2,  are  transmitted  by  the  anti-parallelogram  to  axis  Ox^,  we  have  (for  cp  -  const) 


.1 ~  H  (i  +  “,)  +  .  f  ~  H( ‘  +  «,)  +  4  M„  -  0 

4  «,)  —  <Mti  4  M„)  —  M, 


(7.2.17) 


(7.2.18) 


From  the  given 


equations  it  follows 
that  the  behavior  of 
a  OS  on  a  moving  base 
is  influenced  only  by 
component  of  the 
angular  velocity  of 
following  on  the  spin 
axis  of  the  frame,  for 
compensation  of  which 
it  is  necessary  to 


Fig.  7.4  Deriving  equations  of  motion  of  a  two-gyro  GS  correction 

on  a  moving  base. 

system  (§  7.1*  Par.  2a). 

According  to  (7.2.18)  a  two-gyro  stabilizer  is  insensitive  to  rotation  of  the  base 


about  vertical  0£  (with  which  axes  of  precession  O^x^,  OgXg  coinclde)  with  angular 
velocity  u^,  since  the  gyroscopes,  thanks  to  the  anti-parallelogram  will  turn  together 
with  the  frame  and  base,  and  gyroscopic  torques  Hu^  and  —  Hu^  appearing  here 
compensate  one  another. 

For  a  one-gyro  frame  (Fig.  7.1)  we  analogously  obtain  equations 


(VA  .)J  +  » (t  4  «<)-*», 
*t.  t~ 11  (  «  4  «,)  —  Mt 


(7.2.19) 


explaining  its  distinctive  features,  shown  in  §  7,1,  Par  2a. 


Equations  (7.2.19)  are  composed  taking  into  account  components  of  only  the  first 
order  of  smallness.  Equations  of  motion  of  the  same  one-gyro  frame  when  allowing 
for  the  most  essential  components  of  the  second  order  of  smallness  we  can  present 


in  the  form  [131] 


Fr.4 1,  .) ;  4  H  (P  4  «(4  «,«)  =  «, 

+  - *•» 


(7.2.20) 
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differing  from  (7.2.19)  by  components  Hu^a  and  Hu^p.  In  certain  cases,  for  instance 
during  investigation  of  a  one-gyro  frame  during  rolling  of  a  ship,  we  should  take 
these  components  into  account,  i.e.,  use  equations  (7.2.20).  It  is  easy  to  show 
[131 ]  that  in  reference  to  a  two-gyro  frame  analogous  components  for  gyroscopes  Gyro^ 
and  GyrOg  (Fig.  7.2)  will  be  mutually  compensated  and  will  not  enter  equations 
(7.2.18),  if  during  their  composition  we  consider  components  of  the  second  order  of 
smallness.  Therefore,  a  two-gyro  frame  will  (as  compared  to  a  one-gyro)  be  insensi¬ 
tive  not  only  to  rotation  of  the  base  ar' 1  nd  the  vertical  with  angular  velocity  u^., 
but  also  to  components  u^a  and  u^p  of  angular  velocity  u^,  which  can  have  a  substantial 
value  during  rolling  of  a  ship. 


b )  Expressions  of  Torques,  Acting  on  a  GS. 

Torques  M  and  M  ,  acting  on  a  gyrost 
h  x 

turblng  torques  (§  2.3,  Par.  1).  Among  control  torques  are:  stabilizing  torque  M 


Torques  M  and  M  ,  acting  on  a  gyrostabilizer,  are  composed  of  control  and  dis- 
h  x 


about  axis  Oq,  applied  by  stabilizing  motor  SM  (Fig.  7.2),  and  correcting  torque  M 

C  X  f 

e.g,  about  axis  OgXg,  applied  by  torquer  device  TQ.  Among  disturbing  torques  and 
Mg  are:  friction  torques  in  the  suspension  axis  of  the  frame  and  axes  of  rotation  of 
the  gyrohousings;  moments  of  inertia  of  the  motor  armature  due  to  oscillations  of  the 
frame  and  object,  on  which  the  GS  is  fixed;  moments  unbalance  torques  of  the  gyroframe 
and  stabilized  object,  etc.  In  accordance  with  what  has  been  said  we  have 

Mj—  M*,  -|-  Mt 

whprp 

M,  =  M„  +  U  <0 

Mfr  ,  Mfr  x  —  friction  torques  in  axes  of  the  suspension; 


(7.2.21) 


(7.2.22) 


M.  —  moment  of  inertia  of  the  motor  armature  due  to  oscillations  of  the  frame 
and  object; 


f^(t),  fg(t)  —  other  external  disturbing  torques. 


Stabilizing  torque  Mg  is  expressed  through  the  torque  of  stabilizing  motor  Mg 


on  the  spin  axis  of  the  armature  by  the  relationship 


(7.2.23) 


where  y  —  gear  transmission  ratio  from  the  shaft  of  the  stabilizing  motor  to  the  axis 
of  stabilization  of  the  frame; 

q  —  transmission  factor. 

Considering  subsequently,  for  simplicity,  (in  examining  the  theory  of  GS's)  that 
T)  «  1,  we  have 


(7.2.24) 


16 


The  expression  for  M  depending  upon  control  parameters  and  engine  character- 
istics  will  be  given  later. 

Let  us  turn  to  determination  of  correcting  torque  M  .  Usually  there  is  used 

C  A 

a  sy  tem  of  pendular  correction  (Fig.  7.2),  the  principle  of  action  of  which  does 
not  need  explanation  (see  §  2.3,  Par.  2a). 

For  the  proportional  characteristic  of  correction  (Fig.  2,l8a)  in  the  case  of  a 
fixed  base,  when  the  correcting  pendulum  maintains  a  vertical  position,  correcting 
torque  Mc  ,  by  analogy  with  (2.3.4),  is  determined  by  relationship 

S|»-  (7.2.25) 

Another  possible  method  of  horizontal  correction  of  a  OS  is  carried  out  [56] 
means  of  shifting  the  center  of  gravity  of  G^  and  Gg  (Fig.  7.5)  of  gyroscopes  Gyro^ 
and  Gyrog  relative  to  their  geometric  centers  0^  and  0g  a  magnitude  7  in  the  equa¬ 
torial  plane;  gyroscopes  here  are  turned  into  unique  horizontal  pendulums.*  Upon 
deflection  of  the  gyroframe  an  angle  of  a  from  its  vertical  position  the  weight 

component  P _ of  the  gyroraotor,  equal  to  P  sin  a  **  P  _a,  introduces,  e.g.,  to 

a  m  g.m  g.m 

axis  of  precession  0^x1  a  correcting  torque 

(7.2.26) 

Designating  Pg  mi  -  Sg,  we  obtain 

— S2a,  (7.2.27) 

analogous  to  (7.2.25). 

Thus,  both  methods  of  horizontal  correction 

of  a  GS  on  a  nonosclllatory  base  are  equivalent. 

For  the  case  of  an  oscillatory  base,  when 

Fig.  7.5.  Schematic  of  hori-  the  correcting  pendulum  is  deflected  from  the 

zontal  compensation  of  a  GS  by 

shifting  the  center  of  gravity  of  vertical  at  angles  Xj(t)#  as  a  certain  random 
"he  gyroscopes. 

function  of  time,  correcting  torque  M  ,  by 

C  A 

analogy  with  (6.2,8),  will  be 

- $[—  X.W].  (7.2.28) 

In  the  second  method  of  correction  for  the  case  of  an  oscillatory  base  the  cor¬ 
recting  torque  will  be  determined  by  formula 


(7.2.29) 


Such  correction  is  sometimes  called  mechanical. 


or 


M 


S,a^l  +yj+S,  j-, 


(7.2.50) 


w^  and  w^  —  acceleration  of  the  center  of  gravity  of  the  gyroscope  along  axes  Of  and 
0£  (Fig.  7.2). 

One  of  the  forms  of  disturbances  to  a  OS  are  friction  torques  in  the  suspension 
axes.  In  the  case  of  liquid  friction  and  a  fixed  base  friction  torques  are  determined 
by  relationships  of  type  (2.5.72): 


M. 


Af 


(7.2.51) 


ft  Jr  ■  —  yt) 

When  the  OS  is  mounted  on  an  oscillating  base,  e.g.,  on  a  ship,  when  axis  Orj  of 
stabilization  of  the  gyroframe  is  combined  with  the  longitudinal  axis  of  the  ship 
the  liquid  friction  torque  about  axis  Oq  will  be 

Af„—  «,(«  —  *),  (7.2.52) 

where  &(t)  is  a  random  function,  characterizing  angular  velocity  of  rolling  of  the 
ship. 

The  friction  torque  Mfr  x  along  the  axis  of  precession  here  will  not  change,  i.e., 
will  be  determined  by  the  same  expression  (7.2.51),  since  yawing  of  the  ship  on  a 
course  does  not  affect  work  of  a  two-gyro  stabilizer. 

With  dry  friction  in  the  axes  of  the  frame  suspension,  assuming  for  simplicity 
that  friction  torques  are  symmetric  during  rotation  of  the  axis  of  the  suspension 
in  various  directions,  by  analogy  with  (2.5.74)  we  have 

Afw- |J;  —/C,sign«.  (7.2.55) 

Due  to  certain  residual  unbalance  of  a  spinning  gyroscope  [4]  the  gyrochamber 
practically  always  accomplished  oscillatory  motions  with  a  frequency,  equal  to  the 
angular  velocity  of  spinning  of  the  rotor,  i.e.,  on  the  axis  of  precession  there  are 
automatically  created  oscillations,  which  translate  forces  of  dry  friction  into  forces 
of  liquid  resistance.*  Therefore, we  can  determine  friction  torque  M-  on  the  axis 
of  precession  by  formula  (7,2,51).  This  phenomenon  on  the  axis  of  stabilization 
usually  does  not  appear  because  between  the  gyrohousing  of  the  gyroscope  (accomplish¬ 
ing  the  vibration)  and  the  place  of  application  of  the  load  moment  there  is  a  long 
kinematic  line  with  torsions  and  gaps,  absorbing  the  oscillation.  Therefore,  friction 


*See  also:  V.  A.  Besekerskiy.  Application  of  vibrators  to  remove  nonlinearity 
in  automatic  controllers.  "Automation  and  telemechanics,"  No.  6,  Academy  of  Sciences 
of  USSR,  1947. 
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.aw— 


i  j  .  />. 


r.*i*  -  r  — r— 


torque  Mfr  on  the  axis  of  stabilization  is  usually  determined  by  formula  (7.2.33). 
When  the  GS  is  set  on  an  oscillating  base,  e.g.,  on  a  ship,  for  Mfr  ,  by  analogy 
with  (2.3.85),  we  have 

*•„  —  X,»ign(i-4).  (7.2.34) 


Let  us  turn  to  finding  the  moment  of  inertia  M^n  of  the  armature  of  the  stabiliz¬ 
ing  motor,  caused  by  oscillations  of  frame  <md  object.  For  definitiveness  we  shall 
consider  the  case,  when  the  GS  is  installed  on  a  ship,  experiencing  rolling;  the 
axis  of  stabilization  of  the  frame  is  parallel  to  the  longitudinal  axis  of  the  ship. 

We  compose  equations  of  motion  of  the  armature  of  the  stabilizing  motor  in  an 
absolute  system  of  coordinates  [132]: 

(7.2.35) 

where  J  —  moment  of  inertia  of  the  armature  with  respect  to  its  spin  axis; 

“arm  ~  absolute  angular  velocity  of  the  armature; 

M  —  torque  of  the  motor; 
s.  m  n  ’ 

M  —  reaction  torque  of  the  frame  of  the  stabilizer,  applied  to  the 
armature  of  the  stabilizing  motor. 

Let  us  designate  by  <c^rm  ■  ^arm  -  £  the  relative  angular  velocity  of  the  motor 
armature  (with  respect  to  the  ship;  6  —  angular  velocity  of  its  rolling),  and  by 
a'  =  a'  -  6  —  the  relative  angular  velocity  of  the  frame;  then  for  gear  transmission 
ratio  7,  from  the  shaft  of  the  stabilizing  motor  to  the  shaft  of  the  frame  we  have 


According  to  (7.2.35)  and  (7.2.36)  we  obtain 

M  —  tV+(T"  !>'.*+  A*«.a- 

Then  about  the  axis  of  the  frame  we  have  torque  7M,  equal  to 


<7.2.3*;.) 


(7.2.37) 


=—  TV,a  +  T (T  -  *)  J,  8  +  tMt.  *• 


(7.2.38) 


Since,  according  to  (7.2.24),  yMs  m  -  Mg,  the  remaining  components  in  (7.2.38) 
are  components  of  the  moment  M^n,  i.e., 

«=—  tV.*  +  7  (l  —  l)  (7.2.39) 

This  expression  was  obtained  on  the  assumption  that  the  number  k.  of  axes  of 
*.rr.  mission  (including  the  axis  of  the  frame  and  the  axis  of  the  stabilizing  motor) 

?s  odd;  in  general, 

=  -iV.i'  +  7  [7  +  (—  *)*]  (7.2.40) 
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Expressions  of  torques  M  and  M  on  the  axes  of  stabilization  and  precession, 

T]  X 

according  to  (7.2.21),  (7.2.22),  (7.2.24),  (7.2.28),  (7.2.51),  (7.2.52)  and  (7.2.40), 
will  be:* 


—  T«.  *  —  «,  Ci  — *)  — (7.2M) 

+i(i+<-i)V.*  +/,«) 

A*.— £|«  —  XiWl+n.  ?+/.(<) 

Putting  (7.2.41)  in  the  equations  of  motion  (7.2.18)  of  the  gyroframe,  we  obtain: 


where 


/„«  +  2 !/!}  +  n,i  —  4  -=  T  [l  -r  (”  0*1  V  + 

+  !»>+/*  (0 

2if. ,  p-  2 H  (i  +  «,)  -  V  +  it,  p  «  -  SiZl  (/)  -  /a(0 


(7.2.42) 


/,  -  y  M  + 1/,. ,  +  ;'V,.  (7.2.45) 

The  above  mentioned  differential  equations  of  motion  of  the  gyroframe  when  the 
stabilizer  is  set  on  a  oscillating  base  were  first  obtained  by  Ya.  N.  Roytenberg 
(see  [152,  150]). 

Expressions  for  torques  acting  on  the  GS  taking  into  account  interference  of  its 
individual  components  can  be  composed  by  the  method  of  A,  Yu.  Ishlinskiy  (45,  51] 

(see  §  1.6,  Par.  7). 


c )  Equations.  Describing  Processes  in  Electrical  Components  of  a  GS. 

The  equations  of  motion  of  a  gyroframe  obtained  above  one  should  supplement  by 
equations,  characterizing  transients  in  electrical  components  of  the  GS. 

In  the  beginning  consider  a  GS,  in  which  control  of  the  stabilizing  motor  is  by 
the  angle  of  precession  p. 

Let  us  assume  that  in  the  GS  there  is  employed  a  d-c  stabilizing  motor  SM  (Fig. 
7.2)  with  independent  excitationj  the  latter  develops  a  torque** 

(7.2.44) 

where  $  —  magnetic  flux  of  excitation  windings; 

i  —  current  strength  in  the  motor  armature. 

Current  strength  1  enters  the  equation  of  balance  of  voltages  in  the  motor 


♦Friction  in  both  axes  of  the  suspension  for  simplification  is  assumed  liquid, 
where  n2P  is  the  total  friction  torque  in  both  axes  of  precession. 

♦♦Sometimes  the  torque  of  the  motor  is  recorded  in  the  form  M„  *=  cOi,  where 

n  s  ,m  m 

c  is  a  constant  coefficient  for  the  given  motor  (see,  for  instance:  M.  I.  Komisar. 
Motors  of  gyroscopic  systems,  Oborongiz,  1965). 


armature 


+r/  +  cto,J «  Ur 


(7.2.45) 


where  1  —  coefficient  of  self-inductance  of  the  armature  network; 

r  —  resistance  of  the  armature  network  (including  internal  resistance 
of  the  amplifier); 

c  —  a  coefficient,  characterizing  the  dependence  of  the  counter  emf  induced 
in  the  motor  armature  on  the  relative  angular  velocity  o>'  of  its 
rotation;  arm 

U  —  voltage  fed  from  amplifier  Amp  (Fig.  7.2)  to  the  armature  of  the  stabiliz- 
amp  ing  motor. 

Substituting  in  (7.2.45),  during  work  of  the  GS  on  a  vibrating  object  (a  ship), 
for  relationship  (7.2.36),  we  obtain 


I  — +  rt  +  qfi»qi  +  i/r  (7.2.46) 

One  can  present  this  expression  in  somewhat  different  form,  if  one  were  to  intro¬ 
duce  the  electromagnetic  time  constant  Tmot  of  the  motor  armature  network: 


I 


T  ■- 

**  7* 


(7.2.47) 


T^  +  t  +  Z-i-X-h  +  ^-U,  (7.2.48) 

or,  designating 


-I-#.  (7.2.49) 

T,.£  + J  +  +  (7.2.50) 

it  9 

Voltage  U  ,  from  amplifier  Amp  (Fig.  7.2),  is  determined  by  equation 

cl  tup 

Tytfj  +  T/y  «  kU%  (7.2.51) 

where  Tgmp  —  time  constant  of  the  amplifier; 
k  —  amplifier  gain; 

T  —  voltage  from  signal  pickoff  SP,  proceeding  to  amplifier  input. 

Voltage  TJ  is  a  function  of  the  angle  of  precession  p  of  the  gyroscopes.  In  the 
case  of  a  linear  response  of  the  signal  pickoff  we  have* 


V  (7.2.52) 

where  k^  —  amplification  factor  of  the  considered  unit. 

Substituting  (7,2.52)  in  (7.2.51)  and  designating 

(7.2.53) 


♦In  formula  (7.2.52)  we  take  the  minus  sign,  since  with  a  positive  disturbing 
)rque  the  angle  of  precession  of  the  gyroscope  p  >  0  (Fig.  7.2),  and  for  return  of 
'■e  the  gyroscope  to  the  intial  position  stabilizing  torque  M  should  be  directed 
jward  the  negative  side  of  axis  Oq. 
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we  obtain 


Tj£/,+  V,  —  SJf. 


(7.2.54) 

Thus,  we  have  the  following  equations,  characterizing  transients  in  electrical 
components  of  a  GS.# 

M  —  Of  (motor's  torque) 

••I 


TyOy  +  Uy  —  Sj?  (amplifier) 

f|  ~  -f*  (  bi  ••  bb  (motor  armature  network) 


(7.2.55) 


Let  us  compose  similar  equations  for  a  GS  using  "small"  gyroscopes.  In  this 
case  control  of  the  motor  is  realized  not  only  by  the  angle  of  precession  p,  but  by 
a  more  complicated  dependence,  including  also  auxiliary  signals.  One  scheme  of  a  GS 
using  "small"  gyroscopes  [4]  is  shown  in  Pig.  7.6,  from  which  it  is  clear  that  to  the 
amplifier  there  proceed:  voltage  from  signal  pickoff  SP,  proportional  to  angle 
Pj  voltage  U2  from  tachometer  TG  feedback,  proportional  to  the  relative  angular 
velocity  of  the  frame  (&  -  0);  voltage  from  gyrotachometer  GT,  determining  angular 
velocity  0  of  rolling  of  the  ship.  Consequently,  instead  of  (7,2.52)  we  have  [4]** 

U-Ut  +  U,  +  U, - (7.2.56) 

Application  in  the  scheme  of  (Fig.  7.6)  of  a  tachometer  generator  and  a  gyro- 
tachometer  permits  controlling,  besides  angle  P,  also  of  angular  velocity  a,  i.e., 

introduction  of  a  signal  from  the 
gyrotachometer  gives  the  possibil¬ 
ity  of  partially  (k?  ^  k^)  com¬ 
pensating  error  of  the  GS, 
arising  due  to  the  fact  that  the 
tachometer  generator  yields  a 
voltage,  proportional,  not  to 
absolute  angular  spin  velocity 
a  of  the  frame,  but  to  the  rela¬ 
tive  angular  velocity  (a  -  0). 

In  general  in  a  GS  using  "small" 
gyroscopes  the  control  signal 


Fig.  7.6.  Block  diagram  of  a  OS  using  "small" 
gyroscopes. 


*  In  general  it  may  also  be  necessary  to  consider  transients  in  the  torque  pick- 
off  TP  (Fig.  7.2). 

**  Coefficients  k2  and  include  transmission  ratios  7^  and  (Fig.  7.6). 


can  be  formed,  for  Instance,  as 


U  = —  (AgfJ  4*  +  A,p  4-  A4a  +  a) . 


(7.2.57) 


In  such  OS's,  without  changing  parameters  of  the  frame  and  stabilizing  motor, 
by  changing  values  of  coefficients  k^,  ...  it  is  possible  to  change  the  nature 
of  motion  of  the  stabilizer.  Applying  such  a  law  of  control,  it  is  possible  to 
increase  the  speed  of  operation  of  the  stabilizer,  which  is  equivalent  to  introduction 
of  a  certain  additional  "fictitious"  angular  momentum;  therefore,  in  the  considered 
GS's  they  usually  apply  gyroscopes  with  smaller  values  of  H,  but  the  system  of 
automation  of  these  GS's  is  more  complicated. 

Considering  (7.2.56),  instead  of  (7.2.55)  for  the  GS  scheme  shown  in  Fig.  7.6, 
ising  "small"  gyroscopes,  we  have: 


*  .  . 
+  l  +  bl  -{ 

where 


(7.2.58) 


(7.2.59) 


d)  System  of  Differential  Equations  of  Motion  of  a  GS. 

The  equation  of  motion  of  the  gyroframe  should  be  supplemented  by  equations, 
characterizing  transients  in  electrical  components  of  the  GS.  Adding  to  equations 
(7.2.42)  of  the  gyroframe  equations  (7.2.55)*  we  obtain  a  system  differential  equa¬ 
tions  of  motion  for  the  GS: 

V+  2 ff?  +  V  -Kl = t«(/)  +  n,4  (/)  + 1,  (/) 

2J,,$-W(r  +  S,t  +  n2  )  =  -  SlXl  </)-/„  (/)  (7 . 8 . 6o  j 

TJ0,  +  V,  +  S^~  0 

where 

t-t h  +  (—  (7-2-61) 

Analogously,  using  (7.2.42)  and  (7,2.58),  it  is  possible  to  compose  equations 
for  a  GS  using  "small"  gyroscopes. 

System  of  equations  (7.2,60)  is  composed  for  a  GS,  on  a  ship,  experiencing 
rc  ling.  In  the  general  case  of  oscillations  of  the  object,  8  and  0  in  these  equa¬ 
te  ons  should  be  replaced  by  the  correspondingly  angular  velocity  co^  and  angular 
i.  r'.celpra""  ’  on  Qf  the  object  about  axis  of  stabilization  Orj  of  the  GS  (Fig.  7.2). 


23 


si- 


During  investigation  of  OS  on  a  nonoscillatory  base  in  equations  (7.2.60)  it  is 

•  •• 

necessary  to  set  8  ■  0  -  0,  and  ■  0,  since  the  correcting  pendulum  of  the  OS  pre¬ 
serves  in  these  conditions  its  vertical  direction. 

Sometimes  it  is  convenient  to  write  the  differential  equations  of  motion  of  a 
OS  in  matrix  form.  Such  equations  were  composed  by  B.  V.  Bulgakov  [18],  Examples  of 
application  of  these  equations  for  investigation  of  OS's  were  given  by  Ya.  N. 
Roytenberg  [130], 

3.  Block  Diagrams  of  a  OS  and  Its  Transfer  Functions 


a)  Block  Diagram  of  a  OS. 

In  connection  with  the  fact  that  OS  is  a  rather  complicated  automatic  control 
system,  it  is  useful  to  compose  its  block  diagram.  To  determine  transients  of  the 
GS  it  is  necessary  to  find  transfer  functions  with  respect  to  disturbances  f^(t)  and 
f2(t).  Transfer  functions  can  be  found  from  equations  of  motion  (7.2.60)  of  the  GS 
or  by  construction  of  its  block  diagram  and  its  subsequent  transformation.  Let  us 
use  the  second  of  these  methods.  Let  us  note  that  construction  of  the  block  diagram 
of  a  GS  1 8  very  useful  also  during  solution  of  different  problems  of  analysis  and 
synthesis  of  active  GS's. 

As  it  is  known,  the  block  diagrams  of  automatic  control  system  gives  a  graphic 
representation  of  dependences  between  Laplace  transforms  for  external  disturbances 
and  for  variables  of  the  considered  system  [80a],  Therefore,  for  construction  of  the 
Block  diagram  we  use  differential  equations  of  the  system,  recorded  in  Laplace  trans¬ 
forms.  Methods  of  composition  and  transformation  of  block  diagrams  are  presented  In 
books  on  the  theory  of  automatic  control  (for  instance,  [107,  113>  80a]). 

For  the  Initially  considered  case  of  work  of  a  GS  on  a  fixed  and  nonoscillatory 

•  am 

base  in  equations  (7.2.60)  one  should  take  6-0,  0-0,  -  0,  -  0;  furthermore, 
we  shall  consider  that  the  GS  does  not  have  correction,  i.e.,  S2  -  0.  Then  equations 
(7.2,60)  will  have  form: 


U,J-Wi  +  nJ - 1,(1) 

T,0,  +U,  +  Sfi-0 

r,-£+/+*;-d/,-° 


(7.2.62) 


During  investigation  of  a  OS  by  methods  of  the  theory  of  automatic  control  we 
consider  a  stabilizer  with  control  by  the  angle  of  precession  p. 

In  accordance  with  what  was  said  above  we  apply  to  equations  (7.2.62)  Laplace 
tiansform  (1.7.2),*  then,  considering  initial  conditions  null,  we  obtain: 
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(7.2.6?) 


(/,s  +  /»»)  S  a (s)  +  2 Hs 3 (s)  - A'|(S) -/,  (s)i <7>  +  1) 0, (s) +  5,? (s)  =  0; 

(2/f  ts  -f-.njsp  (s)  -  2//s  a  (s)  -  -  /,  (s)  J  (7*«*  +  *) *  to  +  *  « (s)  -  ^y  (s)  =  °* 


Each  of  these  equations  one  should  solve  for  its  output  variable: 


«<J) 

?(*) 


1 


(V+*i)* 

1 

(Wr.  .•  +  »>)* 


|-2//s?(s)+/0(s)  +  /1(*)| 


|2//s  a(s)  —  /,(s)) 


(7.2.64) 


1  (*)  -  I— bs  «  (*)  +  (5)1  I 

Then,  each  equation  can  be  depicted  in  the  form  of  some  block  diagram;  the  set 
of  them  represents  the  block  diagram  of  the  GS,  considered  as  a  closed-loop  automatic 
control  system.  A  block  diagram  of  a  GS  composed  thus  is  shown  in  Fig.  7.7.  Inside 
each  block  of  the  diagram  is  the  expression  of  its  transfer  function.  Variables 
(a,  p,  i,  . ..)  at  inputs  and  outputs  of  blocks  and  external  disturbances  (f^,  f?) 
are  given  in  their  Laplace  transforms,  which,  for  simplicity  of  recording,^  are  desig¬ 
nated  by  the  same  letters,  as  the  originals. 

The  diagram,  shown  in  Fig.  7.7,  can  be  presented  somewhat  differently,  if  the 
closed  loop  of  the  biggest  number  of  blocks  (1-2-3-4-5-6-7-8)  is  taken  as  the  main 
one.  Then  we  obtain  a  block  diagram  of  the  GS  (Fig.  7.8)#  analogous  to  that  given  in 
the  book  of  N.  T.  Kuzovkov  [80a].  The  diagram  is  three-loop;  besides  the  main  loop, 
it  contains  feedback  —  2Hs  and  direct  connection  —  bs. 

We  shall  show  how  the  structure  of  the  circuit  of  the  GS  will  change  with 
pendular  correction  in  the  case  of  a  motionless  case,  as  before,  and  an  undisturbed 
state  of  the  correcting  pendulum.  In  accordance  with  (7.2.60)  in  (7.2.64)  only  the 
second  equation  will  change,  taking  form 


f (S)  “  p7,  ,  K*ff*  +  S.)  »<*)-/.  <s> I-  ( 7 . 2 . 65 ) 

Consequently,  allowing  for  correction  in  the  block  diagram  of  the  GS  (Figs.  7.7 
and  7.8)  only  the  transfer  function  of  block  2  will  change;  instead  of  2Hs  it  will 
have  the  form  (2Hs  +  Sg). 

We  compose  the  block  diagram  of  a  GS  for  conditions  of  a  mobile  mounting  consid¬ 
ering  disturbances  due  to  vibrations  of  the  object,  e.g.,  a  ship.  In  this  case  we 
olrectly  apply  equations  (7,2.60),  which  it  is  necessary  in  general  to  supplement  by 
the  differential  equation  of  mot' on  of  the  correcting  pendulum.  When  the  axis  of 
'Stabilization  of  the  frame  is  directed  parallel  to  the  longitudinal  axis  of  the  ship 


it  Is  possible  to  use  the  equation  of  a  pendular  inclinometer.  Considering  for 
simplicity  only  components  of  the  first  order  of  smallness,  by  analogy  with  (4.6.49), 
we  write  the  equation  of  motion  of  the  correcting  pendulum  of  the  GS  in  the  form 


*Tui{  +  X|  ■  Vj  (0. 


where  Tpend  -  time  constant  of  the  pendulum; 
{;  -  relative  damping  factor; 
k  -  1/g  [see  (4.3.24) ]; 
fg(t)  —  disturbance  to  the  pendulum. 


Fig.  7.7.  Block  diagram  of  a  GS  (case  of  a  fixed 
base) . 


In  the  considered  case  fj(t)  is  determined  by  approximate  formula  (4 
limiting  ourselves  to  calculation  only  of  rolling  of  the  ship,  we  have 

/•(0— — *!(/). 

Then  instead  of  (7.2.66)  we  have 

riki  +  OTjii  +  Xi (0- 


(7.2.66) 


.  6 ,  41 ) ; 

(7.2.67) 

(7.2.68) 
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Fig.  7.10.  Modified  block,  diagram  of  a  GS  (case  of  mobile  and  oscillating  base). 
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Introducing  (7,2.68)  in  (7.2.60),  we  have  a  complete  system  of  equations  of 
motion  of  a  OS  on  a  rolling  ship- 


/,«" + Iff  ?  +  «,i  -  */  -  tf(0  +  «,*  (<)  +  f,  (0 

+  +  - S,*,  </)-/,(/) 

rUi+ar.x.+x, — »,*(/) 

+ u,  +sfi  -  o 

. 

For  composition  of  the  block  diagram  the  OS  we  write  equation 
Laplace  transforms  with  zero  initial  conditions: 


(7.2.69) 


(7.2.69)  in 


(^  +  n,)ict(i)  +  2 Hs ? (s) - Ki (s)  - 

+  )i«(i)+/, (*) 

(K  .•  +  «a)  *P<«)  “  (2 Hs  +  S,)  «(*)  -  2Hu^(s)  - 

— ^aX,W  •“/«(*) 

(V + icr^i  + 1)  Xl  (*)  -  -  (,) 

(T***  + 1)  f  (*)  -f-  « (*)  —  rt/,  (s) 

Solving  each  of  these  equations  for  its  output  variable,  we  obtain 


(7.2.70) 


•« 


[-2/fc  ?(»)  +  *«<«)  + 


<V+*i)' 

+<t»+(!I)l«(.)+/1<j)| 

PC)  -  + s«) « « + W 

—  5^,(1) -/,(*)] 


Zi  (*)  *™  — , 


T^+sr.i  +  i 


l**to 


(7.2.71) 


*  W  "  fSTl  l — *  to  +  ^  (*)  +  *»•  (*)  J 


From  these  equations  we  construct  the  block  diagram  of  a  GS  for  the  case  of  a 
mobile  and  oscillating  base  (Fig.  7.9).  A  modified  diagram,  analogous  to  that  shown 
in  Fig.  7.8,  is  shown  in  Fig.  7.10. 


b)  Transfer  Functions  of  a  OS. 

For  determination  of  transfer  functions  of  a  GS  we  convert  its  block  diagram 
by  rules  known  from  the  theory  of  automatic  control  (see,  for  instance,  [107,  113, 
80a]).  As  an  example  we  consider  a  GS  on  a  Motionless  and  nonoscillating  base,  a 


■*!« - 


block  diagram  of  which  la  shown  in  Fig.  7.8;  here  we  shall  also  consider  correction 
of  the  OS.  During  transformation  of  the  OS  block  diagram  one  should  keep  in  mind 
that  we  are  mainly  interested  in  change  of  angle  a  of  OS  frame  rotation  about  axis 
0^  (Fig.  7.2),  constituting  the  error  of  stabilization  of  the  frame.  Therefore,  we 
shall  consider  variable  a(t)  the  output  magnitude  and  disturbances  f^(t)  and  fg(t) 
the  input  values  and  determine  transfer  functions  of  the  OS  by  coordinate  a  with 
respect  to  disturbances  f^(t)  and  fg(t).  Transformation  of  the  GS  block  diagram, 
analogous  that  given  below,  is  carried  out  in  [80a), 

In  order  to  determine  transfer  function  f  (■)  ■  <t>^(s)  *  closed-loop 

gyrostabilizer  system,  we  transform  the  part  of  its  block  diagram,  connected  with 
introduction  of  disturbance  f^(t),  considering  fg(t)  -  0.  Then,  using  known  rules, 
it  is  possible  to  transform  the  diagram,  shown  in  Fig.  7.8,  when  fg(t)  ■  0*  to  the 
form  presented  in  Fig.  7.11.  In  the  scheme  block  1  is  covered  by  three  negative 

feedbacks  (blocks  2,  3  and  4). 


Fig.  7.11.  Transformed  03  block  diagram  (for  f9 
-  0).  - 


It  is  possible  to  further  trans¬ 
form  this  scheme,  replacing  1 
and  2  by  one  block  I  with  trans¬ 
fer  function  WI(s)  and  3  and  4 
also  by  one  block  II  with  trans¬ 
fer  function  Wii(b)  as  a  result 
we  obtain  a  scheme,  which  is  a 
closed-loop  automatic  control 
system  (Fig.  7.12).*  Transfer 
functions  Wj(s)  and  Wjj(s)  are 
found  by  known  rulers:** 


I 


1  i+r»wr,w  |  + _ l  i 


AH*$  +  2NS* 


</*»  +  *,)'  ^r.  .*+*3 

Wr.e*  +  "f 


vt.  • +  (>f i  +  *'r.  •*])  «*  +  (*,*,+  +  lHSt 


(7.2.72) 


.*+**X7V+,Xr.*+J>* 


■  wc. 


]• 


(7.2.73) 


♦Let  us  note  that  block  I  characterizes  the  gyroframe,  and  block  II  characterizing 
control  circuits  of  the  03. 

**The  minus  sign  in  (7.2.73)  signifies  negative  feedback  in  a  closed-loop  system 
(see  Figs.  7.H  and  7.12). 


In  the  diagram  of  (Fig.  7.12)  we  have  basic  block  I,  covered  by  negative  feed¬ 
back  in  the  form  of  block  II;  we  find  transfer  function  ^^(b)  by  *  formula,  analo¬ 
gous  to  (7.2.72): 


“()  i  + v,(«)rlt(s) 


(7.2.74) 


or,  considering  (7.2.72)  and  (7.2.75),  when  Taot  ■  -  0*  we  finally  will  obtain 


_ K  .S+*t* _ _ 

vr.  »V  +  |  V*  +  2Jr.  •  (*i  +  **)1  **  +  («a  («,  +  **)  +  4tf*|  *  + 
+  IH  {$\*K  -f  S»)  it  SlS1*K  • 


(7.2.75) 


During  investigation  of  a  GS  we  may  also  need  the  expression  for  the  transfer 
function  of  an  open-loop  OS  system  (Fig.  7.12)  WQ  r  (s)  -  Wjj(s).  According  to  the 
diagram  in  Fig.  7.12,  we  have  (when  TmQ^.  ■  T#np  -  0):** 

t/r  JK*  +  4-  3HSttKt  +  SfrK  (7.2.76) 

"  iyr..//  +  (/,«,  +  iJr. ,«i)  +  +  ("i*3  +  4W*)*  +  iM5t'  * 

Let  us  turn  to  determination  of  transfer  function  f  >>  -•«(■)  of  a  closed- 
loop  GS  system.  For  this  when  f^(t)  ■  0,  considering  the  diagram  in  Fig.  7.12,  it 
is  possible  to  present  the  block  diagram  of  Fig.  7.8  in  the  form,  depicted  in  Fig. 

7.15.  The  latter  diagram  can  be  easily  transformed  by  replacing  blocks  I  and  II  by 
one  block,  whose  transfer  function  as  one  may  see  from  the  preceding,  is  equal  to 
i’li^3)*  We  obtain  the  diagram,  given  in  Fig.  7.14,  which  with  respect  to  influence 
f'2(t)  is  closed.  Then,  for  transfer  function  ®^2(s) 

•»«-*, I, M*„M.  (7.2.77) 

Substituting  here  for  wjjj(8)  the  expression  of  the  transfer  function  of  block 
III  (when  Tmot  -  Tamp  ■  0),***  shown  in  the  diagram  of  Fig.  7.13,  and  formula  (7.2.75), 

we  obtain: 

®„(j)  -  Ilfs  +  SfK 

*^r.aV*  +  lV*a  +  2^,.#(*|  +  W)1  •* +  [**(*  i +*lf)’Mff,J<(*+  (7.2,78) 

HKIlf  (5|Slf  +  3|)  s +  SiSfK  • 

When  necessary  we  can  find  the  expression  for  the  corresponding  transfer  function 


(7.2.77) 


♦Determination  of  transfer  functions  of  a  GS,  taking  into  account  time  constants 

i  .  and  T  __  is  given  below, 
mot  amp 

“♦The  minus  sign  in  (7.2.76)  is  omitted, 

♦♦♦See  footnote*  on  p.51. 


Fig.  7.12.  Final  form  of  transformed  block  diagram  of 
the  GS  (when  f2  ■  0). 


Fig.  7.13.  Transformed  block  diagram  of  a  OS  (when 
f±  -  0). 


Wj^C8)  an  open-loop 
OS  system  by  the  seme 
method,  as  the  relation¬ 
ship  for  W11(s)  [see 
(7.2.76)]. 

Thus,  by  transforming 
the  block  diagram  of  the 
OS  there  is  the  possibil¬ 
ity  of  very  simply  finding 
expressions  of  its  trans¬ 
fer  functions.  Further¬ 
more,  this  method  is  more 
graphic  than  the  purely 
analytic  one. 

In  arriving  at 
expressions  for  transfer 
functions  time  constants 

T _ _  and  T  _  of  control 

mot  amp 

networks  of  the  GS  were 

assumed  equal  to  zero. 

In  most  cases  such  an 

approach,  due  to  smallness 

of  T _ .  and  T  __  is  fully 

mot  amp 


permissible  during  investigation  of  transients  of  a  GS  and  calculation  of  its  errors. 
However,  during  the  analysis  of  certain  questions  of  stability  of  a  GS  we  may  need 

expressions  for  transfer  functions 


- 

. 

ft 

wKw 

• 

as 

• 

• 

Fig.  7.14.  Final  form  of  transformed  block 
diagram  of  a  GS  (when  f^  -  0), 


taking  into  account  the  indicated 
time  constants.  We  obtain  the 
expression  for  <t^1(s),  if  in  formula 
(7,2.74)  we  directly  substitute 


relationships  (7.2,72)  and  (7.2.73)*  considering  for  simplicity  that  there  is  no 
compensation  (S2  -  0)  (which  has  no  significance,  for  instance,  during  investigation 
of  stability  of  a  GS). 

Then  for  ®11(8)  have 

+  (7.2.79) 


(f)  - - »» -Ml*  lb 


where 


a,  -  2 HSfK 

at~n^(nl  +  ^K)  +  *H, 

tJ,.  ,(«,  +  **C)  +  ("  i»i  +  4W’)(r*  + 

*',  + S',  .".((S'.  +  »■,)  + 

+(.A+w*)rJIT,+2/,;.wcrr 

«,  -  *', . (T. + s',)  +  Vsn> + s', .».)  V, 

»,-2'„+",(S,+r,) 

*i-2',.(S',+s,)  +  "as,,r, 


If  It  is  necessary  to  find  the  expression  for  transfer  function  W^(s)  of  an 


open-loop  GS  system  taking  into  account  time  constants  T _ ,  and  T  ,  then  in 

mot  amp 

(7.2.76)  instead  of  WI(s)  and  Wjj(s)  one  should  directly  Substitute  relationships 


(7.2.72)  and  (7.2.73);  then  for  Sg  ■  0  we  obtain  formula 

r„«  u'-*+* 


*Jr.  •'/  +  (/,•»,  +  2/r.  ,«,)  *  +  (•,«,  +  <«’)  * 

v  r _ tHS*K* _  ,  Mfi  1 

l  ("r.  •»  +  <aX7V  +  ')(V+  *)-  V  +  >J 


which  should  be  simplified  for  concrete  u»e. 


(7.2.81) 


To  determine  the  transfer  function  $^g(s)  talcin6  into  account  time  constants 
Tmot  and  Tamp  lt  is  P°88lble  t0  U8e  formula  (7.2.77)#  substituting  instead  of  WII3.(s) 
the  transfer  function  of  the  corresponding  block  (Pig.  7.13)#  and  for  ^^(s)  expres¬ 
sion  (7.2.79). 


Then  for  't,12(s)  we  obtain 


®s(*) 


(an*  +  o«a*  +  s*j*  0,1*  +  «,«  +  a^) « * 


(7.2.82) 


where  aQ,  a^,  ...»  a^  are  determined  by  relationships  (7.2.80),  and  for  b^,  . ..,  b^ 
we  have 


i[mWi  »;-2H(ra  +  r,)i  #; - 2HT.T, 


(7.2.63) 


During  investigation  of  forced  oscillations  of  a  OS#  caused  by  its  error  in 
conditions  of  rolling  of  the  object#  for  instance  a  ship,  it  is  necessary  to  know 
transfer  function  of  OS  in  coordinate  a  with  respect  to  rolling  disturbances.  Thus, 
for  the  considered  case  of  installing  a  OS  on  a  ship#  which  experiences  rolling, 
according  to  (7.2.69)  the  ahovm  disturbances  are  connected  with  angular  velocities 
and  accelerations  of  the  rolling  8(t).  Therefore,  for  calculation  of  dynamic  errors 
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of  the  OS  in  these  conditions  it  is  necessary  to  know  transfer  function  $>  J s)  ■ 

SSls)  a'6 

■  q  .  of  i  closed-loop  active  OS  system, 

(8) 

It  is  possible  to  determine  ®  fl(s)  by  transforming  the  OS  block  diagram,  shown 

Cl  t  v 

in  Pig.  7.10,  This  method  was  stated  in  detail  above;  therefore  for  finding  <t>  a(s) 

Cl  j  u 

we  start  directly  from  equations  (7.2,69)#  considering  time  constants  Tm(?t  and  Tamp 
so  small  that  their  influence  on  error  of  the  OS  can  be  disregarded;  time  constant 
Tpencj  of  the  correcting  pendulum  we  also  consider  small  (example  4.2).  Then,  disre¬ 
garding  disturbances  (f^  -  fg  ■  0)  and  not  considering  angular  velocity  of  the  refer¬ 
ence  system  of  the  OS  (u^  -  0),  we  rewrite  system  of  equations  (7.2.69)  in  the  form 

V  +  +  «,«  -  Ki  -  S(0  +  n,i  (0 

K.  J-Mi-Sj  +  «,(l - S,Xl  (I) 

it  —*»'«) 

0 

After  very  simple  transformations  we  rewrite  equations  (7.2.84)  in  operator  form 

(p  ■  tf) 

(«,.  ,P*  +  v)?  -  (Stf#  +  s,) ,  -  S/jp1* 

(i ffp  +  S/X)  *  +  [/,#• +  {»,  +  «),]«  - 


(7.2.84) 


(7.2.85) 


To  eliminate  variable  0  we  find  the  principal  determinant  A  of  system  (7.2.85) 
and  determinant  AQ,  obtained  from  A  by  means  of  replacing  the  corresponding  column 
by  the  column  of  right  sides  of  equations  (7.2.85). 

We  have 


A 


wfp’+  sJk  //•+’(«.  fw)  #(  "2y-  .V  + 

+  .  («. + »*)]  />*  +  (>»,(«,+  *K)  +  4//']  p'  + 


+  (2 HSfK  +  2WSJ  p  +  S,S/#C. 

w,..p’+iy)  s,*ip^  I 

lHp  +  S,fK  ltp,  +  («,  +  «0#l»  |  ("r-.W*  + 

+  .(«.+  *«■)  +  %»— P*  + 

+  [(*, +**)«,-  p>| ». 


(7.2.86) 


(7.2.87) 


Since,  on  the  basis  of  Cramer's  rule,* 


considering  (7.2.86)  and  (7.2.87), 


llwA 


we  obtain  the  following  differential  equation  for 


*V.  I.  Smirnov.  Course  in  higher  mathematics,  Vol.  Ill,  Part  1,  State  Press  for 
Technical  and  Theoretical  Literature,  I949, 


a  in  operator  form: 


lUr  .  V*  +  [/,«!+«,. .(»,+  MT)]  />*  +  [«,  («,  +  */f)  +  4tf*]  + 

+  (2 HSfK  +  2 HSt)  p  +  S,5^/CJ .  -  (2./,.  .*>*  +  [2 /,  .(*,  +  4/C)  + 

+  «rf— +  [/i, (/i,  -j- ftAf)  —  p*  .  (7.2.88) 

Applying  to  (7.2.88)  the  Laplace  transform,  we  obtain  an  expression  of  the  trans¬ 
fer  function  of  the  OS,  <b  .(s),  in  the  form 

CL  f  u 

$  —  Vr.  &  +  l2Jr.  ,(«>  +  *K)  +  V?  ~  2/*Sa»>|  i»  4- _ 

°  +  (Va  +  Vr.  •  <*i  +  **)i  '  +  +  Mf)  +  4//*|  *»+ 

+  +  (7.2.89) 

+  QHSfK  +  2//S,)  s  +  SxSfK  * 


The  considered  transfer  function  can  be  obtained  by  another  method.  In  1950 
B.  V.  Bulgakov  [21]  developed  a  method  of  investigating  automatic  control  systems 
with  many  degrees  of  freedom,  based  on  use  of  matrix  calculation.  This  method  was 
applied  [21,  130]  to  analysis  of  a  power  OS,  particularly  for  composing  its  transfer 
function;  here  the  closed  loop  of  the  stabilization  system  is  presented  in  the  form 
of  two  blocks  (Fig.  7.15)t  block  I  consists  of  the  OS  frame  with  its  object,  the 
gyroscopes  and  stabilizing  motor;  block  II  is  the  amplifier.  Those  who  wish  to  become 
acquainted  with  this  method  are  referred  to  the  above  mentioned  works. 


Fig,  7.15.  Block 
diagram  of  a  OS 
(from  B.  V. 
Bulgakov) . 
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§  7.3.  Transient  Response!  of  a  OS  on  >  Fixed  Base 
1.  Preliminary  Remark* 

Determination  of  transient  responses  of  a  OS  on  a  fixed  base  is  a  very  Important 
question  of  the  theory  of  active  OS's.  Here,  of  interest  is  analysis  of  free  natural 
oscillations  of  a  OS,  which  differ  from  corresponding  motions  of  the  OD,  considered 
in  Part  I.  Most  essential  is  investigation  of  the  stability  of  the  OS,  allowing  one 
to  establish  necessary  relationships  between  basic  parameters  of  a  stabilizer. 
Performance  of  an  active  OS  is  found  by  analysis  of  its  behavior  in  the  transients, 
caused  by  a  unit  step  input.  Here,  it  is  necessary  to  consider,  e.g,,  dhy  friction 
torques  in  axes  of  the  OS  suspension,  and  in  practice  a  nonlinear  law  of  control  of 
the  stabilizing  motor  is  also  possible,  as  a  consequence  of  which  in  the  system  can 
be  established  an  independent  oscillating  mode. 

2.  Natural  Oscillations  of  a  OS 


a)  Characteristic  Equation  of  a  03. 

The  starting  point  of  analysis  of  a  08  is  determination  of  its  natural  oscilla¬ 
tions.  First,  we  consider  motion  of  the  08  without  friction  in  the  axes  of  the 
suspension  and  motion  of  the  OS  with  liquid  friction  in  the  case  of  a  linear  law  of 
control  of  the  stabilizing  motor.  Investigation  of  motion  of  a  OS  allowing  for  dry 
friction  in  the  axes  of  suspension,  and  also  in  the  case  of  a  nonlinear  law  of  control 
of  the  stabilizing  motor  is  given  in  Par.  4. 

For  analysis  of  natural  oscillations  of  a  OS  it  is  necessary  to  havfe  the  char¬ 
acteristic  equation  of  the  considered  dynamic  system.  The  latter  is  easy  to  obtain, 
if  we  know  the  expression  of  the  transfer  function  of  a  closed-loop  03  system. 
Actually,  the  expression  for  the  transfer  function  #^(3)  of  a  closed-loop  OS  system 
in  coordinate  a  with  respect  to  disturbance  f^(t)  can  be  written  in  the  form 

•uW-7$*  (7-51> 


where  a(s)  and  f^(s)  are  Laplace  transforms  of  functions  a(t)  and  f^(t). 
Presenting  <I>^^(s)  in  the  form 


respectively. 

(7.3.2) 


where  Milv's)  and  N^s)  are  polynomials  from  s,  we  obtain  the  characteristic  equation 
of  the  closed-loop  OS  system  from  equality 


tfuW-0. 

.  at 


(7.3.3) 


which,  according  to  (7.2.74)  and  (7.2.76),  it  is  also  possible  to  write  as  follows: 


l  +  ^nM  —  0.  (7.5.4) 

where  W^1(s)  is  the  transfer  function  of  an  open-loop  GS  system. 

Replacings  in  (7.5.5)  by  X,  we  obtain  the  characteristic  equation  of  a  closed- 
loop  GS  system  in  the  form 

Nu(k)-0.  (7.5.5) 


Consequently,  to  find  the  characteristic  equation  of  a  GS  it  is  necessary  to 
equate  the  denominator  of  transfer  function  $^(s)  of  a  closed-loop  GS  Bystem  to  zero 
and  to  replace*  s  by  X  in  it. 

We  shall  find  the  same  expression  for  the  characteristic  equation  of  a  GS  if  we 
use  transfer  function  $i2(s)  «  since,  for  instance,  according  to  (7.2.79)  and 

(7.2.82),  from  conditions  ^(s)  -  0  and  N^g(s)  ■  0  we  obtain  Identical  characteristic 


equations. 

In  accordance  with  what  was  presented  in  §  7.2, Par.  3b,  it  is  possible  to  compose 
characteristic  equation  of  a  GS  for  different  cases,  i.e,,  taking  into  account  or 
ignoring  time  constants  of  the  amplifier  and  stabilizing  motor,  etc. 

Let  us  consider,  first,  the  case,  when  in  composing  the  transfer  function  of  a 
GS  we  consider  the  above-indicated  time  constants  of  its  control  networks;  we  assume 
there  is  no  C3  correction.  Then,  according  to  (7.2.79)  and  (7.5.5)#  and  bIbo  taking 
into  eccount  the  fact  that  during  composition  of  expression  (7.2.79)  for  transfer 
function  4^(8)  we  removed  s  from  its  numerator  and  denominator,  we  obtain  the  char¬ 
acteristic  equation  of  a  closed-loop  GS  system 


W  +  +  «*>•*  +  «»>•  +  aj  * -  0.  (7.5.6) 


from  which  it  follows  that  one  root  of  this  equation  X^  ■  0,  This  means  that  if  the 
GS,  as  assumed  in  the  considered  case,  does  not  have  correction,  the  position  of 
equilibrium  of  the  stabilizer  frame  is  arbitrary,  i.e.,  the  frame  maintains  any 
assigned  initial  value  of  angle  aQ.  Therefore,  for  analysis  of  free  oscillations  of 
a  GS  near  the  position  of  equilibrium  it  is  possible  to  use  characteristic  equation 


«S*‘  +  ««*4 + Of*1  -I-  ««>*•  +  +  a,  -  0. 


(7.5.7) 


Let  us  find  from  a  concrete  example  numerical  values  of  coefficients  aQ, 

n • • • •  a5* 


♦Replacement  of  s  by  X  does  not  have  fundamental  significance  and  usually  is 
carried  out  [27]  in  order  to  not  confuse  variable  of  the  Laplace  transform  s  with  the 
argument  X  of  the  characteristic  equation. 
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Example  7.  It  Determine  the  values  of  coefficients  aQ,  a^,  . ..,  of  the  char¬ 
acteristic  equation  (7.3.7)  of  a  OS,  having  the  following  parameters:  angular 

4 

momentum  of  gyroscope  H  ■  22*10  g-cm-sec  [4]j  equatorial  moment  of  Inertia  of  the 

p 

gyroscope  (rotor  +  gyrohousing)  J  ■  60  g-cm-sec  ;  moment  of  Inertia  of  the 

8*  ® 

4  2 

frame  with  about  axis  of  stabilization  J-  *  3*10  g-cm-Bec  ;  aB  the  stabilizing  moto 
there  is  used  a  d-c  motor  with  independent  excitation  SL-367  [4],  for  which  rated 
voltage  Urat  m  110  v,  net  power  is  32  watts,  armature  rotation  rate  w^rm  ■  2500  rpm, 
current  in  armature  network  1«0.9  amps,  torque  M0  _  -  1250  g-cm,  resistance  of 

p 

armature  r  _  -  1.5  ohms,  moment  of  inertia  of  armature  -  0.7  g-cm-sec  ,  electro 

arm  arm 

magnetic  time  constant  of  the  armature  network  of  the  motor  Tmot  ■  0,003  sec,  trans¬ 
mission  ratio  from  the  axis  of  the  motor  to  the  stabilization  axis  of  the  frame  y  - 

-  600;  gain  factor  of  the  signal  pickoff  of  the  angle  of  precession  k^  -  0.1  v/degj 
amplifier  gain  k  -  10]  time  constant  of  amplifier  Tamp  -  0.02  sec  [4], 

When  determining  coefficients  aQ,  a^,  a^  one  can  ignore  the  characteristic 

equation  (7.3.7)  of  friction  on  the  axes  of  suspension  of  the  OS,  i.e,,  to  take  n^  - 

-  n2  -  0. 

Solution:  1.  According  to  (7.2.80),  when  "  n2  *  0,  for  determination  of 
coefficients  aQ,  a^,  ...,  a^  we  have  the  following  relationships: 

«#*  f.T,  +  2/f.  ,6X7-, 

«'<r.+T,y>  J 

2,  Angular  momentum  of  the  QS,  equal  to  angular  momentum  of  the  two 


gyroscopes,  will  be 


1 H  ■  f*R*  10*  44*10*  m-ho. 


3.  Prom  (7.2.43)  we  find  the  moment  of  inertia  of  the  QS  about  the 


axis  of  stabilization  of  the  frame: 


;1-  •+ 1*/,  -  3*  10*  +  f.OO  +  600** 0,7  m  1821*10*  J*»*IIO?  , 

4.  In  accordance  with  (7.2.53)  we  determine  coefficient  S^: 

8%  — *  l|l  •*  0,1*  17,3*  10  a  #7,3  t/iwiu, 

5.  By  (7.2,44)  we  calculate  magnetic  flux  <3  of  the  excitation 


windings  of  the  stabilizing  motor: 


6.  For  coefficient  K,  considering  (7.2.61),  we  have* 

7* -600. 1390 .8333- 10*  **/*»>. 

7.  We  find  coefficient  e  by  formula  (7.2.49),  understanding  in  it 
by  r  the  resistance  of  the  armature  network  r  ,  including  internal  resistance  of 


the  amplifier  r 


3  ohms? 


—  - - - ! — .0,2223 


8.  We  determine  the  coefficient  c  of  counter  emf,  included  in  equa¬ 
tion  (7.2.45)}  for  quantity  c  this  relationship  is  obviousj 

•'  6,»2S00 

•0 

9.  By  (7.2.49)  we  find  parameter  b» 


600.0,4152 


.55,36  up.111, 


10.  By  the  formulas  given  in  Par.  1  of  the  present  example  we  calcu¬ 
late  values  of  coefficients  aQ,  a^,  ...,  a^t 

«,  .  2 HSxtK  -  44  .  10*. 57,3  0,2222. 8333.10*  .  4668- 10*  ^h.i 
4-40*.  (44- 10*)*-  1936.10*  c2.2..2) 
flJ  -  21 1.  •**  +  iH\T*  +  Ti)  "  2.60.55,36.8333. 10*  +  1936- 10*  (0,003  + 

.  +0,02) -9969. 10*  xVmo3, 

H  -  ^r. »',+  +  K.  “  2  60  2821. 10*  + 

+  1936- 10*  0,003. 0,02  +  2- 60- 55, 36. 8333.10*. 0,02 . 1562- 10*  gW...4i 
a4 «= 2/r  ,  /^(Tm  +  Ty)  .  2  60  2821  •  10*  (0,003  +  0.02)  .  7786. 10*  s2*™2"*5 « 
a,  .  2/r>  ,/^Ty  .  2-60  2821 . 16*. 0,003. 0,02 . 2031  ,  gW..o6. 

Let  us  note  that  characteristic  equation  (7,5.7)/  numerical  values  of  coeffi¬ 
cients  of  which  were  found  above,  is  used  in  §  7.5/  Par.  3b  during  the  analysis  of 
stability  of  a  GS  by  the  Mikhaylov  criterion. 


b )  Analysis  of  Natural  Oscillations  of  a  GS. 

During  the  analysis  of  natural  oscillations  of  a  GS  we  shall  ignore  friction  in 
the  axes  of  the  suspension  (n^  -  ng  -  0),  and  also  time  constants  of  control  networks 
(Tmot  "  Tamp  "  °>-  If>  ln  (7.2.80),  w  set  -  np  -  0,  TBot  -  T,Bp  .  0,  than, 
according  to  (7.3.7),  the  characteristic  equation  of  the  system  will  have  form 


+  2/r<  ,W*  +  <  H*k  +  2HSteK  -  0. 


(7.3.8) 


Designating 


fj  /  * 


(7.3.9) 
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11-6/C,  m-SfK, 


(7.5.10) 


we  rewrite  (7.3.8)  in  the  following  form: 

+  A  +  (7.5.11) 

Comparing  (7.3.9)  with  (3.2.8)  we  see  that  v  represents  frequency  of  natural 
notatlonal  oscillations  of  a  free  gyrostabllizer  with  the  stabilizing  motor  turned 
off  (K  -  0) j  this  follows  directly  from  (7.3.11),  since  when  K  -  0,  according  to 
(7.3.10),  m  »  n  -  0.  To  find  the  physical  meaning  of  coefficients  n  and  m  it  is 
useful  to  compose  characteristic  equation  (7.3.11)*  proceeding  from  differential 
equations  (7.2.60)  of  motion  of  the  OS.  For  the  considered  case  in  (7.2.60)  one 
should  set  n^  -  ng  -  0,  Tffl0t  -  -  0,  6-0,  ©  »  0,  u  •  0,  f^  •  fg  -  0,  Sg  »  0; 

then  we  obtain  system  of  equations 


lj  +  lHf—Ki  —  0 

V,  +  Sfi-  0 
1+ti-tU,- 0 


(7.5.12) 


which  we  can  transform  to 

+ »*«'  +  sttKf  =  0 

or.  Introducing  designation  (7.3.10), 

o  / 

from  which  it  is  easy  to  show  that  the  characteristic  equation  of  system  (7.3.14) 
is  equation  (7.3.11). 

From  (7.3.14)  it  follows  [130,  125)  that:  1)  coefficient  m  represents  the 
so-called  steepness  of  the  static  characteristic  of  the  SM,  i.e.,  the  dependence 
between  the  torque,  applied  to  the  axis  of  the  frame  by  the  stabilizing  motor,  and 
the  angle  of  precession  P  of  the  gyrohousingj  2)  coefficient  n  represents  steepness 
of  the  damping  torque  on  the  spin  axis  of  the  frame,  which  is  caused  by  the  counter 
emf,  which  appears  during  rotation  of  the  armature  of  the  stabilizing  motor. 

We  compose  the  characteristic  equation  for  a  OS  taking  into  account  liquid 
friction  in  the  axes  of  the  suspension,  and  not  taking  into  account  time  constants 
Tmot  and  Tamp*  Then*  according  to  (7.2.80),  we  obtain 


(7.3.13) 
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«v/?+p*+«„h+«ii*+ 

+[n,(B, +  4>/C)  +  «P]l  +  iHS^K  - 0 


>r,  considering  designations  (7.5.9)  and  (7.3.10), 


i'+(^+!v!)l,+[?^vf+,,]l+,,^'0; 


(7.3.15) 


(7.3.16) 


it  follows  from  this  that  the  presence  of  liquid  friction  changes  damping  of  oscilla¬ 
tions  of  the  frame,  and  also  the  frequency  of  natural  nutational  oscillations  of  a 


’ree  GS  (m  -  0,  n  -  0),  which  in  this  case  will  be  determined  by  relationship 


v»  +  _5i2«_. 
1  U  I 


(7.3.17) 


Let  us  consider  natural  oscillation  of  a  GS  in  the  simplest  case,  when  friction 
in  the  suspension  axes  is  not  taken  into  account  (n^  -  n^  »  0),  and  time  constants 
Tmot  and  Tamp  of  contro1  networks  are  so  small  that  their  influence  can  be  ignored. 
For  this  we  use  the  characteristic  equation  of  a  GS  (7.3.11).  In  investigation  of 
an  analogous  equation  [132]  there  is  analyzed  the  case,  when  parameters  of  the  GS 
are  selected  so  that  characteristic  equation  (7.3.11)  has  one  real  and  two  complex 
conjugate  roots;  here,  for  a  stable  GS  the  real  parts  of  roots  should  be  negative: 


X,  —  —  J-./jt;  Xg*—*. 


(7.3.18) 


As  we  know,*  such  roots  of  cubic  algebraic  equation  should  satisfy  the  following 
relationships  of  coefficients  of  equation  (7.3.11): 


*  +  + 


(7.3.19) 


Then,  with  initial  conditions 

(7.3.20) 

we  can  present  integrals  of  differential  equations  of  motion  (7.3.14)  of  the  GS, 
omitting  small  components  (including  terms  containing  PQ),  in  the  following  approxi¬ 
mate  form  [132]: 

+  ii/ +  —  co*  j»/  - 

,  /  X  I  •  •  (7.3.21) 

P  -  (fc+ 


♦See,  for  instance:  V.  I.  Smirnov.  Course  in  higher  mathematics,  Vol.  1, 
State  Press  for  Technical  and  Theoretical  Literature,  1948. 
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Prom  these  expressions  It  follows  that  motion  of  the  OS,  with  values  of  coeffi¬ 
cients  selected  according  to  (7.3.18)  and  (7.3.19),  constitutes  the  superposition  of 
two  modes  of  motion:  1)  aperiodic  and  2)  damped  oscillations  with  frequency  u,  which 
in  the  case  of  small  damping  6  can  be  close  to  the  frequency  v  of  nutational  oscilla¬ 
tions  of  a  free  OS  (with  the  stabilising  motor  turned  off).  As  can  be  seen,  appear¬ 
ance  of  the  aperiodic  component  of  motion  of  the  OS  is  caused  mainly  by  initial 
deflection  of  the  gyroscopes  with  respect  to  the  axes  of  precession.  Initial 
amplitude  of  damped  oscillations  of  the  OS  depends  basically  on  the  magnitude  of 
initial  angular  velocity  of  the  frame,  caused  by  the  external  torque  instanteously 
applied  to  the  frame,  for  instance,  due  to  a  shock  effect.  For  determination  of  the 
nature  of  motion  of  a  OS  we  give  a  numerical  example. 

Example  7.2t  Find  the  law  of  motion  of  a  OS  a(t)  and  P(t),  if  to  the  GS  frame, 

with  parameters  given  in  example  7.1,  there  is  applied  an  instantaneous  torque 

(shock),  importing  to  the  frame  initial  angular  velocity  aQ  ■  0.2  1/sec j  the  initial 

o  * 

angle  of  displacement  of  the  gyroscope  ■  5  }  ■  0;  aQ  -  0. 

Solution:  1.  When  aQ  ■  0,  according  to  (7.3.21),  we  have 

+  n#  +  coin# 

If  r  if 

M"4*  H*""4*  coi  |tl  J 

2.  By  (7.3.9)  and  (7.3.10)  for  the  data  of  example  7.1,  we  calculate 


2 

v  , 


n,  m: 


ita»  lo* 

2-I0-862I-101 


5719  !/••.*;  v 


78,62  1/'M» 


M.36  M33  I01 «  4613- 10* 

m  »  SftK  «■  87,3- 0,2222* 6333*  10*  »  1061  •  I04  t-a^ndUn. 

3.  We  find  values  of  the  following  quantities: 


v2  tjIjj,  we  obtain 


48I310* 
Ml.  10* 


■  163,1  i/imi 


M .  4410* 

4.  Using  (7.3.19)  and  the  found  numerical  values  of  v  ,  ■*—  and 

J*  Y\ 


•  v  127  i/«M|  I*.  1M  V'mi  P ■  77,2  i/m*. 

b.  Then  on  the  basis  of  the  formulas  given  in  Par.  1,  we  have  the 
following  laws  of  change  a(t)  of  the  angle  of  rotation  of  the  frame  about  the  axis  of 
stabilization  and  p(t)  of  the  angle  of  rotation  of  the  gyroscope  about  the  axis  of 
precession: 

mi 


I 

f; 

«  (0  **  —  3.022. 10-»,-«W  +  7,39- 10“ 3«~ sin  27,2/  + 

+  3,022-  KT3#"^  coy  27,2/ 

P  (/)  =  0,2l55;-,?r/  +  0.4074?“l#vsin  27.2/  -  O.I282e”,,w  cos  27,2/ 

Graphs  of  functions  a(t)  and  P(t)  are  shown  in  Fig.  7.16,  from  which  it  follows 
that  natural  oscillations  of  the  considered  GS  attenuate  very  rapidly,  where  these 
oscillations  occur  with  frequency  i ,  which  in  the  given  case,  due  to  considerable 
damping  6,  essentially  differs  from  the  frequency  v  of  nutational  oscillations  of  a 
free  GS. 

c)  Certain  Remarks. 

Above  we  considered  natural 
oscillations  of  a  GS  without 
taking  into  account  the  influence 

VX  /,•*• 

on  them  of  liquid  friction  in  the 

M  suspension  axes  and  time  constants 

C|  radians 

of  control  networks.  Analogously, 
we  analyze  oscillations  of  a  GS 
taking  into  account  these  factors. 
Investigation  of  free  oscillations 
of  a  GS  under  the  action,  for 
instance,  of  an  instantaneous 

Fig.  7.16.  Graphs  of  functions  a(t)  and  P(t). 

external  torque  or  a  constant 

torque  can  be  performed  by  the  same  methodB  of  the  theory  of  automatic  control  as  we 

used  during  the  analysis  of  corresponding  motions  of  a  free  gyroscope  (§  3.2,  Par.  3). 

« 

In  the  readout  GD's,  considered  in  Part  1,  during  the  analysis  of  their  natural 
oscillations  we  usually  disregard  the  elastic  compliance  of  components  of  the  gyro¬ 
scope  due  to  the  comparatively  small  stresses,  developed  in  such  GD's.  In  a  GD  of 
active  type,  in  particular  in  active  GS's,  these  stresses  essentially  increase,  and 
consequently,  elastic  deformations  of  the  GS  can  become  considerable.  The  latter 
affect  natural  oscillations,  stability  and  forced  oscillations  of  the  GS.  An 
investigation  of  a  GS  taking  into  account  elastic  compliance  of  its  components  is 
contained  in  the  works  of  A.  Yu.  Ishlinskly  [47],  G.  D.  Blyumin,  E.  I.  Sliv  [135 ], 
and  others. 

We  shall  Indicate  peculiarities  of  natural  oscillations  of  a  GS,  taking  into 
account  its  elastic  deformations.  Frequency  v  of  natural  nutational  oscillations  of 
free  GS  (with  the  stabilizing  motor  turned  off),  according  to  (7.5.9)/  is  determined 
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by  relationship 


iU 

’rK»v7,'  <?-3-22) 

In  the  work  of  A.  Yu.  Ishlinskiy  [47]  it  is  shown  that  the  value  of  the  frequency 
v  of  nutation  of  a  OS,  found  by  experimental  means,  is  less  than  that  calculated  by 
the  formula  (7 .3.22),  where  the  difference  between  these  quantities  grows  witn 
increase  of  angular  momentum;  V.  I.  Kuznetsov  perceived  the  cause  of  this  non-corre¬ 
spondence  [47]  in  elastic  compliance  of  the  OS  components.  In  the  OS*  due  to  elastic 
deformations,  the  gyrohousing  may  have  a  certain  shift  (turn)  with  respect  to  the 
frame  about  the  axis  of  stabilization.  Here,  forces  of  elasticity  create  a  restoring 
torque,  proportional  to  the  amount  of  deformation.  In  the  shown  work  there  is  con¬ 
sidered  a  case,  when  elastic  only  the  shaft,  (axis  of  stabilization)  connecting  the 

stabilized  mass  with  the  gyroscoplo  frame  possesses  elastic  compliance,*  In  practice, 
we  use  formula  (7.5.22)  with  a  correction  factor  (0,5  to  0.7),  l.e.,  we  assume  [47] 

*n  (7.5.23) 


There  is  considered  [135]  a  case,  when  elastic  only  the  axis  of  precession  of  the 
OS  possesses  elastic  compliance.  On  ti.e  basis  of  analysis  of  natural  oscillations  of 
the  OS  there  are  obtained  expressions  for  frequencies  of  its  elastic  and  nutational 
oscillations.  There  is  also  marked  a  decrease  of  the  frequency  of  nutational  oscil¬ 
lations  of  a  OS,  possessing  elastic  compliance  of  individual  components. 

With  investigation  of  natural  oscillations  of  a  OS  there  is  connected  the  problem 
of  selection  of  optimum  damping  of  the  system,  i.e.,  optimum  value  of  steepness  n 
[see  (7.5.14)]  of  the  damping  torque  on  the  spin  axis,  at  which  quenching  of  natural 
oscillations  of  the  OS  will  be  most  rapid.  There  exists  a  rigorous  solution  [152] 
of  this  problem,  pertaining  to  the  problem  of  synthesis  of  OS's. 

Characteristic  equation  (7.5.8),  besides  (7,3.11),  can  also  be  presented  in  the 

form 


where 


7^rX,  +  *7|urk,  +  l  + 


0. 


AM* 


(7.3.24) 


(7.5.25) 


*For  those  interested  in  investigating  the  influence  of  elastic  deformations  of 
a  OS  on  its  natural  oscillation  we  recommend  the  cited  work. 
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Let  us  find  the  physical  meaning  of  parameters  in  equation  (7.3.24).  Quantity 
T"mot  is  the  electromechanical  time  constant  of  the  stabilizing  motor  and  gyroscopes 

p 

since  in  I  [see  (7.2.43)]  there  also  enters  the  reduced  moment  of  inertia  7  Jarm 
the  motor  armature.  Quantity  £,  proportional  to  coefficient  n  of  the  damping  torque, 
is  the  relative  coefficient  of  damping  of  natural  oscillations  of  the  GS.  With  the 
stabilizing  motor  turned  off  (m  -  n  -  0),  instead  of  (7.3.24),  we  obtain 


9 


*!,>'+ 1-0. 


(7.3.26) 


i.e.,  the  characteristic  equation  of  natural  nutational  oscillations  of  a  free  GS 
with  time  constant  Tmot  g,  connected,  according  to  (7.3.9)  »nd  (7.3.25)*  with  fre¬ 
quency  v  of  nutational  oscillations  of  the  OS  by  relationship 


T  ■-!  (7.3.27) 

*«.r  *  * 

analogous  to  (3.2.62)  for  a  free  gyroscope. 

Thus,  in  the  investigations  given  earlier  we  disregarded  Bmall  electromagnetic 
time  constant  Tmot  of  the  stabilizing  motor,  but  we  considered  its  electromechanical 


time  constant  T 


mot.g' 


3.  Stability  of  GS's 


a)  Preliminary  Rpnarks. 

Analysis  of  stability  is  an  important  problem  of  the  study  of  GS's.  Furthermore, 
guaranteeing  stability  is  one  of  the  first  requirements,  which  parameters  of  a  pro¬ 
jected  gyrostabilizer  should  satisfy.  Usually  stability  of  a  GS  is  considered  with 
respect  to  coordinate  a,  i.e.,  the  angle  of  rotation  of  the  frame  about  the  axis  of 
stabilization;  here,  the  GS  will  also  be  stable  with  respect  to  coordinate  p,  i.e., 
the  angle  of  rotation  of  the  gyrohousing,  about  the  axes  of  precession.  During 
investigation  of  stability  of  a  GS  it  makes  no  difference  whether  we  start  from 
transfer  function  D^s)  [see  (7.2.79)3  or  from  transfer  function  [see 

(7.2.82)];  as  it  was  shown  was  in  Par.  2,  in  both  cases  we  have  identical  character¬ 
istic  equations,  which  determine  stability  of  the  GS. 

If  we  consider  a  GS  without  correction,  then  we  arrive  at  the  characteristic 
equation  (7.3.6)  of  a  closed-loop  GS  syatem;  the  position  of  equilibrium  of  the  frame 
with  respect  to  the  spin  axis  in  this  case  is  arbitrary  (Par.  2).  In  this  connection 
stability  of  the  GS  is  usually  determined,  not  with  respect  to  coordinate  a,  but  with 
respect  to  angular  velocity  a  of  a  rotation  of  the  frame  around  the  axis  of  stabili¬ 
sation,  i.e.,  in  examining  s+ ability  of  a  OS  they  originate  from  characteristic 
1  quation  (7.3.7). 
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Since  the  OS  Is  a  closed-loop  of  automatic  control  system,  and  its  work  is 
described  by  equations  of  rather  high  order,  for  analysis  of  its  stability  it  is 
simplest  to  use  methods  of  automatic  control  theory,  using  for  this,  e.g.,  the 
Mikhaylov  criterion  of  stability,  the  gain-phase  criterion  of  stability,  the  criterion 
of  stability,  based  on  analysis  of  logarithmic  frequency-response  curves,  and  others. 
Significantly  wide-spread  is  analysis  of  stability  of  automatic  control  systems  by 
the  gain-phase  criterion  of  stability,  which  permits  us  to  Judge  the  stability  of  the 
system  in  the  gain-phase  response  of  an  open-loop  system  [107],  The  essential  merit 
of  this  criterion  is  that  the  gain-phase  response  of  an  open-loop  system  can  also  be 
obtained  experimentally  upon  supplying  the  input,  for  instance,  of  the  open-loop 
"gyroframe-amplifier"  system  (Pig.  7.15)  a  sinusoidal  signal  of  variable  frequency.* 

In  the  considered  case  the  expression  for  the  gain-phase  response  ^n(s)|8_ja> 
of  an  open-loop  OS  system,  for  instance  (7.2.76),  i.e.,  when  TmQt  ■  Tftmp  ■  0,  is 
generally  rather  complicated,  and  its  numerator  is  significantly  more  complex  than 
the  numerator  of  the  corresponding  gain-phase  response  ®ii(8)|s-j(J3  of  8  closed-loop 
OS  system,  determined  by  formula  (7.2.75).  Therefore,  for  investigation  of  stability 
of  a  GS  application  of  the  gain-phase  criterion  of  stability,  if  characteristic  W11(Jcd) 
has  not  been  determined  experimentally,  is  hampered. 

In  this  case  it  is  simpler  to  use  Mikhaylov  the  frequency  criterion  of  stability 
in  which  we  directly  consider  stability  of  a  closed-loop  system. 

b)  Application  of  the  Mikhaylov  Criterion  of  Stability. 

Let  us  find  with  help  of  the  Mikhaylov  criterion  the  stability  of  the  OS  whose 
parameters  are  given  in  example  7.1#  considering  time  constants  Tmot  and  Tfimp  of  the 
control  networks.  We  have  characteristic  equation  (7.5.7)  of  a  closed-loop  OS  system 
in  the  form 

•»**  -f  +  ®s**  +  +  ®e  **  0. 

The  left  part  of  this  equation,  which  we  call  the  characteristic  Mikhaylov 

if. 

polynomial,  we  designate  D(X)i 

U  ®»*#  +  «4>.4  +  «/  +  «£*  +  Ojl  +0*.  (7.5. 28) 

Replacing  X  by  Jo>,  we  have 

*>(/•) -«•(/•)*  +«•  (fa* +  «!</•)•  +  «•(/»)*  +  ®i(/®)  +flo.  (7.5.29) 

*0pening  of  this  system  is  usually  produced  at  the  amplifier  outlet.  To  change 
frequency  it  is  possible  to  use  a  selsyn,  working  as  a  transformer,  the  rotor  of  which 
is  rotated  with  different  angular  velocities  [156). 
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With  change  of  oj  from  -coto  +  oo  the  end  of  vector  B(Ju>)  describes  on  complex 
plane  D  a  curve,  which  is  called  the  characteristic  curve,  the  hodograph  of  vector 
D( Jen)  or  the  Mikhaylov  hodograph. 

The  Mikhaylov  criterion  of  stability,  offered  by  him  in  1938  [100],  we  usually 
formulate  in  the  following  manner  [107]:  a  system  of  automatic  control  will  be 
stable,  if  with  growth  of  co  from  0  to  od  vector  D(Jcd)  turns  angle  n^,  where  n  is  the 
degree  of  the  equation  D(X)  -  0,  which  is  the  same,  if  the  characteristic  curve  with 
change  of  cu  from  0  to  co,  beginning  with  the  positive  real  axis,  passes  consecutively 
in  the  positive  direction  (i.e.,  counterclockwise)  through  n  quadrants. 

Sometimes  the  Mikhaylov  criterion  of  stability  is  applied  in  another  form,  which 
is  a  corollary  of  the  above  criterion.  For  this  will  separate  in  (7.3.29)  the  real 
part  from  the  Imaginary: 


£(/•)  «?(“)  +  /*("). 

where  cp(cu)  and  ip (m)  are  the  real  and  imaginary  functions  of  the 
considering  (7.3.29),  we  have 

t  (•)  "*  <*»“*  —  fljUl*  -f  | 

From  (7.3.31)  it  follows  that  <p (co)  contains  even  powers  of 
crosses  the  axis  of  ordinates  distance  aQ  from  the  origin;  ip(m) 
of  oo;  when  00  -  0,  ip(m)  -  0.  Considering  what  has  been  said,  we 
of  the  Mikhaylov  criterion  of  stability  in  another  form  [114]: 
linear  system  of  the  n-th  order  it  is  necessary  and  sufficient, 
separately  taken  equations 


(7.3.30) 

Mikhaylov  hodograph; 

(7.3.31) 

cd;  when  cs  -  0,  cp(u>) 
contains  odd  powers 
give  the  formulation 
for  stability  of  a 
that  all  roots  of  two 


f (•) “ 0,  f (»)  * 0  (7.3.32) 

are  real  and  alternating  or  which  is  the  same,  that  curves  cp(o>)  and  ip(m),  during 
change  of  a)  from  0  to  m,  cross  the  axis  of  abscissas  n  times  in  all  (including  point 
jl'  -  0)  and  that  these  points  of  crossing  altc'^ate.* 

Let  us  give  an  example  of  determination  of  the  stability  of  a  OS. 

Example  7.3:  Using  tne  Mikhaylov  criterion,  determine  the  stability  of  the  GS, 
whose  parameters  are  given  in  example  7.1,  where  we  obtained  the  following  numerical 
values  of  coefficients  aQ,  a^,  ...,  a^  of  the  characteristic  equation  of  a  closed-loop 
GS  system: 


>i*<668.IO^  c2oi2imi  «|  3=  9909* t0* 

«t  *  1562*  11  •2ob2*m4i  S|  ■  7706.10*  ff|  as  1031 


*The  indicated  conditions  are  valid  with  simultaneous  fulfillment  of  the  follow¬ 
ing  inequalities:  cp ( 0 )  >  0,  ^(0)  >  0;  this  corresponds  to  positive  direction  of 
movement  of  the  Mikhaylov  curve. 
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Solution!  1.  Substituting  (7.3.31)  in  (7.3.32)  and  considering  values  of 


coefficients  Sq,  a^,  . ..,  a we  havei 

f  (•)  «*  7786- 10*-4  -  958®.  10*<-*  +  4668- 10*  -  0  J 
4(»)-203l»*-  I562  10l«*+  1936- I0*«  =■  0  J 

2.  For  stability  of  the  OS  roots  of  polynomials  q>(^)  and  iP(id)  should 
bo  real  and  alternating,  where,  instead  of  alternation  of  roots  it  is  possible  to 
investigate  alternating  of  the  squares  of  the  roots.  We  find  roots  of  polynomial 

tf'(u) 


We  have 


«  (2031m4  -  1562.10V  f  1936. 10*)  =  0 

•J-0; _ 

J  1662. 10*  ±  V (1562.10*)*  —  4-2031  •  1030.10* 
M  •’  "  1  9031  " : 

4 -> 0.1256- 10*  7.565- 10*  I 

3.  We  determine  roots  of  polynomial  cp(u>) 


7786- 10V  —  9969 .  loV  +  4668- 10*  -  0. 

We  have 


t  9969- 104  ±  V  (9989- 10*)*- 4-7786. 10*  4668- 10* 

U"“  *.7718. 104 

•}«<VO4S55.|0*  1,234  10*  !/•••*. 

As  can  be  seen  from  example  7.3»  roota  of  polynomials  ^/(cd)  and  q> (oo)  alternate 
among  themselves  and,  consequently,  the  considered  GS  is  stable;  curves  of  functions 
cp(d>)  and  ip(c d)  are  shown  in  Fig.  7.17.*  Construction  of  curves  cp(ui)  and  f(cx>)  also 
permits  Judging  of  the  margin  of  stability,  which  here  can  be  characterized,  e.g., 
by  percent  radio  of  the  narrowest  interval  between  roots  to  the  widest  adjacent 
Interval  [27]. 


c)  Finding  the  Basic  Relationship 
Between  Parameters  of  a  GS, 
Ensuring  its  Stability. 

The  Mikhaylov  criterion, 
like  other  criteria,  permits  us 
to  find  the  stability  of  a  gi  ven 
GS,  for  which  all  parameters  are 

assigned. 

In  analyzing  a  GS  there 


note 


♦From  the  curves  in  Fig.  7.17  it  is  clear  that  cp(0)  >  0  and  ^(0)  >  0  (see  foot- 
on  p. 47) • 
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is  usually  posed  the  problem,  for  assigned  basic  parameters,  to  select  values  of 
certain  other  parameters  (which  can  vary  In  known  limits),  proceeding  from  the 
condition  of  stability  of  the  system.  For  solution  of  such  problems  we  apply  special 
methods  of  isolating  areas  of  stability,  allowing  us  to  select  not  only  values  of 
coefficients,  e.g.,  of  the  characteristic  equation  of  the  OS,  but  also  any  of  its 
other  parameters,  on  which  these  coefficients  depend. 

For  isolating  areas  of  stability  and  construction  of  boundaries  of  stability 
there  exist  different  methods  [107],  For1  a  GS  this  problem  will  be  considered 
subsequently  for  the  case  when  time  constants  of  control  networks  of  the  GS  can  be 


ignored. 


For  the  basic  relationship  between  parameters  of  a  GS,  proceeding  from  the  condi¬ 
tion  of  its  stability,  we  consider  the  case  when  the  amplifier  time  constant  T  is 

amp 

negligible,  i.e.,  we  have  a  GS  with  a  "fast-working"  amplifier;  liquid  friction 

torques  in  suspension  axes  we  still  will  ignore  (n^  -  ng  »  0).  For  solution  of  this 

problem  we  use  characteristic  equation  (7.3.7)  of  a  closed-loop  GS  system,  in  which 

coefficients  a^,  a^,  ...,  a^  are  determined  by  relationships  (7.2.80),  If  in  them 

we  set  n.  =  n0  =»  0  and  the  time  constant  of  the  amplifier  I"  -  0,  we  obtain 
12  amp 


a,  «  2HSltK\ 

Ql «  4H*i 

oi^2JttbK  +  4H'TMi  fl|»o 


(7.3.33) 


Substituting  (7.3.33)  in  (7.3.7)  and  considering  designations  (7.3.10),  we  have 

21  ’  •  W  +  *4. . 4*  +  [K.  ,"  +  4«*rj)V  +  4/h.  +  2//m  =  0.  < 7 • 3 • 34  > 

i.e.,  a  characteristic  equation  of  the  fourth  order. 

To  determine  the  relationship  between  basic  parameters,  with  which  the  GS  is 
stable  we  use  the  Hurwltz  criterion.  In  the  case  of  a  characteristic  equation  of  the 
■■  rth  order  necessary  and  sufficient  conditions  of  stability  are  the  following  [114]: 


«4>0,  c»>0,  fl,>0,  >0,  a*  >  0; 

|fl,  c,  0 

fl«  a,  a,  ®  (a^  —  a«a,)  —  afi\  >  0 

w  flj  fl| 


(7.3.35) 


Positiveness  of  coefficients  a Q,  a^,  ...,  of  characteristic  equation  (7.3.34) 
■s  always  realized.  Regarding,  however,  the  second  condition  (A^  >  0),  then,  substi- 
: ting  in  it  coefficients  aQ,  a^,  ...,  a^  from  (7.3.33)  and  considering  (7.3.10), 

-  obta !  o 

<«'  [(24. .«  +  *fT,)  24,4-24..  AJ * /,  >  0 
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or 


from  which  we  have 


or 


2Hn  —  ljn>0 


1H 

;7>T 


(7.3.;'  ) 

Thus,  we  obtain  the  known  condition  of  stability  [47]  of  an  active  GS,  first 

discovered  in  1943  by  V.  I.  Kuznetsov.  From  (7.3.36)  it  follows  that  if  we  disregard 

the  amplifier  time  constant  T  ,  the  electromagnetic  time  constant  of  the  stabilizing 

amp 

motor  T  .  (of  the  same  order  or  even  less  than  T  see  example  7.1)  does  not 

influence  stability  of  the  GS.  As  for  the  electromechanical  time  constant  of  the 

motor,  which  substantially  exceeds  its  electromagnetic  constant,  it  was  considered 

by  us  (Par.  2b).  Conditions  of  stability  of  a  GS  taking  into  account  time  constants 

Tmot  and  Tamp  were  obtained  by  A.  Yu.  Ishlinskly  [47],  and  also  A.  N.  Roytenberg  [13?]. 

The  circumstance  that  electromagnetic  time  constant  TmQt  of  the  rtabilizlng 

motor  (if  here  time  constant  Tamp  of  the  amplifier  is  negligible)  does  not  enter 

into  the  condition  of  stability  (7.3.36),  permits  us  to  obtain  this  condition  by 

simpler  means.  For  case  T  .  -  T  -  0  we  have  a  third  order  characteristic  equation 

mot  amp 

(7. 3.11) 


**  +  -r**  +  A+v*. 


/,  tH 


According  to  the  Hurwltz  criterion,  for  a  third  order  equation  conditions  of 
stability  have  form  [114] 

o»>0.  at>0,  fll>0,  a,  > 0 


*»-  2  *j-ala1-ala,>0 


(7.3.37) 


Positiveness  of  coefficients  aQ,  ...»  a^  of  the  characteristic  equation  is  always 
realized.  According  to  the  second  condition  of  (7.3.37)  we  have 


■ —  v*  —  »* 


17T>® 


or 


2  H  ^  m 

i.e.,  condition  of  stability  (7.3.36). 

Let  us  find  the  influence  on  stability  of  a  CS  liquid  friction  torques  in  the 
suspension  axes,  and  we  shall  limit  ourselves  tc  calculation  of  friction  only  on  the 
axis  of  stabilization;  then,  considering  in  (7.3.16)  n0  -  0,  we  have  a  characteristic 
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(7.3.38) 


equation  of  the  GS  in  the  form 

,»;a±-i*+A  +  J£-o. 

* 

According  to  conditions  of  stability  (7.3.37)#  we  obtain 

2H  .  m  , 

(7. 3.  39) 

from  which  it  follows  that  increase  of  liquid  friction  on  the  spin  axis  of  the  frame 
(axis  of  stabilization)  Increases  stability  of  the  system;  however,  Increase  of 
coefficient  of  friction  n^  leads  to  increase  of  the  external  disturbing  torque  on  the 
axis  of  the  frame  during  oscillation  of  the  base  on  which  the  gyrostabilizer  is  fixed. 
Therefore,  such  a  method  of  increasing  the  degree  of  stability  of  a  GS  is  unacceptable. 

We  note  one  more  important  circumstance.  Condition  of  stability  (7.3.36)  may 
also  be  used  for  selecting  the  tentative  value  of  the  gear  transmission  ratio  7  from 
the  stabilizing  motor  to  the  axis  of  stabilization  of  the  frame.  Considering 
(7.?.;i^)»  and  also  (7.7.49)  and  (7.3.10)#  we  rewrite  (7.3.36)  in  the  form 


JL 


^  Ml*.  * 


(7.3.40) 


The  best  value  of  transmission  ratio  7best  from  the  point  of  view  of  guarantee¬ 
ing  stability  of  a  GS  will  be  obtained,  when  the  left  part  of  inequality  (7.3.40) 
reaches  a  maximum;  then 


(7.3.41) 


However,  such  an  approach  is  tentative  and  during  selection  of  the  most  advan- 
tageous  gear  ratio  one  should  also  consider  time  constants  of  the  control  networks. 
This  problem  is  considered  in  detail  by  A.  Yu.  Ishllnskiy  [47], 


1 '  Isolating  Regions  of  Stability  GS. 

Selecting  basic  parameters  of  the  GS,  besides  the  condition  of  stability  (7.3.36) 
’.t  is  useful  to  isolate  regions  of  stability  of  the  GS;  here,  for  the  characteristic 
third  order  equation  of  the  gyrostabilizer  it  is  possible  to  apply  the  Vyshnegradskiy 
liagram.  The  Vyshnegradskiy  criterion  permits  one  in  simple  and  graphic  form  to 
reveal  stability  of  a  third  order  dynamic  system,  and  also  to  select  parameters  of 
•he  system,  proceeding  from  the  condition  of  stability. 

Let  us  assume  we  have  for  the  GS  characteristic  third  order  equation  (7.3.11)# 
ich  in  general  form  we  write  thus: 

aj?+a}?  +  al\  +  a0  =  0,  (7.3.4?) 


51 


. 


1 

* 

! 


where 


* 7 "*“’*'*  a‘-^:  fl*-1 


(7.3.4?) 


Let  us  replace  variables,  taking 


*~ll^**  (7.3.44) 

Then  characteristic  equation  (7.3.42)  Is  reduced  to  so-called  normalized  form: 

U*  +  Au'  +  Bu  +  I  =  Or  (7.3.45) 

where  Vyshnegradskly  parameters  A  and  B  are  connected  with  coefficients  of  character¬ 
istic  equation  (7.3.42)  by  the  following  relationships: 

(7.3.46) 


A  ■  r^=s;  B  «=  j--*- 


Vyshnegradskly  proved  that  the  necessary  and  sufficient  condition  of  stability 
is  observance  of  inequality 

AB  >  1  A>0,  B  >  0),  (7.3.47) 

which  we  call  the  Vyshnegradskly  criterion  of  stability. 

Considering  (7.3,46)  we  can  rewrite  inequality  (7.3.47)  in  the  form 

*i <*%>*&,  (7.3.48) 

coinciding  with  the  second  condition  of  (7.3.37). 

Substituting  in  (7.3.48)  equality  (7.3.43),  we  obtain  the  condition  of  stability 
of  the  GS  (7.3.36). 

Boundaries  of  stability  are  determined  by  equality  a^a^  -  a^ao  or 

1  (whT  /t>0,  B  >  0).  (7.3.49) 

This  equality  on  the  plane  of  parameters  A  and  B  (Fig.  7,l8)is  depicted  by  a 

hyperbola,  called  by  the  Vyshnegradskly  hyperbola. 
The  region  of  stability  lies  above  and  to  the 
right  of  the  hyperbola;  the  region  between  the 
hyperbola  and  the  coordinate  axes,  for  which 
AB  <  1  (when  A  >  0,  B  >  0),  is  the  region  of 
instability. 

If  we  know  parameters  of  the  GS,  by  formulas 
I  j  I  1  j  I  114  (7.3.43)  and  (7.3.46)  we  can  determine 

Fig.  7.18.  Vyshnegradskly  diagram.  Vshnegradskiy  parameters  A  and  B.  Plotting  on 

the  diagram  (Fig.  7.18)  the  point  with  coordinates 
A,  B,  it  is  easy  to  find  whether  the  GS  is  stable 


Raglon  of  liability  48>t 


R««lon  of  Instability  4|<f 
Boundary  af  liability  4#«f 


or  unstable;  If  the  point  falls  on  the  hyperbola,  then  the  GS  Is  on  the  boundary  of 
stability.  Since  In  A  and  B  there  enter  parameters  of  the  GS,  by  the  Vyshnegradskly 
llagram,  we  very  con /enlently  find  the  Influence  of  individual  parameters  on  stability 
of  thr'  GS  and  also  fselect  values  of  parameters  ensuring  Its  stability. 

Let  us  consider  a  numerical  example. 

Example  7.4:  Determine  by  the  Vyshnegradskly  criterion  stability  of  the  GS, 
whose  parameters  are  given  In  example  7.1;  we  have:  2H  ■  44*  101*  g-cm-sec,  I  - 
?8?1‘10  g-cm-sec'1,  K  -  8333«10  g-cm-amp,  b  -  55.36  amp-sec,  e  -  0.2222  1/ohm,  - 
-  57.3  v/radian;  v2  -  5719  l/sec2  (example  7.2). 

Solution:  1.  By  formulas  (7.3.10)  we  calculate  coefficients  n  and  m: 

n  =  bK  =  55,36-8333  10*  =  4613-  1CH  ***>•»». 
m  -  SteK  =  57,3.0,2222  8333- 10* «  1061 . 10* 

2.  According  to  (7.3.43)  we  calculate  aQ,  a^,  ... 


3 


S'3'1  — 
.  M 


87|ql^I5r“I379‘,°' 

«»«*•«  5719 
a  4613- 10* 


=  163,5  i/»»oi 


2821. 10* 

■a 

•t  =  1. 

3.  We  calculate  the  Vyshn<  "•'idskiy  parameters  A  and  B  by  formulas 


'7.3.46): 


A 

B 


163,5 


1379- 10*. 1 
a,  5719 

|/  1- (1379. 10*)* 


=  3.16; 

2,14. 


4.  According  to  the  Vyshnegradskly  criterion  (7.3.47) 


AB  m  3,16-2,14  =  6,76  >  1. 

L.e.,  the  gyrostabllizer  is  stable. 

Point  M  with  coordinates  A  and  B  we  plot  on  the  Vyshenegradskiy  diagram  (Fig. 
7.18);  It  is  in  the  region  of  stability  of  the  GS. 

With  help  of  the  same  diagram,  given  the  position  of  point  M  in  the  region  of 
stability,  l.e.,  coordinates  A  and  B,  it  is  possible,  e.g.,  for  a  GS  with  assigned 
H  and  I  to  select  parameters  m  and  n.  Ab  for  selection  of  the  position  of  point 
(A,  B),  we  note  the  following.  As  it  is  known  [114],  depending  upon  the  position 
o-  '-.he  p  int  on  the  diagram  we  obtain  different  values  of  the  roots  of  characteristic 
•raai'on  (7.3.42),  i.e.,  a  different  character  of  the  transient,  Vyshnegradskly 
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comparatively  smaller  angular  momenta.  This  is  the  basic  advantage  of  introduction 
of  derivatives  in  the  law  of  control  of  the  stabilizing  motor. 

4.  Transient  Characteristic  of  a  GS 

a)  Construction  of  Transient  Response  aft). 

During  the  analysis  of  an  active-type  GS  of  importance  is  determination  of  its 
transient  response  and  basic  performance  indices  during  typical  disturbance,  for 
which  we  usually  take  a  unit  step  input.  Behavior  of  a  GS  in  a  transient  regime, 
and  namely  its  natural  oscillation,  for  the  case  when  time  constants  Tmot  and  T0mf 
of  the  control  networks  are  not  taken  into  account  and  the  characteristic  equation 
of  the  closed-loop  GS  system  is  cubic,  considered  in  Par.  2. 

It  is  interesting  to  construct  the  transient  response  and  determine  performance 
indices  of  the  GS  taking  into  account  these  time  constants  of  the  control  networks. 
Since  in  this  case  motion  of  the  GS  is  described  by  differential  equations  of  compar¬ 
atively  high  order,  for  investigation  of  performance  it  is  expedient  to  use  methods, 
developed  in  the  theory  of  automatic  control,  e.g.,  frequency  methods  of  performance 
analysis  [107,  27].  The  merit  of  these  methods  is  that  they  are  based  on  the  same 
frequency-response  curves,  in  this  case  of  a  GS,  which  were  used  by  us  in  analyzing 
stability  of  the  GSj  their  other  merit  is  that  these  methods  are  essentially 
graphoanaly tical  and  do  not  require  calculation  of  roots,  which  is  very  important 
during  the  analysis  of  a  GS,  whose  characteristic  equation  is  an  equation  of  the 
fifth  or  sixth  order. 

In  the  frequency  method  of  analysis  of  GS  performance  applied  hereafter  we  used 
the  real  frequency-response  curve  of  the  GS.  Let  us  write  the  gain-phase  response 
<J>( ,'cd)  of  a  closed-loop  GS  system,  by  analogy  with  (5.2.40),  in  the  form 

♦  </.)-/>  (.)  +  IQ  („).  (7.3.60) 

where  P(cn)  and  Q(cjd)  are  the  real  and  imaginary  frequency-response  curves  of  the  GS. 

Consequently,  from  the  known  expression  for  it  is  easy  determined  the  real 

frequency-response  curve  P(o>)  of  the  OS.  Knowing  P(cd),  we  can  find  the  transient 
response  a(t)  of  the  GS  with  a  unit  step  input,  which  is  expressed  by  the  following 
relationship  [107]: 

m 

•(0  "  vj  Or *Inw/rf»  (7.5.61) 

To  determine  the  real  frequency-response  curve  P(<jd)  of  a  OS  we  consider  the  case 
when  the  GS  does  not  have  correction.  Let  ua  use  expression  (7.2.79)  of  transfer 
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function  i>^(s)  of  a  closed-loop  GS  system  on  coordinate  a  with  respect  to  a  disturb¬ 
ing  torque,  applied  to  the  axis  of  stabilization  of  the  frame. 


*11  (*) 


*»**  -f  *j**  4~  bji  4-  ftp 


(7.3.62) 


«*i*  4-  at s*  +  •»**  4-  a,s*  -J-  a,i  4-  at  ’ 

where  coefficients  <  Q,  . ..,  a^,  ,  . ..,  b^  are  determined  through  parameters  of  the 

GS  by  relationships  (7.2.80). 

By  analogy  with  (3.2.37)  the  gain-phase  response  ^^(Jcjo)  of  a  closed-loop  GS 
system  can  be  presented  in  the  form 


c(»)+ld(»)’ 


(7.3.63) 


where,  according  to  (3.2.38)  and  (7.3.62),  for  a(m),  b(u>),  c  (to),  d(cn)  in  the  considered 
case  we  have  relationships 

fl  (•)  =  —  bt lo* 
b  (a)  «»  btw  —  bjUt3 

C (•)  =  flo  —  aM<°a  -j- fl4u»4  (7.3.  ) 

d  (•)  *=  akio  —  fijUi1  4- 

The  real  frequency-response  curve  P(cd)  is  expressed  through  b(cjd),  b(u>)  ...  by 


formula  (3.2.41),  i.e., 

\ 

p  im\  m  a^cCw)  4-  b(u)d(*>) 
11  «•<•)+*(•) 


(7.3.65) 


Subsequently,  to  determine  transient  response  a(t)  of  a  GS  it  is  necessary  in 
che  beginning  to  c  nstruct  the  real  frequency-response  curve  P^(cd)  of  the  latter. 

Example  7.6;  Construct  the  real  frequency- response  curve  P^(u:>)  of  the  GS  whose 
parameters  are  given  in  example  7.1;  liquid  friction  torques  in  the  suspension  axes 
for  simplification  can  be  ignored  (n^  -  n2  -  0). 

Solution;  1.  According  to  example  7.1  for  coefficients  aQ,  ...,  a^  we  obtain 
vhe  following  values; 


4663-10* 

2  2 

^  cm  soc| 

at  =  1562- 10* 

•1—  1936-10*  gW.*2; 

•4  =  7786. 10>  g2o»2...5> 

•,-9989- 10* 

£  cn?  \ 

d,  =  2031  g2cm2»»#^« 

2.  According  to  formula  (7.2.80);  when  n2  -  0  for  determination  of 
coefficients  bg,  ...,  b^  we  have  expressions 

».-»■  ‘.-“..(t+h) ) 

,T,T,  J 

from  which  we  find  the  following  values  of  them: 

*,-0; 

*,-2  60  =  120  g-orn-  seo^ 

*,-2.60(0,003  4-0.02)  =2,76  frO>SrtC3| 

*,  =  2  60  0, 003- 0,02  =  0,0072  g-o^.c4. 
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3.  By  formulas  (7.3.64)  and  (7.3.65)  for  different  o>  we  calculate 
corresponding  values  of  P^(go);  with  the  obtained  data  we  constructed  a  graph  of 
Pn(o>)  (Fig.  7.21). 

By  the  shape  of  curve  P^(oo)  with  the  help  of  special  rules  developed  in  automatic 
control  theory  [107],  it  is  possible  to  Judge  the  character  of  the  transient  response 
o(t).  Thus,  for  instance,  the  final  value  of  unit  step  response  a(t)  in  a  steady 
state  is  equal  to  the  Initial  value  P^(0)  of  the  real  frequency-response  curve,  i.e., 
static  error  of  the  GS  will  be 

(7. 5.66) 

Directly  from  formulas  (7.3.64)  and  (7.5.65)  for  to  -  0  we  haves  a(0)  -  bQ, 
b(0)  -  0,  c(0)  -  aQ,  d(0)  -  0,  and,  consequently, 

(7.3.67) 

If  we  do  not  take  into  account  friction  torque  in  the  axis  of  precession  of  the 
gyroscope  (n2  -  0),  bQ  -  0  [see  (7.2.80)],  and 

^«-Pu(0)-0,  (7.5.63) 


i.e.,  the  gyrostablllzer  with  respect  to  disturbance  along  the  axis  of  stabilization, 
when  we  disregard  friction  in  the  axis  of  precession,  can  be  considered  an  astatic 
system,  similar  to  a  readout-type  free  gyroscope.  When  we  allow  for  friction  in  the 
axis  of  precession,  according  to  (7.2.80)  and  (7.3.10), 


•»T  "  ^11  (Q) 


"l 

iHm  ’ 


(7.3.69) 


i.e.,  the  GS  is  a  static  system  In  this  case. 

Example  7.7:  Determine  static  error  of  a  GS  due  to  liquid  friction  in  its  axis 
of  precession  during  application  of  a  unit  step  input  f^  -  1  kg-cm  to  the  axis  of 
stabilization;  the  GS  has  the  parameters  given  in  example  7.1;  the  coefficient  of 
liquid  friction  in  the  axis  of  precession  n2  ■  50  g-cm-sec. 

Solution!  By  formula  (7.3.69)  we  find 


50 


10*  I.OT- 10 — •  radUn» 


IHm  44- 10*.  1061.(0* 

i.e.,  tne  value  of  as^.a^.  is  negligible.  Consequently,  a  GS  without  correction  can  be 
considered  an  astatic  system. 

By  curve  (go)  it  is  possible  to  Judge  other  properties  of  transient  a(t); 


these  properties  are  expounded  in  detail  in  courses  on  the  theory  of  automatic  control 
(see,  e.g.,  [107]). 

Using  curve  Pll(  go)  of  the  real  frequency- response  of  the  GS,  it  is  possible  to 


60 


approximately  construct  transient  .response  a(t)  of  a  gyrostabilizer  with  the  help  of 
a  model  trapezoidal  frequency-response  curves  [107].  For  this,  curve  pu(  CD  )  (Fig. 

’  r>  divided  into  trapezoids,  i.e.,  in  the  considered  case  it  is  'eplaced  by 
-■ight  trapezoidal  frequency  characteristics.  For  each  of  these  characteristics  with 


rad/*- cm 


Fig.  7.21.  Real  frequency-response  curve  Pi1(as)  of 

a  GS. 


<{t),  rad 


Fig.  7.22.  Curve  of  transient  response  a(t)  of  a  GS. 


the  help  of  a  special  table 
[154]  we  construct  the 
corresponding  unit  step 
response  a,(t);  algebraic 
summation  of  ordinates  of 
curves  a^(t)  gives  curve 
a(t)  (Fig.  7.22)  of  the 
transient  response  of  an 
active  GS. 

From  the  curve  it 
follows  that  the  transient 
response  of  a  GS  during  a 
unit  step  input  along  the 
axis  of  stabilization  con¬ 
sists  of  damped  oscillations. 
Duration  of  the  transient 


response,  i.e.,  control  time  tcon1-  is  approximately  0,3  sec,  which  is  fully  acceptable. 
Besides  the  given  method  for  calculations  of  a  GS,  in  particular  for  estimating 


performance  and  selecting  a  series  of  parameters,  we  construct  logarithmic  amplitude 
:ha racteristic s  of  the  GS  [4],  Such  a  method  is  especially  convenient  during  solution 
f  pr  blems  of  synthesis  of  OS’s,  i.e.,  during  selection  of  its  basic  parameters. 


)  Influence  of  Dry  Friction  Torque  on  the  Frame  Axis  of  a  GS. 

Let  us  turn  to  consideration  of  a  more  complicated  case,  considering  dry  friction 
torque  on  the  axis  of  stabilization  of  the  frame;  control  of  the  stabilizing  motor, 
also  before,  we  assume  to  be  linear.  The  presence  of  dry  friction  in  the  axis  of 
tabillzation,  characterized  by  a  nonlinear  law  of  change  of  friction  torque  as  a 
function  of  the  angular  velocity  a  of  gyroframe  rotation,  affects  the  character  of 
the  transient  response  a(t),  and  under  certain  conditions  it  may  cause  stable  periodic 
,-ci  laticns  of  the  GS,  i.e.,  its  natural  oscillations.  Of  greatest  interest  is 
nvestigation  of  natural  oscillations  of  an  active-type  GS.  For  solution  of  this 
;  loblem  I1  is  possible  to  uae  the  method  of  approximation,  e.g. ,  the  method  of 
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harmonic  linearization  of  nonlinearities  [114,  115]*  applied  earlier  (§  6.3*  Par.  3d). 

Being  interested  in  natural  oscillations  of  the  OS  with  respect  to  angle  a  of 
gyroframe  rotation,  we  write  the  differential  equation  of  motion  of  the  GS  in  operator 
form  (p-&)  ,  using  expression  (7.2.79)  of  the  transfer  function  of  a  closed-loop 
GS  systemr 


(«*p*  +  aj)*  -j-  fljp*  -f  aj> 9  +-  aj>  +  a0)  *  = 
•«=  (6,0*  +  bjfi  +  bj>  -i-  6.)/,  (/), 


where  f^(t)  —  disturbance,  applied  to  the  axis  of  stabilization; 

eQ,  . ..,  a^.,  bQ,  ...,  b^  —  coefficients,  determined  by  relationships  (7.2.8 0). 

As  f^(t)  we  take  the  dry  friction  torque  on  the  axis  of  stabilization  of  the 
frame.  Then,  taking  into  account  (7.2.34),  for  the  case  of  a  nonoscillating  base 
(6  «■  0),  we  have 

f\ (0  -K9sign*.  (7.3.71) 

Substituting  (7.3*71)  in  (7.3.70),  we  obtain  a  nonlinear  differential  equation 
for  variable  a 

+  oji1  +  +  a«p*  +  <*iP  +  «•)*“ 

-  -  (4^»  +  +  bj>  +  6.)  Kk  sign  i.  (^3.7?) 


For  Investigation  of  natural  oscillations  of  a  GS  we  use  the  method  of  harmonic 
linearization  of  nonlinearities  [114,  115  ]j  then  we  shall  seek  periodic  solution  for 
variable  a,  by  analogy  with  (6.3.63),  in  the  form 


C-a.lflW.  (7.3.73) 

where  flper  and  o>per  are  amplitude  and  frequency  of  the  sought  periodic  solution. 

In  accordance  with  the  method  of  harmonic  linearization  of  a  nonlinearities  the 
assigned  nonlinear  function,  for  instance  F(x,  px)  of  variable  x,  is  replaced  by  an 
expression  of  form 

P4-9*+£px,  (7.3.74) 


where  q  and  q'  are  coefficients  of  the  harmonic  linearization. 

In  the  considered  case  for  nonlinear  function  K  sign  a,  according  to  (7.3.74), 

J 

we  have  [115*  p.  22c] 

JCflifflpa-^pa.  (7.3.75) 

Harmonic  linearization  of  nonlinearities  of  form  K  sign  a  (Fig.  2.21a),  If 

J 

we  consider  that  friction  torque  for  a  -  0  Instantly  changes  sign,  is  carried  out 
Just  as  for  an  ideal  relay  characteristic  of  correction  (Fig.  2.l8e).  Then,  by 
analogy  with  (6.3.64),  for  the  coefficient  of  harmonic  linearization  Q'(eper)  we 


obtain 


«  a„ 

Substituting  (7.3.76)  in  (7. 3.75) *  we  have 

K'tlgnpa*:  J*Lpa> 

MjIHj  ^ 

m  equation  (7.3.72)  will  take  form 

(Ojp*  4-  aj)*  4-  4.  Cjp*  +  alp  +  a0)t> 

“  —  0aP‘  +  4-  f>iP  4-  6,)  P a 


(7.3.76) 


(7.3.77) 


h +*=&)' +(■ 


+ (*  ■ + s§t)  p’  +  (fl*  +  *•  )  p + «•  ] 1 1  - 0 


(7.3. 


The  corresponding  characteristic  equation  will  be 

+ (<I* + *•  v  +  (*• + *•  ^k)x + *•  ~  °- 

Replacing  X  by  Jco,  we  rewrite  (7.3.79)  In  the  following  manner: 

+  («•  +  »*  -£V)  -(“•-»■  =&)  K  ~ 

-  (*•  ■ +  *•  +  (e + *•  ^) +  «.-»• 


(7.3.79) 


(7.3.80) 


To  find  a  periodic  solution  of  equation  (7.3.72)/  presenting  equation  (7.3.80) 
.  n  the  form 


X(»)  +  A»  =  o. 


(7.5.81 


.It  is  necessary  that  by  virtue  of  the  Mikhaylov  criterion  [114]  for  u>  ■  u>per  and 
a  -  a  r  conditions  X(ca)  -  0  and  Y(u>)  -  0  are  simultaneously  satisfied  (the  Mikhaylov 
rurve  should  pass  through  the  origin  of  coordinates).  This  gives  two  equations* 

-XK,  aB)«=0,  Y (a»q,  a,)  =  0,  (7. 3. 82; 

:'rom  which  we  determined  unknown  frequency  tUper  and  amplitude  apgr  of  the  sought 
} eriodic  solution  of  the  considered  equation. 

Separating  in  (7.3.80)  the  real  and  imaginary  part,  we  have 


X  (•)  ■=  (a,  +  b,  )«•-(»,  +  »,  diu)  •«  +  a, 

Y  (»)-a,»*-(a,  +  *1 5j£)»’+  + 


(7.5. 


«v 


•  Equ0  i.ities  (7.3.82)  follow  obviously  from  equation  (7.3.81)  by  force  of 

nrvir.  ..Topertien  of  complex  numbers. 
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from  which,  according  to  (7.3.82),  we  obtain  two  equations  for  determination  of 


frequency  m _ and  amplitude  a„ _ : 

per  per 


««•.' +‘.^-3o-aX- ».  sf «.+».- 0 


r-flB 


a.  — <ita)5  —  bm  — ^  •>*  4-  o,  u)  4-  6l  ^  a  0 

“  i  “J  n  I  un  n  '  I  n  '  0  Kan 


(7.3.84) 


These  equations  also  permit  us  to  determine  the  dependence  of  amplitude  and 
frequency  of  the  periodic  solution  on  each  parameter  of  the  system  with  constant 
values  of  other  parameters. 

Natural  oscillations  correspond  to  a  stable  periodic  solution.  Therefore, 
determining  coper  and  aper>  ft  is  necessary  to  check  stability  of  the  corresponding 
periodic  solution  (7.3.73).  For  this  we  use,  e.g.,  condition  of  stability  (6.3.79), 
in  which  partial  derivatives  ...  are  found  from  equations  (7.3.84) 

by  substituting  in  the  latter  values  of  coefficients  aQ,  ...,  a^,  bQ,  ...,  b^  from 

(7.2.80).  Solution  of  this  problem,  carried  out  by  the  same  method  as  is  used  in 

§  6.3,  Par.  3d,  can  be  carried  out  by  the  reader  independently. 

However,  in  not  all  cases  does  dry  friction  in  the  axis  of  stabilization  cause 

stable  periodic  motions,  i.e.,  natural  oscillation  of  the  GS.  Consider  a  gyrostabi- 

lizer,  for  which  time  constants  T  .  and  T  _  of  the  control  networks  are  negligible. 

mot  amp 

In  this  case,  according  to  (7.2.80),  for  coefficients  aQ,  ...,  a^  and  bQ,  ...,  b^  we 
have  the  following  relationship  (liquid  friction  torques  are  not  considered): 


0. -Mm;  a,  -  AH';  o,  -  2  Jr  ,n;  a3  =  2/,  ./,; 
c,  -  0;  a,  *=  0; 

»,-0;  b,-2Jrt;  '>,-0;  »3  =  0 


(7. 5. 85) 


Substituting  (7.3.85)  in  (7.5.84),  we  obtain  equations 

-2 V  «  +  Wm  -  0 

•  •  r*  •  T4X n  n 


from  which  we  find  the  frequency 


•a- 


t  H 


anu  amplitude 


;  1 _ !a_ 

*  _  AU  ® 


m~2  //  — 


(7.3.86) 


(7.3.87) 


G4 


(7.3.88) 


coincides  with  the  frequency  v  of  nutation 


of  periodic  solution  (7.3.75);  here  o>per 
oscillations  of  a  free  GS  [see  (7.3.9)].  Using  condition  (6.3.79)/  it  is  easy  to 
show  that  in  this  case  (for  Tmot  -  Tamp  -  0)  the  found  periodic  solution  (7.3.73)  is 
unstable,  i.e.,  natural  oscillation  of  the  GS  are  absent.  Here,  the  presence  of  dry 
friction  in  the  axis  of  the  frame  will  promote  damping  of  natural  nutation  oscillations 
of  the  GS.  From  the  given  example  it  follows  that  dry  friction  in  the  axis  of  stabi¬ 
lization  does  not  under  all  conditions  lead  to  natural  oscillations  of  a  GS. 


c )  Influence  of  a  Nonlinear  (Relay)  Law  of  Control  of  the  Stabilizing  Motor. 

In  order  to  analyze  the  influence  of  a  nonlinear  law  of  control  of  the  stabi¬ 
lizing  motor,  we  assume  that  the  signal  pickoff  (Fig.  7.2)  is  a  comprnent  with  an 
ideal  relay  characteristic  (Fig.  7.23),  i.e.,  voltage  taken  from  it  is  expressed  by 
nonlinear  relationship 


£/-—£/,/(?),  (7.3.89) 

where  UQ  —  d-c  voltage  at  output  of  the  signal  pickoff,  and  nonlinear  function  f(p), 
by  analogy  with  (2.3.18),  has  the  form 


fO) 


+  1  *h'm  3  >  o 

—  1  ,3  <  0. 


(7.3.90) 


Voltage  U  from  the  signal  pickoff  enters  the  amplifier  (Fig.  7.2).  The  differ¬ 
ential  equation  of  the  amplifier  (7.2.51)  upon  replacement  in  it  of  U  by  relationship 
(7.3.89)  will  be 


Tfi,  + 1/,  -  -*{/,/(?), 


or,  if  we  disregard  the  time  constant  TQmp  of  amplifier, 

*/»  +  «/,/(?)  »o. 


(7.3.91) 


If  we  disregard  time  constants  of  the  control  networks  and  do  not  consider 
friction  in  the  suspension  with  a  nonlinear  law  of  control  of  the  stabilizing  motor, 
equations  of  the  GS  are  determined  by  system  (7.3.12)  on  the  condition  of  replacement 
in  it  of  the  third  equation  by  expression  (7.3.91);  then 


Iji  +  2Nt-Ki -0 
U,  +  kU,f<?)=  0 


(7.3.92) 


c  r 

/~*  +  2H$  +  bK'*  +  ekKUJl 3)  -  0 
2/r  iP-2//i  -0 
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(7.3.93) 


»J-  — 


f 

•  8,— |  Uc»<t  CO&Kdi. 


(7.4.6) 


Disregarding,  with  a  small  value  of  interval  of  time  t,  changes  of  K  and  9,  we 
obtain 


«*H  —  COS  ?  cos  /C, 


(7.4.7) 


and  error  of  the  GS,  in  this  case  due  to  rotation  of  the  earth,  will  be 

«•■»—£//  cos  9  cos  K,  (7.4.8) 

i.e,,  we  have  the  velocity  of  the  error  GS.* 

g 

With  p-.iother  location  of  the  axis  of  stabilization  of  the  frame  in  a  may  include 
the  vehicle  velocity.  Thus,  if  the  axis  of  stabilization  coincides  with  Of,,  instead 
of  (7.4.5)  we  have 

U'^X'  (7.4.9) 

According  to  (1.2.32)  u£  =■  -U  cos  cp  sin  K  -  «r,  and,  by  analogy  with  (7.4.8), 

-3  ** 

for  constant  cp,  K  and  v,  we  have 

«*■» fu  call  *ln/C+  ~J/.  (7.4.10) 

To  eliminate  thesn  velocity  errors  of  a  GS,  i.e.,  to  maintain  the  stabilized 
vehicle  in  constant  position,  e.g.,  with  respect  to  the  plane  of  the  horizon,  it  is 
necessary  to  Introduce  correction. 

Above  we  considered  the  influence  on  a  GS  of  induced  angular  velocity  u  .  As 
for  the  angular  velocity  of  rotation  of  the  system  of  reference  OfnC  around  axis 
Of,  or  the  axis  of  precession  O^x^  (Fig.  7.2),  on  the  basis  of  (7.2.18)  it  follows 
that  a  two-gyro  stabilizer  is  insensitive  to  it.  A  single-gyro  stabilizer,  as  can 
be  seen  from  (7.2.19),  is  sensitive  to  angular  velocity  u^,  the  presence  of  which 
causes  t  stabilii  i.ng  motor  to  switch  on;  this  ensures  perpendicularity  of  axis  Oz 
of  the  gyroscope  (Fig.  7.2)  to  the  plane  of  the  frame  during  its  turns  about  axis  Of. 

Without  correction  error  of  the  GS  will  also  be  influenced  by  disturbing  moments 
along  the  axis  of  precession,  for  instance,  friction  torques. 


3.  Errors  of  a  GS  with  Correction 

To  eliminate  errors  of  the  GS,  considered  in  Par.  2,  and  also  other  position 


•The  term  "velocity  error"  of  a  GS,  as  for  a  free  astatic  gyroscope,  is  conven¬ 
tional,  since  this  error  is  a  consequence  of  "visible"  drift  of  a  GS  without  a  correc¬ 
tor  in  reference  to  the  earth's  coordinate  system,  i.e.,  a  basic  property  of  a  free 
gyroscope . 
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err  >rs  of  the  frame  there  is  applied  a  system  of  horizontal  correction,  which  is 
based  on  use  of  pendular  correction,  analogous  to  that  applied  in  a  vertical  gyro  01 
t.  that  carried  out  by  means  of  shifting  of  the  centers  of  gravity  of  gyroscopes 
reiat'./e  to  their  geometric  centers  in  the  equatorial  plane  (§  7.2,  Par  2b).  However, 
even  with  this  horizontal  correction  there  can  occur  (depending  upon  the  character¬ 
istic  of  the  applied  correction)  GS  errors  both  due  to  rotation  of  the  earth  and 
vehicle  motion,  and  also  to  disturbing  torques  about  the  axis  of  precession. 

To  determine  these  errors  we  consider  the  case  when  in  the  GS  there  is  applied 
correction  of  pendular  type.  Considering  the  finding  of  error  in  coordinate  a,  i.e.. 

In  the  angle  of  rotation  of  the  frame,  we  use  the  second  equation  of  system  (7.2.42), 

•• 

rea  cting  in  it  Inertial  term  2J  p  (since,  by  analogy  with  the  preceding,  for 

<s*  e 

detecting  steady-state  motion  of  a  frame  it  is  possible  to  limit  oneself  to  analysis 
f  its  basic  precessional  motion).  Replacing  in  (7.2.42)  the  liquid  friction  torque 
n,-5  by  the  dry  friction  torque  K  sign  &  [see  (7.2.33)],  we  have 

2tf  (i  +  «,)  f  Si  .  S)X, (/)  +  K.slgnf +  /,(()  (7.4.11) 

Considering  designations,  analogous  to  (2.3.5)  and  (6.2,12),  we  rewrite  (7.4.11) 

In  the  form 

«  +  v  -  ~  «,  +  *iXi  (t)  +  *iAC,sign£  -f  kxft  (/).  (7.4.12, 


where 


*i 


(7.4.13) 


I  ■  the  specific  velocity  of  horizontal  correction,  and  coefficient  k^  is  determined 

by  relationship 


I 

I H  * 


(7.4.14) 


From  equation  (7.4.12)  it  follows  that  disturbances  from  oscillations  of  the 

■  meeting  pendulum  y  (t)  affect  the  frame  through  the  correction  system,  in  distinc- 

■  1  n  from  friction  torques  Kx  sign  &  and  other  disturbing  torques  f^(t)  on  the  axis  of 
;  recession,  which  affect  motion  of  the  frame  directly. 

Introducing,  by  analogy  with  (6.2,12),  the  time  constant  of  correction. 


we  rewrite  equation  (7.4.12)  In  the  form 


(7.4.15) 


Ta  +  a--r«,  +*1<0  +  *.r/(,;ign?  +  *1r/,(0.  voo ) 

Let  us  find  the  transfer  functions  of  the  GS  on  coordinate  a  with  respect  to 


!  s  turV 


y  (t)  on  the  part  of  the  correcting  pendulum  and  with  respect  to 
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disturbances  f2(t),  directly  influencing  motion  of  the  frame. 
According  to  (7.4,16)  we  have 


*'»<«> 


«(■)  1 
liM  Ts  +  l  ’ 

«(«)  r 

/.(«)  n  +  i* 


(7.4.17) 

(7.4.18) 


i.e.,  in  this  case  the  frame  is  considered  an  aperiodic  network. 

Let  us  note  that  in  obtaining  expressions  (7.4,17)  and  (7.4.18)  we  did  not 

consider  the  amplifier  time  constant  Tflmp  and  the  electromagnetic  time  constant  of 

the  stabilizing  motor  Tmot>  which,  as  will  be  shown  later,  are  small  as  compared  to 

the  time  constant  of  correction  T.  Furthermore,  we  did  not  consider  inertial  terms. 

Expression  (7.4.18)  can  be  directly  obtained  from  general  formula  (7.2.78),  if  in  it 

we  set  J  -  0,  do  not  take  into  account  liquid  torques  in  the  suspension  axes 
f?  •  ® 

(n^  =*  -  0),  and  do  not  consider  work  of  a  stabilizing  motor  (K  -  0). 

Comparing  formulas  (7.4.17)  and  (7.4.18)  with  expressions  (6.2.16),  we  see  that 
transients  and  static  errors  the  frame  on  coordinate  a  (if  we  consider  motion  of  the 
frame  only  under  the  influence  of  correction)  will  be  the  Bame  as  for  a  gyro  vertical 
with  a  linear  characteristic  of  correction  (§§  6.3  and  6.4).  Therefore,  we  only  give 
certain  formulas  for  static  errors  of  the  OS. 

To  determine  static  errors  due  to  rotation  of  earth  and  vehicle  motion  will 
assume  in  (7.4.16)  that  Xj  “  Kx  “  f2  "  t^en 

fa +  *=—1*1,.,  (7. 4.  IQ) 

from  which  for  static  error  we  have 

(7.4.20) 


If  the  axis  of  the  frame  is  set  parallel  to  the  longitudinal  avis  of  the  ship, 
then  for  the  case  considered  in  Par.  2,  -  U  cob  cp  cos  K,  and 

•J,  *  —  TU  cos  ?  cos  K.  (7.4.21) 

In  formula  (7,4.20)  for  static  error  of  a  OS  due  to  rotation  of  earth  and 
vehicle  motion  we  did  not  consider  error  stat  correcting-pendulum,  caused 

by  the  same  factors.  Taking  into  account  X-j.  atat  accorddn6  to  (7*4.16),  instead  of 
equation  (7.4.19),  we  obtain 

+  Tu  (7.4.22) 


whence 


—  Tu%  +  /,„■ 
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(7.4.23) 


Expressions  for  were  given  in  §  4.5. 

We  shall  determine  static  error  of  a  GS  due  to  dry  friction  torques  In  the  axis 
of  precession.  Consider  ing  in  (7.4,16)  that  =0,  ”  0*  fg  *  C,  we  have 

T«  -f  *  =  kj  Km  sign  J  (7.4.24) 

or,  considering  designation  (6.5.19)* 

7a  +  a  =  rttT sign  1;  (7.4.25) 

tie  last  equation,  by  analogy  with  (6.5.21),  we  rewrite  in  form 

7a  +  a=»±ijt7\  (7.4.26) 

from  which  we  find  static  error  due  to  friction 


«»  «  +  *T.  (7.4.27) 

CT  —  *4 

Analogously  we  can  determine  static  errors  of  the  GS  due  to  other  disturbances 
fp(t)  to  the  axis  of  precession.  Furthermore,  with  accelerations  of  the  vehicle  the 
eorrecting-pendulum  will  have  deflections  Xj_(t),  which  through  the  system  of  correc¬ 
t-ion  will  also  cause  corresponding  static  errors  of  the  GS. 

Example  7.9:  Determine  static  errors  of  a  GS  due  to  rotation  of  tne  earth  and 
friction  In  the  axis  of  precession.  Magnitude  of  the  friction  torque  Kx  -  lMfr  xl  ^ 

-  :  g-cm;  course  of  ship  K  -  0°;  latitude  cp  =  0°.  Parameters  of  the  GS  are  taken 
from  example  7.1.  Horizontal  correction  of  the  GS  has  a  mixed  characteristic  (Fig. 

■ . 3 8t ) ;  range  of  the  linear  °ection  of  correction  from  -|  to  +  ®  is  0.5°,  l.e.,  angle 
5  ^  0.25°;  maximum  value  Lx  of  the  modulus  of  the  moment  of  correction  on  a  constant 

section  of  characteristic  Lx  «*  96  g-cm. 

Solution:  1.  Steepness  Sg  of  the  proportional  section  of  the  correction 

characteristic  we  determine  by  formula  (2.5.11): 

#  96'57,3  * 

Si » — - - — <=  22  000 

♦  0,25 

2.  By  formula  (7.4.15)  we  calculate  specific  velocity  of  correction 


v2: 

S,  22000  . 

*1  ■  - ■  ■ 1  ■=  - 1  c=  0,05  i/< • °  • 

tH  «.J0« 

5.  According  to  (7.4.15)  we  find  the  time  constant  of  correction  T: 

T  ms  — — -  am  -  —  20  »••• 

*•  0,05 

4.  Using  (7.4.21),  we  calculate  static  error  of  the  GS  due  to 
rotation  of  the  earth: 

•U  =  “  Tu  cos  f  COS  K  =  -  20-7, 29- IQ—*- 1-1  =  -1,458- 10~3  rad.  =-b'. 
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5.  By  formula  (6.3.19)  we  find  coefficient  r>^: 

6.  According  to  (7.4.27)  we  find  static  error  of  the  GS  from  friction 

along  the  axis  of  precession: 

•St  -  *  \T  -  U4- 10-*.20  -  ±  22,8- 10-5  «d.  «  ±  0  ,8. 

From  example  7.9  it  follows  that  error  can  be  substantial;  since  this 

error  is  systematic,  in  principle  it  can  be  compensated  (§  6.4,  Par.  2b).  The  time 

constant  of  correction  T  considerably  exceeds  time  constants  T  .  and  T  „  (example 

mot  amp  x 

7.1)  of  the  OS  control  network. 
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§  7.5.  Dynamic  Errors  of  a  GS 


1.  General  Characterization  of  Dynamic  Errors  of  a  GS 

Accuracy  of  an  active-type  GS  is  found  by  means  of  investigation  of  its  i-rror 
n  lynamics  under  conditions  of  continuously  varying  external  disturbances,  which 
normally  have  a  random  nature.  Therefore,  dynamic  errors  of  a  GS  are  random  functions 
of  time,  for  analysis  of  which  it  is  necessary  to  apply  probability  methods.  Conse¬ 
quently,  calculation  of  dynamic  errors  of  a  GS  should  be  reduced  to  determination  of 
th>  1  !'  probability  characteristics. 

Of  greatest  interest  is  finding  of  errors  of  the  GS  with  respect  to  coordlrf  te 
n,  in  the  angle  of  rotation  of  the  gyroframe  about  its  axis  of  stabilization. 

H-.vw'ver,  for  complete  characterization  of  the  behavior  of  a  GS  in  dynamics  it  is 
also  .sefi.il  to  ietermine  possible  values  of  angle  0  of  rotation  of  the  gyroscope 
about  the  axis  of  precession. 

Dynamic  errors  of  a  GS  basically  include  the  same  errors  as  for  astatic  gyro- 
.  : opes  of  readout  type  with  correction.  If  we  take  into  account  mainly  disturbances 
along  the  axis  of  stabilization,  then  for  the  case  considered  earlier  of  location 
)f  It  parallel  to  the  longitudinal  axis  of  e  ship,  subject  to  rolling,  as  such  dis- 

•  .rbances  one  should  consider:  1)  moments  of  inertia  of  the  armature  of  the  stabi¬ 
lizing  motor  during  rolling  of  it  through  gear  transmission  (Fig.  7.2)  by  the  frame 

'.ring  rolling  of  the  ship;  2)  friction  torques  in  the  axis  of  stabilization;  0) 
r’>’S 'sting  torques  (damping),  caused  by  counter  emf  induced  in  the  motor  armature 
:  ring  rotation  of  the  motor  stator  together  with  the  deck  of  the  ship  during  its 
rilling;  4)  torques,  transmitted  to  the  frame  through  the  system  of  horizontal 

•  rr-ctlon  and  caused  by  rolling  disturbances  on  the  correcting  pendulum. 

Calculation  of  dynamic  errors  of  a  GS  from  the  above-indicated  disturbances  we 
induct  In  a  linear  plan,  considering  the  law  of  control  of  the  stabilizing  motor  to 
!"•  linear,  considering  liquid  friction  torques  in  the  suspension  axes  and  taking  a 
linear  characteristic  of  the  scheme  of  horizontal  correction  of  the  GS.  When  neces- 
■ary  we  can  find  dynamic  errors  of  a  GS  taking  into  account  possible  nonlinearities 
ny  the  same  methods  as  were  used  in  Chapters  5  and  6. 

2.  Errors  of  a  GS  Without  a  Corrector 

Let  us  first  determine  errors  of  GS  which  has  no  corrector,  in  conditions  of 
rruge  ar  rolling  of  the  ship;  here  we  shall  consider  deflections  a  of  the  frame  with 
■  sn<  st  >o  the  axis  of  stabilization,  and  also  angles  0  of  rotation  of  the  gyroscope 
th<’  axis  of  precession.  Such  errors  of  a  GS  we  shall  find  during  disturbances, 
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Out 


of  Indicated  above  in  Par.  1  by  figures  1-3. 

During  calculation  of  probability  curves  of  errors  a  and  0  in  dynamics  we  dis¬ 
regard  small  time  constants  T  .  and  T  „  of  OS  control  networks  (example  7 .1) >  since 

mot  amp 

they  usually  very  insignificantly  affect  forced  oscillations  of  the  OS.  Furthermore, 
we  shall  not  consider  liquid  friction  torques  in  the  axes  of  precession  (n?  =  0). 

To  determine  probability  curves  of  errors  a  and  0  in  dynamics  we  use  the  general 
equations  of  motion  (7.2.69)  of  a  OS  on  an  oscillating  base,  considering  in  them, 
in  accordance  with  what  was  said  above,  that  n2  "  uq  "  °»  S2  "  °*  Tmot  “  Tamp  "  °* 

X±  *  0,  f^  -  fg  ■  °*  one  can  present  these  equations  in  form 


/^  +  2//$  +  V  — +  / I»i 

+  1-0 


(7.5.1) 


(7.5.?) 


(7.5.5) 


Designating,  by  analogy  with  (7.3.10), 

bK*  w  a  SitKt 

we  rewrite  (7.5.1)  in  form 

/^«  +  2H$  -f-  n*  m}  *=  5®  + 

2Jr  $  —  2N%  =>0 

After  very  simple  transformations  we  present  equations  (7.5.3)  in  operational 
form  (P  - 

+  2Jr.  SP'  +  4//’P  +  2Hm )  3  = 

-(J/r..M*  +  2/r,np*)8  (7.5.4) 

(2/r .,//  +  27r  inp*  +  KH'p  +  2 Hm) }  «  (2 Hip'  +  2 Hnp)  B 

Applying  to  (7.5.4)  the  Laplace  transform,  we  obtain  expressions  of  transfer 

functions  <J>  _(s),  and  fl(s)  of  the  OS  in  form 

Ct,  o'  Pi  u 

«(«)  ' _ t/r,  ,(U»+i»«) _ .  (7.5.5) 


^  /j\  . _  _  ^  _ _ 

M  .  I(i)  l7r.,//+2/r.laj*  +  4/r<  +  2//fli  ’ 

ill - HfiC±!4 - 


(7.5.6) 


M  l(i)  "  VrJ^  +  iJttni'  +  iH't  +  1Hm 

Let  us  note  that  we  can  obtain  formula  (7.5.5)  from  the  general  expression 
(7.2.89)  of  transfer  function  e(s),  If  in  it  we  assume  for  the  considered  condi¬ 
tion  n^  +  bK  -  n,  Sg  -  0,  n. 


0. 


By  analogy  with  (7.3.25)  we  introduce  designations 
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L 


Mrt 


.  2 'T  _  »W  .  r 

iH*  '  •  4//«  ‘  w 


I 

2W 


/¥«• 


(7.5.7) 


Then  we  can  present  (7.5.5)  and  (7.5.6)  in  form 

T 1 

if 


(ej*  +  «o 


♦o<5) 


r»*  +  2;^  ,«’  +  *  + 


2  H 


7H 


(***  +  «) 


Tir-'  +  ^x  r',  +  ‘  +  -^T 


(7.5.8) 


(7.5.9) 


We  recall  (5  7.3.  Par.  2b)  that  T  .  —  time  constant  of  gyroscopes  and  the 

'  mot. g 

stabilizing  motor,  i.e.,  the  reciprocal  of  the  frequency  v  [see  (7.3.9)]  of  natural 
nutational  oscillations  of  a  free  GS. 

Let  us  find  mathematical  expectation  a  and  of  errors  of  the  GS.  By  analogy 

with  (4.6.135)  we  have 

«*=\i  (ML:/.  (7.5.10) 

(7.5.11) 

where  Q(  ju>)  and  <j>p  0(Jo))  —  gain-phase  responses  of  the  GS,  determined  by  means  of 
replacement  in  (7.5.8)  and  (7.5.9)  of  8  by  Jtu. 

Since  ~B  »  0  [see  (2.1.34)], 

(7.5.12) 

Let  us  note  that  the  same  result  is  obtained  when  "0^0,  since,  according  to 
(7.B.8)  and  (7.5.9),  <t>a> p( I  "  °'  g( I  a^O  "  °»  1>e*»  a  GS  without  a  cor¬ 
rector  constitutes  with  respect  to  rolling  disturbance  0(t)  an  astatic  system. 

Let  us  turn  to  determination  of  ulspersions  D[a],  D[p]  of  random  functions  a(t), 
3ft);  for  this  ditch  we  first  find  expressions  of  their  spectral  densities  Sq(cd)  and 


,  ( u> 


).  By  analogy  with  (7.6.47)  we  have 


$,(•)- 1  *>.•(/<“)  l*s»  («)• 


(7.5.13) 

(7.5.14) 


where  Sfl(oj)  —  spectral  density  of  angle  of  roll  of  the  ship. 


As  an  example  we  give  the  final  expression  for  S  (co).  According  to  (7.5.8)  we 


•  ind  the  relationship  for  |  <J>Q  @  ( Joo)  | 


/! 


T* 

'*r 


(7. 5. IB) 


K.  r-*- 2 ri'U  -  2;*)  -  <;rA  ,  -1LJ.J- 


m * 
4W« 
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in  which  and  are  defined  in  coefficients  (7.5.33)  of  general  relationships 
(7.5.26)  and  (7.5.27). 

For  the  mean  quadratic  value  o^  of  angle  0  we  have 

Example  7.12:  Calculate  the  mean  quadratic  c^  and  maximum  0m  value  of  the  angle 
of  deflection  of  gyroscope  with  respect  to  the  axis  of  precession  for  a  GS,  working 
in  conditions  of  irregular  rolling  of  a  ship.  Parameters  of  the  GS  and  conditions 
of  rolling  are  the  same  as  in  example  7.11. 

Solution;  1.  By  formulas  (7.5.3^)#  (7.5.26),  (7.5.27),  and  (7.5.33)  we  find 
dispersion  D[0]: 

D0]«  0,1408. 

2.  We  determine  the  mean  quadratic  value  o^  of  the  angle  of  deflec¬ 
tion  of  the  gyroscope: 

0.1408-  0,3752  r*dl4n.a  21.5° 

3.  For  z  -  3.3  (see  example  7.11)  we  calculate  the  maximum  value  Bm: 

Pm •» 3,3> SI, 5  «.  70,  95° 

The  obtained  value  of  0m  considerably  exceeds  quantities  encountered  in  practice. 
This  is  connected  with  the  fact  that  parameters  of  the  GS  adopted  in  the  example  are 
not  the  optimum  one,  corresponding  to  a  real  stabilizer. 

An  analysis  of  errors  of  a  GS  in  conditions  of  irregular  rolling  of  a  ship, 
carried  out  by  methods,  close  to  those  used  above,  is  given  in  [130]. 

3.  Errors  of  a  GS  with  a  Corrector 

To  determine  dynamic  errors  of  a  GS  with  9  corrector,  besides  the  disturbances 
on  the  frame  of  the  stabilizer  in  conditions  of  irregular  rolling  of  ship  considered 
in  Par.  2,  it  is  necessary  also  to  take  into  account  torques,  transmitted  to  the 
frame  through  the  system  of  horizontal  correction  and  caused  by  rolling  disturbances 
to  the  correcting-pendulum,  or  torques,  caused  by  displacements  of  the  centers  of 
gravity  of  gyroscopes  during  use  of  other  type  of  horizontal  correction  for  the  GS 
(§  7.2,  Par.  2b).  Subsequently,  we  shall  consider  a  scheme  of  horizontal  correction 
of  a  GS  using  a  correcting-pendulum,  and  we  shall  limit  ourselves  to  determining 
error  of  the  GS  in  coordinate  a,  i.e.,  in  the  angle  of  rotation  of  the  gyrofrarne. 

To  find  probability  curves  for  error  a  in  dynamics  we  use  the  general  equations 
of  motion  (7.2.69)  of  a  GS  on  an  oscillating  base.  With  the  same  assumptions  as 
were  shown  in  Par.  2,  but  for  S2  /  0  (the  GS  is  equipped  with  horizontal  correction), 
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disregarding  time  constant  Tppnfj 
sent  these  equations  in  form 


of  the  correcting-pendulum,  it  is  possible  to  pre- 


/^®  -}■  2A/3  -f  rij  —  Ki  —  4  nfi 

K.t-t  m-ss=-siAl 

x,—ktf 
U,  +  SJ~  0 

l+ti  —  eU,  =  tA 

Introducing  designations  (7.5 .?),  we  obtain 

/^«  4  2//^  4  niL  4  —  584^^ 

2/r#|l-2  Hi-Sti  =  kzS29 

from  which  it  is  easy  to  find  the  equation  for  coordinate  a,  which  in  operational 
form  we  can  present  as  follows: 

[Wr.  +  71 '  .«?'  +  +  2#  (S,  +  m)p  +  *$,]._ 

-  Ph ,!p‘  +  a. 

J  (7. 5,  yn 

Applying  the  Laplace  transform  to  (7.5.37)>  we  obtain  the  expression  of  the 
transfer  function  of  the  OS,  <J>  a(s)  in  form 

CL  p  u 

*  ...  +  (7,5,56) 

'  U,  .l/  +  lT,.  ,  .Is  +  4«V  +  2 H  (S,  +  «)  a  +  nJ,  ' 

Let  us  note  that  (7.5.38)  can  be  obtained  from  the  more  general  expression 
(Y.?.8d),  if  in  it  we  set  n0  -  0  and  consider  designations  (7.5.?).  Transfer  f  inctior, 
.  .V)  differs  from  (7.5.5)  by  the  fact  that  in  it  there  is  considered  horizontal 
rrection  of  the  GS.  Actually,  considering  in  (7.5.38)  ■  0,  we  obtain  relation¬ 

ship  (7.5.5). 

By  analogy  with  (7.5.10),  we  find  that  also  with  correction  mathematical  expec- 
f  at, ion  a  =  0.  This  is  valid  for  the  given  case,  when  the  mean  value  of  the  angle  of 
isplacement  of  the  correc ting-pendulum  in  the  plane  of  the  frame  is  taken  equal 

to  zero. 

Spectral  density  S  (oi)  of  random  function  a(t)  will  be  determined  by  expression 
.  .13),  if  in  it  as  the  gain-phase  response  <t>  _(ju>)  we  use  (7.5.38),  replacing 

by  ju>.  For  dispersion  D[a]  we  have  relationship  (7.5.19) 

*>M=2jS»rf«,  =  2j| <I>,  , O'u.)  f  St  (o>)  d*. 

«3 


(7.5.35) 


(7.5.36) 


(7.5. 3°) 


This  Integral  can  be  calculated  by  the  same  method  as  was  applied  earlier 
(Par.  2)  In  calculating  dispersion  of  random  motions  of  the  GS.  Letting  the  reader 
determine  D[a]  Independently  In  the  form  of  an  exercise,  we  shall  limit  ourselves  to 

consideration  of  random  motions  of  a  GS  with  a  corrector,  proceeding  from  precession 

•• 

theory.  Eliminating  in  the  second  equation  of  (7.5.56)  the  Inertial  term  2Jg  p(3,  w< 
obtain  the  following  differential  equation  for  the  angle  of  deflection  of  the 
frame  due  to  rolling  disturbance  of  the  ship  on  the  correcting  pendulum: 

2//i1  +  S1i1=-St*20,  (7.5.^) 

wh'ch  permits  us  in  the  framework  of  precession  theory  to  find  in  the  first  approxi¬ 
mation  the  influence  of  random  motions  of  the  pendulum  on  deflections  of  the  frame. 
Considering  the  third  equation  of  system  (7.5.55),  ve  rewrite  (7. 5.40)  in  form 

2ffi,  +  V.“S.X.(0.  (7. 5.  Ml 

where 

Xi(0  (7.5.4?) 


is  a  random  function,  characterizing  oscillations  of  the  correcting  pendulum  in  the 
plane  of  a  rib  of  a  ship  during  rolling. 

Taking  into  account  designations  (7.4.15),  analogously  to  (7.4.15),  we  present 
(7.5.41)  in  the  following  manner: 

r«i+«.-Xi(0.  (U5.M) 

where  T  —  time  constant  of  horizontal  correction  of  the  GS. 

Let  us  note  that  equation  (7.5.45)  is  analogous  to  (7.4,16),  if  in  the  latter  we 
set  u  ■  0,  K  «  0,  f_  -  0,  l.e.,  consider  only  motion  of  the  gyroframe  under  the 
influence  of  disturbances  of  the  correcting  pendulum  during  rolling. 

Let  us  determine  the  probability  curves  of  random  motions  a^(t)  of  the  GS.  Since 
£-0,  then  =  0;  then,  according  to  (7.5.45),  upon  completion  of  the  transient 

response, 

•*  —  0,  (7,5,44) 


To  find  dispersion  D[a,  ]  it  is  necessary  to  know  transfer  function  t>  (s)  In 

1  al'*l 

coordinate  ci^  with  respect  to  disturbance  x^(t).  Proceeding  from  (7.5.45),  by 

analogy  with  (7.4.17),  we  have 


i 


r*  + 1 

i.e.,  in  this  case  the  GS  is  considered  an  aperiodic  network. 


(7.5.45) 
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'Tie  corresponding  gain-phase  response  (  Jcd)  will  be 

al>  a!> 


&  (id)) 

«i.  ii  u  ' 


I 


t>  + 1 


(7.5.46) 


spectral  density  S  (cn)  of  random  function  a,.(t)  will  be  determined  by  relation- 

al  1 


ship 


p 

For  I  i>  (»  j  ,  according  to  (7.5.46),  we  have  formula 

al’xl 

!*...  ,>>1  =  7^1' 


(7.5.4?) 


(7.5.45) 


ipectrel  density  M  (to),  considering  (7.5.4?)  and  (2.1.84),  we  can  present  in 

X1 


orm 


S^)  =-  .  (t»)  -  ftWS,(«) 

or,  according  to  (2.1.55)  and  (2.1.56), 

c  i  \ 

5,  (<u)  = - , 

ll  *  »*  +  2atJ+b* 

p 

wh-re  a?  and  bp  are  determined  by  relationshipa  (7.5.17). 

Substituting  (7.5.48)  and  (7.5.50)  in  (7.5.47),  we  obtain 

is  1  , 

••  **■*+•  «  .*  +  2a^>  +  »; 

Let  us  find  the  expression  for  dispersion  D[a^]: 

D  [a,]  ■=  5t  («u)rft 

or,  taking  into  account  (7.5.51) 


(7.5.4Q) 


’.5.50) 


(D 


(7.5.51) 


(7.5.52') 


3(aJ  =  —  f  1 - ^ - dm, 

.  .  u  J  tV+i  ««  +  V,+*r 


f  7 . 5 .  c  70 


v.'h^r*' 

pn  is  replaced  by  bp.  and,  according  to  (7.5.17), 

l*  : _ •  i  \* 


(7.5.541 


v (7-5-55) 

Determination  of  D[ou]  can  be  reduced  to  calculation  of  a  tabular  integral  of 


form  (4.6.71).  For  this  we  present  (7.5.53)  in  the  following  manner: 


I 


®w-srf 


dm. 


(7.5.56) 


Integral  (7.5.56)  can  be  reduced  to  form  (4.6.71),  If  in  (7.5.56)  we  consider 


NS 


*r 


the  numerator  (multiplied  by  J)  equal  to  G  (u>),  and  the  term  in  the  denominator  of 
this  expression  under  the  sign  of  the  modulus,  equal  to  H  (u>).  Then,  in  accordance 
with  (4.6.72)  and  (7.5.56),  we  have  for  coefficients  aQ  . . .  and  bQ  ...  the  following 
formulas: 

«,  =  77;  bt  =  BJ 

«i  *■  I  +  2h,T;  bt  =  0 

- (2 ^  +  6,  =  0 


Considering  the  known  expression  of  Integral  I  [153]  in  coefficients  an,  ...,  a ^ 


and  bn,  . 


,  b^,  we  obtain  a  formula  for  D[a^]  in  form 

~  •  A  +  «A  — 

D|*,J  = 


(7.5.58) 


(Vi  — 

Substituting  (7.5.57)  in  (7.5.58)  and  taking  into  account  (7.5.54)  and  (7.5.55), 
we  finally  obtain 


D.  ,  4-  *|)[fy2  4-  (t4  +  *a)  r) 

T[4rJ+(i  +  Mf]  •  * 

For  the  mean  quadratic  value  of  error  of  the  GS  we  have 


(7.5.59) 


(7.5.60) 


Example  7.15:  Calculate  the  mean  quadratic  value  of  error  of  a  GS  with 
horizontal  correction,  resulting  from  disturbances  from  rolling  of  the  ship  on  the 
correcting-pendulum,  for  the  initial  data  of  examples  7.1,  7.2  and  7.10;  coefficient 
k  =  1/g  ■  C.102  sec  /m,  z  -  -1  m;  the  time  constant  of  correction  T  -  20  sec. 
(example  7.9).  Determine  also  maximum  error  assuming  that  the  probability  Qz 

that  the  current  angle  will  exceed  the  limit  is  no  greater  than  0.1$. 

Solution:  1.  By  formula  (7.5.59)  we  find  dispersion  D[a^]: 

0W-O.IT3MO-* 


2.  According  to  (7.5.60),  we  determine  the  mean  quadratic  error  ’ 


a. 


the  GS: 


*=  VD  I’ll  "  V  ■  ,0_‘  -  0.4161  •  I0-J  radians  -  1.4-. 


5.  For  Q  -  0.1#  by  Table  1  (§  4.6,  Par.  10)  we  find  z  -  3.3;  by 
z 

analogy  with  (4.6.87),  we  calculate  the  maximum  value  of  GS  error  (a^  -  0): 

•i*  3.3- 1,4  =  4,6' 

From  example  7,13  it  follows  that  error  of  the  GS,  caused  by  disturbances 
of  the  correcting-pendulum  during  rolling,  is  comparatively  small.  This  circumstance 


i 
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Is  connected  with  the  great  angular  momentum  of  gyroscopes,  usually  applied  in  active 


Gil's,  which  causes  a  sizeable  time  constant  T  for  correction. 


4.  Certain  Remarks 

Above  we  cons' dered  dynamic  errors  of  a  OS  under  the  influence  of  random  disturb¬ 
ances.  Sometimes  it  is  necessary  to  find  errors  of  a  GS  under  disturbances,  fairly 
close  to  sinusoidal.  In  this  case  they  can  be  determined  by  methods  developed  in 
a  itomatlc  control  theory;  here,  they  used  expressions  of  transfer  functions  of  the 
Of  with  respect  to  disturbances,  which  were  obtained  earlier.  Thus,  for  instance, 
during  determination  of  error  a  of  a  GS  without  a  corrector  arising  from  rolling  of 
a  ship,  varying  by  sine  wave  law  9  -  sin  cot,  we  obtain,  on  the  basis  of  known 
relationships  of  automatic  control  theory  [107], 


-C„8(/) +0,9  (/)  +  •§  9  (/)  +  ...  +  -5—'  (7.5.61 

•»  (fll  —  1 )! 

where  0Q,  C^,  ...,  Cm_^  are  the  so-called  coefficients  of  errorB,  which,  in  the 

considered  case  of  finding  errors  of  a  GS  from  rolling,  are  expressed  through  deriv¬ 
atives  of  the  transfer  function  0(8)  of  the  GS  by  relationships  of  form  [107] 


Ct 


(7.5.61) 


wh-re  t  (s)  is  determined  by  formula  (7.5.5). 

When  we  only  know  limits  of  change  of  the  external  disturbances,  but  it  is 
impossible  to  make  any  assumptions  about  their  actual  law  of  change,  we  are  limited 
vo  ’alculating  the  maximum  (accumulated)  deflection  of  the  GS.  Such  problems  are 
considered  by  Ya.  N.  Roytenberg  [152]  and  N.  T.  Kuzovkov  [80a];  solution  of  these 
:  roblems  is  baaed  on  the  method  of  calculating  maximum  possible  deflection  (accumulate  i 
''■■flection)  occurring  with  the  most  unfavorafe  law  of  change  of  external  disturbances 
limited  in  modulos,  offered  by  B.  V.  Bulgakov  [19].  Those  wishing  to  become  acquainted 
with  methods  of  calculation  of  deflection  of  a  GS  for  external  disturbances 
Limited  In  modulus  are  directed  to  the  indicated  works. 

An  analysis  of  errors  of  a  GS  which  possesses  elastic  compliance  of  elements 
curing  nonfulfillment  of  the  condition  of  equal  rigidity  (§  5.7,  Par.  4),  in  condi¬ 
tions  of  vibrations  of  the  base  was  made  by  E.  I.  Sliv  [155]. 


§  7 J .  Application  of  Active-Type  GS 1  a 


1.  General  Remarks 

Active  GS's,  the  theory  of  which  was  expounded  in  the  preceding  sections,  are 
widely  applied  In  different  GD's  on  ships  and  aircraft.  They  are  used  for  direct 
stabilization  of  separate  instruments  and  devices.  Certain  types  of  directional 
gyroscopes,  vertical  gyros  and  combined  devices,  directional  gyrohorlzons  (direc¬ 
tional  gyroverticals )  operate  on  the  principle  of  active  gyroscopic  stabilization. 

In  these  devices  there  are  applied  single,  double,  and  triple-axis  active  GS's  and 
are  correspondingly  one,  two  or  three  gyro-frames  with  one  or  two  gyros  each. 

Single-axis  GS's  can  be  used  as  directional  gyroscopes  or  indicators  of  one  of 
the  two  angles  of  deflection  of  a  vehicle  with  respect  to  the  plane  of  the  horizon, 
and  also  for  direct  stabilization  relative  to  one  axis  of  instruments  and  devices 
connected  to  them.  Double-axis  GS's  can  be  used  as  a  gyro  vertical  or  for  direct 
stabilization  of  a  certain  platform  with  respect  to  the  plane  of  the  horizon.  Triple- 
axis  GS's  can  te  applied  for  determination  of  three  angles  of  rotation  of  a  vehicle 
at  out  its  center  of  gravity,  i.e.,  as  a  directional  gyrohorlzons  and  also  for  direct 
atat llization  of  a  plane  with  respect  to  the  plane  of  the  horizon  and  in  heading. 

As  examples  of  GS's  we  shall  briefly  consider  directional  gyroscopes,  gyro- 
verticals  and  directional  gyroverticals  of  active  type. 

2.  Directional  Gyro  of  Active-Type 
a)  Schematic  of  the  Instrument. 

A  directional  gyroscope  of  active  type  has  the  same  function  as  the  readout  DG 
(§  5.1).  As  was  shown  earlier,  in  an  active-type  DG  there  is  used  a  single-axis  GS 
with  one  or  two  gyros.  During  analysis  of  a  DG  of  readout  type  it  was  found  that  for 
decrease  of  errors  it  is  advisable  to  set  the  DG  on  a  base  stabilized  with  respect 
to  the  plane  of  the  horizon;  this  is  also  usually  done  in  DG's  of  active  type. 

However,  it  is  possible  to  indicate  a  series,  e.g.,  of  aircraft  devices  [111],  in 
which  the  DG  is  placed  on  a  mounting,  rigidly  Joined  with  the  aircraft. 

In  Fig.  7.25  is  a  schematic  of  a  DG  consisting  of  a  one-gyro  active  GS,  analo¬ 
gous  to  that  shown  in  Fig.  7.1.  If  such  a  DG  is  fixed  on  a  mounting,  rigidly  joined 
with  the  vehicle  (ship,  aircraft),  then  as  the  signal  pickoff  SP  there  usually  is 
used  a  physical  pendulum  with  a  pickoff  (contact  attachment,  potentiometer,  inductive 
pickoff),  which  through  amplifier  Amp  switches  on  stabilizing  motor  SM.  With 
Installation  of  a  DG  on  a  base  stabilized  with  respect  to  the  plane  of  the  horizon. 
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application  of  a  physical 
pendulum  becomes  unnecessary 
and  the  signal  pickoff  can 
be  a  sensor,  fixing  deflection 
of  the  axis  of  the  gyroscope 
from  the  perpendicular  to 
the  plane  of  the  frame.  It. 
is  necessary  to  note  that  an 
active-type  DG  can  also  1  e 
equipped  with  a  system  of 
azimuth  correction,  similar 
to  that  applied  in  DG  of 
readout  type  (Fig.  5.1). 

'n  Fig.  'i.2f  is  a  schematic  of  a  DG,  consisting  of  a  two-gyro  active  GS,  analo¬ 
gous  to  that  shown  in  Fig.  7.2.  Instead  of  an  anti-parallelogram  for  such  a  DG  axes 
of  precession  of  the  gyroscopes  are  connected  by  gear  quadrants.  The  two-gyro  DG, 
ss  compared  to  the  single-gyro,  possesses  the  advantage  of  a  two-gyro  active  GS, 
shown  earlier. 


Fig.  7.26.  Schematic  of  a 
DG  (two-gyro  GS). 


b )  Certain  Problems  of  Theory. 

The  theory  of  a  single-axis  active  GS,  applied  in  a  DG,  was  considered  in  detail 
in  the  preceding  sections  of  the  present  chapter.  A  number  of  propositions  of  the 
4  heory  of  readout  DG's  (Chapter  5)  are  valid  also  for  active  DG's;  therefore,  here  we 
-hall  only  consider  certain  problems  of  the  theory  of  active  DG's. 

When  the  DG  is  located  directly  on  a  rolling  ship  and  during  work  of  horizontal 
correction,  the  axis  of  the  gyroscope  acquires  accumulated  azimuth  deflection  (§  5.7, 
Par.  ■  ’),  the  magnitude  of  which  may  be  considerable  (example  5.20).  If,  however,  a 
DG  ■~>f  readout  type  or  one  based  on  a  one-gyro  active  GS  is  set  on  a  base,  stabilized 
with  respect  to  the  plane  of  horizon,  the  shown  effect  of  azimuth  drift  of  the  axis 
of  the  gyroscope  does  not  completely  disappear;  here,  gyro  drift  will  be  caused  by 
errors  of  stabilization  of  the  base.  It  is  interesting  to  find  the  magnitude  of 
azimuth  drift  of  a  DG,  caused  by  random  errors  of  stabilization  of  the  base. 

Let  us  assume  that  a  one-gyro  active  DG  (Fig.  7.25)  is  fixed  on  a  plane,  assigned 
v  a  gyrovertical  and  stabilized  with  respect  to  the  plane  of  the  horizon.  In  the 
1 1 1  a i  moment  axis  Oz  of  the  gyroscope  (Fig.  7.27)  forms  angle  aQ  with  the  spin 
axis  of  the  outer  gimbal  of  the  platform  suspension,  coinciding  with  the  longitudinal 
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Fig.  7-27.  Determining 
azimuth  drift  of  a  DG. 


axia  0£  of  the  ship.  Consequently,  we  shall  he 
Interested  in  azimuth  drift  of  axis  Oz  of  gyroscope 
relative  to  its  initial  direction,  determined  by 
angle  cxq,  which  is  not  small. 

During  solution  of  the  problem  at  hand  we  shall 
limit  ourselves  to  consideration  of  the  particular 
case  when  the  gyrovertlcal,  and  consequently  also 
the  stabilized  plane  have  error  in  the  plane  of  the 
ship's  ribs,  characterized  by  random  function  7(t) 
with  mathematical  expectation  7  -  0.  Correlation 
function  K  (t)  of  random  function  y(t)  is  let  ■rmined 
by  relationship 


•}r*',,^cosk  + 


(7.M) 


where  —  dispersion  of  error  of  the  gyrovertlcal  (plane); 

\i  —  coefficient  of  irregularity  of  error; 

X  —  predominant  frequency  of  change  of  error,  taken  subsequently  as  equal  to 
the  frequency  of  natural  rolling  of  the  Bhip. 

To  show  the  accumulated  azimuth  drift  of  the  axis  of  the  DG,  caused  by  errors  of 
platform  stabilization,  the  Influence  of  which  appears  during  work  of  the  unloading 
system  of  the  DG,  we  shall  limit  ourselves  to  investigation  of  the  basic  precessional 
motion,  using,  by  analogy  with  (5.7.129)*  shortened  equations 


M. 


—  Hpt  **  M 


fi 


(7.6.2) 


When  determining  p^  and  q^  one  should  consider  the  Induced  angular  velocity  7 
of  oscillations  of  the  platform,  stabilized  from  the  gyrovertlcal,  and  also  compo- 

t  • 

nents  a  and  (3  of  the  angular  velocity  of  motion  of  the  gyroscope  with  respect  to 
this  plane;  according  to  Fig.  7.27  we  have 


Pi"  —  ?  —  T^n(a0  +  a) 
ft  —  a  cos  P  —  7  COS  (a0  -f  a)sfnp 

Considering  angles  a  and  B  small,  we  obtain* 

Pi— — T*to*s  1 

fi"«  —  T?cosa0  / 


(7.6.3) 


(7.6.4) 


*Py  analogy  with  the  solution  of  the  corresponding  problem  for  a  readout  DG 
(§  5.7,  Par.  6)  during  determination  of  5  for  a  DG  of  power  type  we  shall  limit  our¬ 
selves  to  investigation  of  aquations  of  the  first  approximation,  which  are  obtained 
on  the  assumption  that  aQ  »  a. 


i 
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Introduce  (7.6.4)  in  (7.6.2);  then 


#(a  —  if?COSaflJ  *»  AfX( 

7‘sfn aj  „  Afy< 


(7.6.5) 


As  also  in  examining  the  analogous  question  for  a  DG  of  readout  type  (§  5.7 « 

tar.  '  ),  we  take  M  -  0,  and  in  M  we  consider  only  stabilizing  torque  M  ,  applied 

X1  yl  3 

t y  the  stal  ilizing  motor.  Then  for  Mg,  considering  that  in  an  active  DG,  fixed  on 

a  stal ilized  platform,  without  a  correcting,  pendulum,  for  a  linear  law  of  control  of 

the  stabilizing  motor  we  obtain 


— 51. 

Introducing  (7.6.6)  in  (7.6,5)  and  considering  M  »  0,  we  have: 

X1 

i-tpcosa,  | 

Considering  (2.3.5)  and  (2.3.7)j  ve  rewrite  (7.6.7)  in  form 

«  -  i?COS  a,  | 


(7.6.6) 


(7.6.7) 


(7.6.8) 


where  T  is  the  time  constant  of  correction. 

Let  us  present  the  error  of  platform  stabilization,  i.e.,  disturbance  y(t),  in 
'he  form  of  a  spectral  expansion;  by  analogy  with  (4.6.149),  we  have 


■,(0  -  j  •h' <**,(“>• 


(7.6.9) 


Introducing  (7.6.9)  in  the  second  equation  of  (7.6.8),  we  obtain  upon  completion 
)f  the  transient  response  a  steady-state  solution  of  this  equation  in  the  form 


NO-  J  IP 


(7.6.10) 


where  W(Jui)  is  the  gain-phase  response  of  a  DG  with  a  system  of  active  unloading. 

According  to  the  second  equation  of  (7.6.8),  for  transfer  function  W(s)  we  have 


prom  which 


—  rTir 
r«  — 


(7.6.11) 


(7.6.12) 


.bs I  ‘  r.uting  (7.6.12)  in  (7.6.10),  we  obtain 


-  J 


(7.6.13) 
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Let  us  consider  now  the  first  equation  of  system  (6.6.8), 

*  “  tjpCOSOf.  (7.6.14) 

We  are  interested  in  "system"  drift  of  the  DO  in  azimuth,  the  rate  of  which  a 
1 8  the  mathematical  expectation  of  random  function  a(t).  Applying  to  (7.6.14)  the 
operation  of  mathematical  expectation,  we  obtain 


«*MPC0»?s- 

Let  u9  present  'y(t)  in  the  form  of  a  spectral  expansion:* 


i(0=  j  (*)• 


Let  us  find  76;  considering  (7.6.13)  and  (7.6.16),  we  have 


(7.6.1?) 


(7.6.  in 


UOHO  -  -J  Jfc JTsina.^''^I(»1). 


(7.6.17) 


where  magnitude  do^(oj)  is  complex-conjugate  with  d<tn(u>), 
But,  by  (4.6.150) 


dQ>.  («)  (uij)  =  5^  (u»)  2  (tn  —  (Uj J  dm  rfuij, 


(7.6.18) 


where  S_^(o))  —  mutual  spectral  density  of  random  functions  y(t)  and  y(t); 

B(u)  -  u^)  •-  delta-function. 

Then,  instead  of  (7.6.17),  considering  also  expressions  of  type  (4.6.151),  we 
obtain 


T  (')?(') 


--  f  .Ife  . 
J  Ti.  +  l 


sin  (u»)  dm. 


(7.6.19) 


To  determine  S^(cd)  we  first  find  the  cross-correlation  function  K.  (t).  By 


77 


analogy  with  (2.1.86),  considering  (2.1.67),  we  have** 

n  '  i  l 


(7.6.20) 


*Let  us  note  that  -y(t).  Instead  of  by  (7.6.16),  can  be  presented  in  the  form 

1(0—  J  a*' /«**,(“);  then*  instead  of  (7.6.19),  we  obtain  f(0  t(Q-  l  -  sim.S  (u»)rfu. 

and  then  formula  (7.6.24),  which  is  found  from  expansion  (7.6.16).  Application  of 
formula  (7.6.16)  has  as  Its  purpose  demonstration  of  how  the  mutual  spectral  density 
S^(u>)  is  determined. 

**In  writing  formula  (7.6.20)  we  conaidared,  for  instance,  that  K.  (— T)  -  K  .  (— T) 
[155],  and  the  relationship  for  Kxj.(t)  [with  correction  In  (2.1.87)]has  the  form* 

-  2  -  .  -  "f* 

Kx*(t)  =  -A^— e"^'Tl  sin  At,  where  A  *  of,.* 


92 


Substituting  (7.6.20)  ii  (2.1.42),  after  transformations  we  obtain  an  expression 


for  S.  (o>)  in  the  form 
77 


5.  (o>) 

Tl  ' 


2*1 


r  •  +  * _ i 

L** +  <•  +  **  !**  +  (•- X)*J‘ 


(7.6.21) 


Introducing  (7.6.21)  in  (7.6.19)*  we  find 

TTXoTT.  _  f  + 


rmw—  r.!ik,.+.i,)..-ibL_t 

,Wr  '  J  2r.l  J>  +  I 

X  [.  — _ 

U* +<-+*)*  **•  +  <— >)sJ  ■ 


sin  a*  X 


(7.6.22) 


’sing  for  calculation  of  the  obtained  integral  methods  of  the  theory  of  residues. 


we  have 


Substituting  (7.6.23)  in  (7.6.15),  we  finally  obtain 

*“  a  +X)(7^y7^s,n29«- 


(7.6.23) 


(7.6.24) 


Let  us  note  that  formula  (7.6.24)  has  generally  the  same  form  as  the  expression 
for  "system"  drift  of  a  readout  DG  during  rolling  of  a  ship,  determined  by  relation- 
ship  (5.7.149).  The  basic  difference  is  that  in  the  considered  case  the  a  is  pro- 
portion  to  the  dispersion  D[y]  *  of  error  of  stabilization  of  the  GV  platform, 
on  which  is  the  DG  fixed,  whereas  for  a  DG,  placed  directly  on  a  rolling  ship,  a  is 
proportional  to  dispersion  D[e]  of  the  angle  of  roll  of  the  ship.  In  both  cases 
the  maximum  drift  rate  of  the  DG  axis  in  azimuth  occurs  at  aQ  *  45°. 

T 

Example  7.14t  Calculate  the  mathematical  expectation  a  of  azimuth  drift  of  a 

DG  of  active  type  with  a  linear  law  of  control  of  the  stabilizing  motor,  fixed  on  a 

t'yr overt  leal  platform,  stabilized  with  respect  to  the  plane  of  the  horizon.  In  the 

Initial  moment  the  axis  of  the  gyroscope  forms  an  angle  aQ  -  45°  with  the  spin  axis 

of  the  outer  gimbal  of  the  platform  suspension,  coinciding  with  the  longitudinal  axis 

of  the  snip;  the  mean  quadratic  value  of  error  of  the  gyrovertical  a  m  io';  the 

7 

coefficient  of  irregularity  of  error  p  -  0,1  l/secj  predominant  frequency  of  change 
of  error  \  -  0.42  l/sec;  the  time  constant  of  correction  T  -  0.1  sec. 

Solutionj  By  formula  (7.6.24)  we  find  ai 


r.  +  - 1 - — —  tin  2a0*=  0,5 -0,8462.  ICP^O.O!  -J-0,1764)X 

1  '  (l  +  pTjP  +  i*!4 

X - ^ - 1  -0,07718. 10~*  rdn/sec 

(i+o.i.o.i^  +  o.nwo.oi 

—  0,016  angular  cin/min 


From  example  7.14  It  follows  that  a  Is  minute  and  considerably  less  than  the 
value  of  a,  which  occurs  for  a  DG,  fixed  directly  on  a  rolling  ship  (example  5.20). 
Consequently,  from  the  considered  point  of  view  positioning  of  the  DG,  on  a  base 
stabilized  with  respect  to  the  plane  of  the  horizon,  is  very  advisable. 

There  arises  the  question  of  the  possibility  of  total  elimination  of  DG  drift 
a  caused  by  oscillations  of  the  base.  It  has  been  shown  [104]  that  this  can  be 
carried  out  by  application  in  the  DG  of  a  two-gy^o  stabilizer.  Actually,  in  reference 
to  a  two-gyro  GS  for  components  of  angular  velocities  of  the  first  and  second  gyros, 
instead  of  (7.6.4),  we  obtain 

Pi D  —  P’—  7»lni0;  |  ,  . 

P\  +  T*Ina0;  ?i=«  +  i?COSatt  / 


For  M  -  M  ,  by  analogy  with  (7.6.6),  we  have 
yl  s 


M  -AT-—  S?.  (7.6. 26) 

Substituting  (7.6.25)  and  (7.6.26)  in  (7.6.2)  and  considering  that  both  gyro¬ 
scopes  are  connected  by  a  coupling,  we  find  the  equations  of  motion  of  a  two-gyro  DG 


2Hi-0 

rf+P-o 


(7 • f  .?7) 


differing  from  equations  (7.6.8)  of  a  one-gyro  DG. 

From  the  first  equation  of  (7.6.27)  it  follows  that  a  -  0  q.e.d. 


5.  Gyroverticals  of  Active  Type 


a )  Schematic  of  the  Instrument. 

A  GV  of  active  type  in  principle  is  designed  for  the  same  purposes,  as  a  GV  of 
readout  type  (§  6.1,  Par.  1).  As  shown  in  Par.  1  of  thia  section,  an  active  GV  is 
based  on  use  of  a  double-axis  GS. 

Depending  upon  the  number  of  applied  gyroscopes  we  distinguish  two-gyros  and 
four-gyro  GV's.  In  Fig.  7.28  is  a  schematic  of  a  two-gyro  active  CV  [17,165]. 
Stabilized  platform  P,  consisting  cf  the  inner  gimbal  of  a  Cardan  suspension,  is 
fixed  in  the  outer  gimbal  ring  R,  whose  spin  axis  is  directed  parallels,  for  instance, 
to  the  longitudinal  axis  of  the  vehicle.  On  platform  P  there  are  located  two  one- 
gyro  frames  with  gyroscopes  Gyro^  and  GyrOg.  On  the  axes  of  precession  of  the  gyros 
there  are  fixed  signal  pickoffs  SP^  and  SPg,  which  through  amplifiers  Amp^  and  Amp? 
control,  correspondingly,  stabilizing  motors  SM^  and  SMg,  connected  by  mechanical 
transmissions  with  axes  of  the  gimbals  of  the  GV  suspension.  Consequently,  disturbing 


torques  to  the  shown  axes  are 


compensated  by  torques, 
applied  by  the  stabilizing 
motors.  To  keep  platform  P 
in  a  horizontal  position  tnere 
is  applied  a  system  of  pendu¬ 
lar  correction;  here  pendu¬ 
lums  Pend^  and  Pendp,  fixing 
deflections  of  the  platform 
from  the  horizontal  plane, 
control  torquers  TQ^  and  TQ?, 
fixed  on  the  axes  of  preces¬ 
sion  of  gyroscopes  Gyro^  and  Gyro^;  the  principle  of  action  of  correction  we  assume 
Is  known.  Angles  of  deflections  of  the  vehicle  relative  to  the  horizontal  plane  are 
removed  in  the  form  of  corresponding  voltages  from  potentiometers  Pot^  and  Potp. 

Since  the  considereo  GV  is  a  combination  of  two  one-gyro  activated  frames,  then 
Kill,  the  horizontal  location  of  axes  of  the  gyroscopes  shown  in  Fig.  7.28  work  of  the 
system  of  active-type  stabilization  will  be  influenced  by  rotation  of  the  vehicle 
about  the  vertical  axis,  for  instance,  turn  of  the  aircraft.  This  deficiency  can 
be  partially  eliminated  by  setting  in  the  two-gyro  active  GV  axes  of  gyroscopes  in 
vertical  position  [17#  Fig.  468];  however,  even  in  this  case  during  deflection  of 
the  axes  of  the  gyroscopes  from  vertical  position  the  influence  e.g.,  turn  of  the 
aircraft  on  work  of  the  GV  will  appear.  This  deficiency  of  a  two-gyro  vertical  with 
setl /•*  stabilization  is  removed  in  a  lour-gyro  active  GV. 

In  Fig.  7.29  is  a  schematic  of  a  four-gyro  active  GV,  developed  and  investigated 
in  detail  by  B.  V.  Bulgakov  and  Ya.  N.  Roytenberg  [22,  20],  The  arrangement  of  this 
1-7  ulffers  from  the  two-gyro  GV  (Fig,  7.28)  by  the  fact  that  on  stabilized  platform 
P  there  are  placed  two  gyroframes,  each  of  which  consists  of  twc  gyros  Gyro^  and 
1-yrOp,  and  Gyro^  and  Gyro^,  and  axes  of  precession  of  the  gyroscopes  are  connected, 
correspondingly,  anti-parallelograms  (couplings)  and  Ap.  On  the  axes  of  precession 
of  gyroscopes  GyrOp  and  Gyro^  there  are  fixed  signal  pickoffs  SP^  and  Spp,  which 
through  amplifiers  Amp^  and  Ampp  control  stabilizing  motors  SM^  and  SMp.  The  system 
if  correction  for  platform  P  with  respect  to  the  horizontal  plane  consists  of  pendula 
u.’.  and  Fendp  and  torquers  TQ^  and  TQp  controlled  by  them,  fixed  on  the  axes  of 
recession  of  gyroscopes  Gyro^  and  Gyro^.  Angles  of  deflections  of  the  vehicle  with 
spect  t.c  the  horizontal  plane  are  removed  in  the  form  of  corresponding  voltages 
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from  potentiometers  or  other  pick- 
offs,  located  on  the  axes  of  the 
Cardan  suspension  of  the  GV  (these 
are  not  shown  in  Fig.  7.29). 

The  four-gyro  active  vertical 
has  essential  merits  in  comparison 
with  the  two-gyro  vertical.  In  it 
in  principle  one  can  compensate 
ballistic  deviations,  caused  by 
vehicle  accelerations.  The  four- 
gyro  vertical  possesses  the  same 
known  advantages  during  work  on  an 
oscillating  base. 

The  given  schematics  do  not 

Fig.  7.29.  Schematic  of  a  four-gyro  active  exhaust  possible  variants  of  active 

GV. 

GV'b.  Of  the  four-gyro  GV's  one 

Bhould,  in  particular,  indicate  the  so-called  multigyrovertica 1  [127,  135,  169]. 

The  fundamental  distinction  of  this  OV  is  that  to  give  it  selectivity  with  respect 
to  the  vertical  in  it,  instead  of  a  correction  system  consisting  of  pendula  and  torque 
devices  (Fig.  7.29),  there  is  carried  displacement  of  the  center  of  gravity  of  the 
whole  system  (Cardan  suspension  and  gyroscopes)  with  respect  to  the  point  of  suspen¬ 
sion  and,  besides,  there  is  introduced  elastic  linkage  of  the  gyroscopes  with  the 
platform.  Thus,  the  considered  GV  is  a  spherical  pendulum,  i.e.,  belongs  to  gyro- 
pendulum  verticals  (Chapter  11). 

Let  us  turn  to  consideration  of  certain  problems  of  the  theory  of  active  GV's. 
Here,  for  generality  we  shall  consider  the  f our-gyrovertical  whose  schematic  is 
shown  in  Fig.  7.29. 

b)  Elements  of  the  Theory  of  a  Four-Gyro  Active  GV. 

Equations  of  motion.  To  define  the  position  of  the  GV  we  select  as  system  of 
reference  of  axes  (Fig.  1.6),  which  we  assume  are  connected  with  the  path  of 

the  vehicle,  e.g.,  of  a  ship.  Resal's  axes  Ox^y^z  we  connect  with  the  platform  of 
the  GV,  and  point  E  may  be  called  the  vertex  of  the  platform.  The  position  of  axes 
Ox1y1z,  i.e.,  of  the  platform,  with  respect  to  axes  0 is  determined  by  angles 
a  and  P,  where  a  is  the  angle  of  turn  of  external  Cardan  ring  R  (Fig.  7.2Q),  and  0 
is  the  angle  of  rotation  of  platform  P.  Transformations  of  axes  Ox^y^z  to  OPqf 
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Is  charactfrized  in  the  case  of  small  a  and  $  by  matrix  (1.1.31).  With  the  housings 
■'if  gyroscopes  Gyro^-Gyro^  (Fig.  7.30)  we  connect,  respectively,  axes  O^x^y^z^ 

'I  =  1 ,  ,  7,  4).  Position  of  gyroscopes  Gyro^  and  GyrOp  with  respect  to  the  plat¬ 
form,  of  axes  Ox^y^z  (Fig.  7.30),  Is  determined  by  the  angle  b  of  rotation  of 

these  gyroscopes  about  their  axes  of  precession  0.,  z^  and  OpZp.  Likewise  the  position 
of  gyroscope  Gyro,  and  Gyro^  with  respect  to  the  platform  is  determined  by  the  angle 
■y  of  rotation  of  them  about  axes  of  precession  O^z,,  and  O^z^.  Angles  a,  0,  b,  y  om 
should  take  a"  generalized  coordinates. 


Fig.  7.30.  Composing  equations  for  a  four- 

gyro  active  GV. 

f  'rquer,  gyrotorques  and  moments  of  forces  of 


Motion  of  the  considered  system 
will  be  described  by  four-  eq.ations: 
two  of  them  characterize  motion  of 
the  platform  with  respect  to  axes 
of  the  Cardan  suspension,  and  the 
other  two  characterize  motion  of 
gyroscopes  Gyro^  and  GyrOp,  Gyro^ 
and  Gyro^  about  their  axes  of  pre¬ 
cession  with  respect  to  the  platform 
of  the  GV. 

Equations  of  motion  of  the  GV 
can  be  presented  in  the  form  of  condi¬ 
tions  of  equilibrium  between  applied 
inertia  (as  this  was  done  for  a  four- 


gyr.v  prt.  1  cal  [1?7]): 


„ 

i.  si 


(7 


E8) 


where  I  I  and  I  —  moments  of  Inertia  of  the  platform  with  all  connected 

V1  T|  X1  components  with  respect  to  axes  Oy^  and  Ox^,  respectively; 

J  -  moment  of  inertia  of  gyroscopes  Gyro,  and  Gyro^,  with 
g'pl  respect  to  axes  O^z^  and  °gz2i 

J  —  moment  of  inertia  of  gyroscopes  Gyro,  and  Gyro^  with 
g‘P3  respect  to  axes  O^z^  and  O^z^;  ^ 

M  ,  M  ,  M  ,  M  —  projections  of  torques,  applied  to  systems  on  correspond lr.g 
xi  yl  Z1  z3  axes; 

y1  t  ;.j-^  —  projections  on  axis  O^z^  and  O^z,  of  gyro  torque  of  gyro 

pair  I,  Gyro1  and  GyrOp  and,  accordingly  of  pair  II,  Gyro, 
and  Gyro^. 


"C=TT«-' 


(7/.2'0 


Let  us  give  expression  of  torques  in  equations  (7.6, 28).  As  torques  M  «  M 

y  l  ^ 

and  M  about  the  suspension  axes  we  consider  torques  M  and  M  ,  applied  by  stab- 
X1  “l  ®2 

illzmg  motors,  and  disturbing  torques  f^(t)  and  fg(t);  we  have 

K- 

Considering  the  law  of  control  of  the  stabilizing  motor  to  be  linear,  and 

disregarding  time  constants  of  control  networks,  we  have  for  M_  and  M  the  following 

81  s? 

expressions: 

A '•.--Sfi; 

where  —  steepness  of  the  static  characteristic  of  the  3M. 

Substituting  (7.6.30)  in  (7.6.29),  we  obtain 

M„ - S.« +/.<'> 

M, - S.T+/.W 

On  axes  of  precession  of  the  gyroscopes  we  take  into  account  only  correcting 

torques  M  and  M  ,  applied  by  torque  devices,  i.e., 
c  Z1  C  Z  r} 


(7.6.30) 


(7/  .31) 


(7  '  ,?) 

Considering  deflections  of  correcting  pendulums  during  change  of  velocity  and 
heading  of  the  ship,  by  analogy  with  (2.3.66),  we  have 


-  ■ M.  V -  S,  («  + 71) !  -  M. , -  -  s,  (?  -  ±) . 


(7.6.33) 


where  —  steepness  of  the  characteristic  of  correction; 

v,  v  —  velocity  and  acceleration  of  motion  of  the  ship; 
on  1  —  angular  velocity  of  circulation  of  the  ship. 

Signs  in  formulas  (7.6.33)  are  selected  in  such  a  manner  that  for  v  »  0,  u> 


clrc 


=■  0  the  GV  platform,  under  the  influence  of  the  work  of  correction  returns  to  the 
vertical . 


For  gyro  torque  M  of  the  system,  by  analogy  with  (1.3.34),  we  have 


B 


Bi. 


(7.6.34) 


where  —  natural  angular  momentum  of  the  1-th  gyroscope; 
—  its  absolute  angular  velocity. 

Then 

4 


“  2  ("a2-.- 


(7.7.55) 


l-l 
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'  i  the  case  of  small  h  anti  y,  according  to  Fig.  7.30  on  the  condition  =>  H 
(1  =1,  ?,  3,  4),  for  projections  of  "h^  on  axes  Ox^y^z  we  obtain 


«u .  “  Hi  =  IK  «„ -  0 

Hu,- -Hi  -  m.  =  0 
«u,  “  Wj:  ■»-//;«*-  0 

"u,  -  «u=0 


(7.0  ) 


Let  u s  find  projections  of  absolute  angular  velocities  of  gyroscopes  on  axes 
x.y.z,  considering  matrix  (1.1.31): 

Q^^-t  +  u.-u.a 

2iy,  “*  +  «,  —  2iy  «=  a  -f  —  «.(9 

2i/  "  *  +  V  +  \3  +  uv  2s. r  “  “  <  +  -I  «T?  +  «.  , 

(7^.37) 

2lr,  + 

QJy.  “  “  +  V "  2<* 

Qa,“  1  +  “<*  +  «,,P  +  “c:  24, “  “T  +  V  +  u$  +  u. 

where  u^,  u  ,  u^,  —  projections  on  axes  cf  Induced  angular  velocity  u  of  the 

reference  system,  caused  by  rotation  of  earth  and  motion  of  the  ship. 

Substituting  (7.6.36),  (7.6.37)#  and  (7.6.35)  and  removing  terms  of  the  second 

and  higher  orders  of  smallness  relative  to  the  coordinates  and  their  derivatives,  we 


MfJ  -  2Hlu.  -2H'i 

Mryt - WWr-20* 


(7.*. 38] 


L-  t  us  find  the  projection  M1  ^  oi'  the  gyro  torque  of  gyroscopes  Gyro..  and  Gyi 

g  r.  -  v  -  u 

II  1 

an:  also  projection  Mp  „  of  the  gyro  torque  of  gyroscopes  Gyro^  and  Gyro^ .  Since 

.ixi  s  of  precession  of  these  gyroscopes  are  connected  by  anti-parallelograms. 


- Mr  -A1r 

ri‘  TU,  •‘Ir, 

Ml!  «Af 

"»  r*t,  rir. 


Determining  the  shown  gyrotorques  by  method  mentioned  above,  we  have 


(v  .no) 


'  '  (7.t  .4  3) 

<— wp-V+v)| 

xTe  substitute  (7.6.31),  (7.6.33),  (7.6.38),  and  (7.6.40)  in  (7.6.28);  we  have 
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/, ;  -  -  s,«  +  /,«>  -  w-u.  -  2«s 

If  we  do  not  consider  small  nutation  oscillations  of  the  GV,  in  equations 
(7.6.41)  it  is  possible  to  reject  the  inertial  terms;  then 

<+&*+‘v  “£'■<'> 

(7.6.4?) 

v-i.a 

Introducing  the  specific  rates  of  correction  and  [see  (2.3.5)]  and  coef¬ 
ficient  k^  [see  (7.4.14)], 

**“»•  **"»•  (7-'-4,) 

we  rewrite  (7.6.42)  in  form 

■  •  bb) 

For  the  considered  case,  when  axes  0£r|C  of  the  reference  system  are  connected 
with  the  path  of  the  ship,  quantities  u^,  u^#  u^  are  determined  by  relationships 
(1.2.32)  and  (1.2.33).  Replacing  in  the  latter  K  -  _U)circ  and  considering 


(7.6.43) 


we  rewrite  (7.6.42)  in  form 


(7.6.44) 


co  .  I  »  7  sin  <p  +  -=-  tan  cp|,  we  have 

circ  1  R  1 


«4  —  —  (/coa?  tin  ^  —  ~ 

a 

(/cos  ^  cos  AC 


(7.6.45) 


“c-% 
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Tn  formulas  (7.6.44)  Instead  of  and  Hg  it  is  possible  to  introduce  the 
corresponding  time  constants  of  correction  f see  (2.3.,')] 


Then,  also  considering  (7.6.45)  (we  omit  subscript  "clrc"), 
(7.6.44)  in  form 


(7.6.4*  ) 


we  rewrite  equations 


r,i+ 8 +  r,n  =  *,r  ,/,(<) 

r,i+i-7>?  =  *,r,/1(o 

r,i  +  a— —  T,(/ cos  ? cos  AC  —  ~ 

+  P  +  «=  —  T, ^/cos  s  sin  K 4-  -jj-J  -f  y- 


(7.6.4-) 


from  which  it  follows  that  the  first  two  equations,  characterizing  motion  of  gyro¬ 
scopes  with  respect  to  the  platform,  can  be  integrated  independently  of  the  other 
two  equations,  which  determine  motion  of  the  stabilized  GV  platform. 

System  of  shortened  equations  (7.6.47)  can  also  be  composed  very  simply  by  the 
method,  developed  by  D.  R.  Merkln  ($  1.6,  Par.  5);  application  of  thiB  method  to 
composition  of  shortened  equations  of  motion  of  a  four-gyrovertical  shown  in  his 
hook  [9C,  p.  P;^].  It  is  necessary  to  heed  the  note  [90,  p.  ]  about  the  fact  that 
obtaining  analogous  equations  of  motion  of  a  four-gyrovertical  from  complete  equa¬ 
tions  (7.6.41)  becomes  valid,  if  in  the  latter  we  consider  dissipative  forces  (for 
instance,  liquid  friction  torques),  thanks  to  which  the  system  becomes  stable  and 
its  nutational  oscillations  are  damped,  and  considerably  faster  than  the  basic 
■.recessional  motion.  After  we  shift  from  the  system  of  complete  equations  (7.6.41) 
allowing  for  dissipative  forces  to  shorten  equations  (7.8.47),  in  the  latter,  during 
study  of  the  basic  precessional  motion  dissipative  forces  can  be  ignored. 

Mode  of  setting  the  GV  and  its  static  errors  due  to  rotation  of  the  earth  and 
.'■nlcle  motion.  Let  us  consider  the  case  of  motion  of  ship  with  constant  speed  and 
evading;  then,  considering  in  the  last  two  equations  of  system  (7.6.47)  v  =  0,  cd  =  0, 
W'-1  obtain  equations 


T,i  -f  a  «=— TtU cos?  cos  K 
T&  +  {J  =  —  7,^1/ cos  7  sin  K  +  ~\ 


(7.6.48) 


which  coincide,  if  we  consider  (7.6.45),  with  equations  (6.4.5)  of  a  readout  GV  which 
s  a  linear  characteristic  of  correction,  or  with  equation  (7.4.19)  of  an  active  GS 
with  r  ndular  corrector. 

Integrating  (7.6.48)  for  <p  -  const  and  K  -  const,  we  obtain 


lot 


(7.6. 4Q) 


where 


•J,~  Vco»?cosK;  7-,(l/cosTsln/C  +  ±\.  (7.1.51.) 

Quantities  and  t >y  analogy  with  (6.4.7)  or  with  (7.4.21),  represent 

static  errors  of  an  active  GV  from  rotation  of  the  earth  and  motion  of  the  ship, 
normally  called  velocity  errors.  Calculation  of  these  errors  by  formula  (7.6.50) 
is  given  in  example  6.4.  From  (7.6.49)  it  follows  that  motion  of  vertex  E  (Fig.  l.»  ) 
of  the  stabilized  platform  of  the  GV  toward  the  vertical  is  accomplished  by  aperiodic 
law.  'ipon  completion  of  the  transient  response,  according  to  (7.6.49), 


«  ■■  a 


ct* 


i-p; 


c 

n' 


(7.6.51) 


i.e.,  vertex  E  of  the  platform  will  be  deflected  from  the  vertical  the  shown  magni¬ 


tudes  and  the  modulus  of  this  deflection  is 


e5ual  t0  +(B'staif  • 


Compen¬ 


sation  of  velocity  errors  of  a  GV  is  possible  by  means  of  eliminating  from  readings 
the  latr.er  quantities  and  determined  by  formulas  (7.6.5b/  by  a  suitable 

computer. 

I'sing  the  first  two  equations  of  system  (7.6.47),  one  can  determine  the  regime 
of  installation  of  the  gyroscopes  with  respect  to  the  platform.  When  u>  *  0,  f^t)  = 
=  f2(t)  *  0  we  have 

+  (7.6.5?) 


from  which 

I  t 

l-l/*,  (7. '.55) 

i.e.,  we  obtain  the  same  aperiodic  law  of  motion  of  the  gyroscopes  relative  to  their 
axpg  of  precession. 

Ballistic  errors  t>f  a  GV  and  their  compensation.  Above  we  considered  velocity 
errors  of  a  GV  without  accelerations  of  the  ship  (v  ■  0,  to  -  0).  During  change  of 
course  and  velocity  of  a  ship,  besides  velocity  errors,  the  instrument  also  has 
so-called  ballistic  errors  (§  6.4,  Par.  3).  We  shall  use  detailed  investigations  of 
ballistic  errors  available  in  the  literature  [20,  22,  1J2,  127]  in  a  brief  account 
here  of  the  questi ^n.  In  the  creation  of  GV  schemes  one  of  important  problems  is 
ensuring  in  the  instrument  conditions  of  compensation  of  ballistic  errors,  i.e.,  its 
undisturrability  by  vehicle  accelerations.  Without  realization  of  this  condition 
it  is  impossible  to  create  a  precision  GV. 
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(7.6.54) 


We  shall  first  give  the  general  relationship  for  ballistic  errors  of  the  con¬ 
sidered  GV.  For  this  we  use  the  last  two  equations  of  system  (7.6.44);  considering 
'7. '.45)  and  dropping  subscript  'circ,"  we  have 

c  -f-  %gj  —  #>,3  *=  —  U  cos  ?  cos  K  —  *,  — 
f  +  **?  +  «**=  —  £/cos?sfn/( - r  + 

Following  henceforth  the  calculations  of  Ya.  N.  Rcytenberg  [132],  taking  Into 
account  (7.6.50),  and  [7.6. 46),  and  Introducing  designations  (for  v  ^  const  and  K  j 
/  const  we  replace  a,t,t,  9>t,t  by  a  ,  B  ) 

P,-?-?'.  (7.C55) 

we  rewrite  equation  (7.6.54)  in  form 


where 


•»  +  **«i  —  —  HS  y 


*1 


(7.6.56) 


'7.' .57) 


*  *  (7.6.58) 

Quantity  v,  according  to  (4.5.16),  represents  the  frequency  of  oscillations  of 
a  simple  pendulum,  whose  length  is  equal  to  the  radius  of  the  earth  R. 

By  analogy  with  (6.3,4)  we  introduce  complex  deflection  z ^  of  the  vertex  of  the 


GY  platform: 


*!"■«!  +  ]?!• 


(7.6.59) 


Multiplying  the  second  equation  of  (7.6.56)  by  j  -  rn  adding  it  to  the  first, 
and  considering  (7.6.59),  we  obtain 


*i  +  (*s+/<»)*i«*  /uhl'W. 


where 


(7.6.60) 


(7.6.61) 


Integrating  (7.6.60),  we  have 


i 

f* 

1 

+/[  mit 

*i(0)  +  /l«tj  • 

.  0 

*  vit) 

m 

(7.6.'  2) 


In  the  expression  obtained  the  first  component  characterizes  motion  of  the  GV, 
:aused  by  initial  deflections;  this  motion  attenuates  by  aperiodic  law.  We  write  the 
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second  component: 


— V— 7 

*[  -  A*V 


mil 

Hind/. 


(7.6UJ) 


It  characterizes  error  of  the  OV  due  to  accelerations  of  the  ship,  l.e.,  ballis¬ 
tic  error.  Such  ballistic  errors  of  a  GV  are  investigated  in  great  detail  by  B.  V. 
Bulgakov  [20]. 

Let  us  turn  to  finding  the  possibility  of  compensation  of  ballistic  errors  of  a 
four-gyro  vertical.  We  shall  limit  ourselves  to  a  presentation  of  the  method  of 
compensation  proposed  by  B.  V.  Bulgakov  and  Ya.  N.  Roytenberg  [22]. 

The  essence  of  this  method  consists  in  connecting  a  correcting  pendulum  Pend1 
(Fig.  7.29)  to  torquer  TQ2>  which  is  connected  to  gyroscopes  Gyro^  and  Gyro^,  and 
correcting  pendulum  Pend2  to  torquer  TQ^,  connected  with  gyroscopes  Gyro^  and  Gyro^. 
Here,  the  first  two  equations  of  system  (7.6.44)  do  not  change.  The  second  two 
equations  will  change,  since  in  (7.6.35)  anc*  z  change  places  due  to 

switching  of  correction;  taking  into  account  (7.6.45)  and  (7.6.43)  we  give  these 
equations  form 


«  —  (*•  +  “)?  **—  ftco*?cosK-t,  y- 
f  +  (*>  +  «)*  —  tfcosf  sin  K- ~  —  I,  y 

Introducing 


(7.6.64) 


*-•  +  $. 


we  replace  equations  (7.6.64)  by  one  equation. 


(7.6.65) 


*  +  /(«!  +  «)/  —  i/cos  ve"-  -  ,?t  (»  +  /»*) 

R  t 

We  designate 

where 


(7.6.66) 


(7.6.67; 


flJcotyr*  —  ~ 

«• 


(7.6.68) 


is  velocity  error  of  the  GV. 

Then,  taking  such  into  account  (7.6,67)  and  (7.6.58),  we  rewrite  (7.6.66)  as 
follows: 


£  +  /(*i  +  ■)•-  —  y  ^  (y  +  All¬ 
tel 


(7.6.69) 


From  this  equation  it  foJ lows  that  if  the  specific  velocity  of  correction  y_  - 

S? 

=  is  selected  in  such  a  manner  that  Hp  »■  ±v,  equation  (7.6.69)  will  become 
homogeneous,  l.e.,  the  GV  will  be  undisturbed  by  translational  accelerations  of  the 
ship  and,  consequently,  does  not  have  ballistic  errors.  Thus,  the  considered  GV, 
which  in  its  construction  belongs  to  astatic  systems,  manifests  rndular  properties, 
i .  r  .  ,  behaves  as  a  gyroscopic  pendulum  with  a  period  of  precession  (for  oj  -  0)* 

T«—  -=84,4  min 

»  * 

Indeed,  e.g.,  in  the  case  of  a  fixed  base  (!J  «  uo  ■  0,  v  -  0)  equations  (7.6.64) 
have  form 


=  0.  (7.6.70) 

Replacing,  in  accordance  with  the  above-indicated  principle  o^  compensation 
of  ballistic  errors,  y,p  by  v,  instead  of  (7.6.70),  we  obtain 

*  —  vj)  ■=>  0,  p  *f  v  a  =  0 

i  +  A-0.  F+*-H. 

'rom  which  we  have 


or 


«  -=  Cj  cos »/  -f  C,  sin  *t 
P  *■  —  Cx  sin  W  -f  Ct  cos 


(7.6.7?) 


where  integration  constant  and  Cp  are  uetermined  from  the  initial  conditions. 

From  (7. (.7?)  one  can  see  that  the  GV  accomplishes  periodic  oscillations  with 

2r 

frequency  v;  the  period  of  these  oscillations,  as  was  indicated  above,  is  T  =■  — . 

Consequently,  in  the  considered  GV,  by  selecting  the  corresponding  value  of  the 
parameter  of  correction  it  la  possible  in  principle  to  ensure  the  condition  of 
mdisturbability  of  M.  Schuler,  i.e.,  compensate  ballistic  error  of  the  Instrument. 

The  shown  method  of  compensation  of  ballistic  errors  la  one  of  the  varieties  of 
\h<‘  method  of  Integral  correction  (see  Chapter  11).  It  is  possible  also  to  provide 
lamping  of  the  shown  preceasional  motion  of  a  GV.  For  this  [22]  it  is  necessary  that 
■oltage  fed  to  each  of  the  torque  devices  (Fig.  7.29)  is  s  linear  combination  of 
signals  from  both  correcting  pendulums. 


•Let  us  note  that  when  u>  -  const  the  GV  accomplishes  precessional  oscillations 

Ptt 

wi  th  period  T  <*  since  oj  »  v.  However,  here,  the  GV  does  not  lose  the  property 
of  ur.dlsturtability,  because  when  x2  *  equation  (7.6.69)  becomes  homogeneous. 


105 


c )  Certain  Remarks. 

Above,  we  considered  only  Individual  questions  of  the  theory  of  an  active-type 
GV.  More  detailed  investigations  can  be  carried  out  with  help  of  the  general  methods 
of  analysis  of  active  GS's,  given  in  the  preceding  sections  of  this  chapter.  We 
shall  indicate  several  works  on  the  theory  of  active  GV's.  In  the  book  of  N.  T. 
Kuzovkov  [ 80b  ]  are  complete  differential  equations  cf  a  double-axis  gyrostabill zed 
platform  (active  gyrovertica 1 )  composed  with  help  of  the  method  of  A.  Yu.  Ishlinskiy 
(§  1.6,  Par.  7)>  corresponding  transfer  functions  and  block  diagrams  of  the  system. 
Articles  of  the  same  author  are  devoted  to  investigation  of  a  gyrostabilized  plat¬ 
form  with  large  angles  of  displacement  [77]  and  to  the  motion  of  a  gyrostabilized 
platform,  in  a  Cardan  suspension  [78].  There  are  offered  [158]  several  GV  schemes, 
built  on  the  principle  of  active  gyrostabilization. 

4.  Triple-Axis  GS 

In  contemporary  gyroscope  technology  a  considerable  place  is  occupied  by  so-called 
triple-axis  active  GS's.  They  are  applied  in  gyroscopic  device  of  combined  type, 
intended  for  determination  of  three  angles  of  rotation  of  a  vehicle  around  its  center 
of  gravity,  i.e.,  the  represented  combination  of  a  directionax  gyroscope  (gyroazimuth ) 
and  a  gyrovertlcal  (gyrohorlzon) ,  and# therefore#  are  called  directional  gyrohorlzons. 
Furthermore,  triple-axis  GS's  are  used  for  direct  stabilization  of  a  certain  plat¬ 
form  with  respect  to  the  horizontal  and  in  azimuth. 

In  Fig.  7.51  is  a  schematic  of  an  active  directional  gyrohorlzon  [108,  Fig.  ITT. 
18;  lfb;  47,  p.  271  ].  The  Instrument  Is  a  combination  of  three  one-gyro  activated 
frames,  basic  elements  of  1  nlch  are  gyroscopes  Gyro^,  GyrOg,  Gyro,,  fixed  on  platform 
P,  stabilized  relative  to  the  horizontal  and  azimuth.  The  latter  is  suspended  In  a 
Cardan  suspension,  consisting  of  outer  OR  and  inner  IR  rings.  On  the  axes  of  pre¬ 
cession  of  gyroscopes  Gyro^,  GyrOg,  and  Gyro^  are  fixed  signal  pickoffs  SP^,  SP?, 
and  SP-^,  which  through  amplifiers  Amp^,  Arapg,  and  Amp^,  control  stabilizing  motors 
SM^ ,  SMg,  and  SM^,  respectively,  which  ensures  realization  in  the  instrument  of  the 
principle  of  active  gyroscopic  stabilization.  In  the  considered  scheme  during  rota¬ 
tion  of  the  vehicle,  e.g.,  the  aircraft,  around  the  vertical  axis  together  with  the 
latter  moves  the  Cardan  suspension,  where  platform  P  preserves  a  constant  position 
in  azimuth.  Therefore,  each  of  the  signal  pickoffs  SP^  and  SPg  should  simultaneously 
control  both  stabilizing  motors  SM^  and  SMg.  For  this,  signals  from  pickoffs  SP^ 
and  SPg  enter  amplifiers  Amp^  and  Arapg  through  special  distributor  DIst,  distributing 
these  signals  depending  upon  the  angle  of  rotation  of  the  aircraft. 
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The  system  ox"  correction  of  platform  P  with  respect  to  the  horizontal  plane 
consists  of  a  two-component  pendulum  Pend  (for  Instance,  a  liquid  electrolytic  level, 
F!r.  'if  )  and  torquers  and  TQ^  controlled  by  It,  fixed  on  the  axes  of  precession 

c  •'  gyroscopes  Gyro^  and  Gyro^.  Angles  of  roll  y,  pitch  $  and  yaw  ^  of  an  aircraft 
are  taken  in  the  form  of  corresponding  voltages  from  potentiometers  Pot^,  Pot0,  end 
Pot,,,  respectively. 

The  considered  active  directional  gyrohorizon  possesses  a  series  of  basic  merits 
as  compared  to  readout  DG's  and  GV's.  One  of  them  is  that,  in  readings  of  angles  of 
yew  and  rotations  of  the  aircraft  there  are  no  gimbal  and  turning  errors. 

The  theory  of  triple-axis  active  GS 1 s  can  be  considered  by  the  same  methods  as 
VK-re  applied  above  during  the  analysis  of  double-axis  stabilizers.  Let  us  note  that 
for  composition  of  differential  equations  of  motion  of  such  complex  gyroscopic 
co-viccs,  as  a  triple-axis  GS,  there  is  frequently  applied  the  second  method  of 
Lagrange  (5  1.5).  A.  Yu.  Ishlinskiy  showed  that  composition  of  equations  of  motion 
of  a  complex  gyroscopic  devices  can  be  comparatively  simply  carried  out  by  means  of 
successive  application  of  the  theorem  of  angular  momentum  to  the  whole  mechanical 

system  of  the  corresponding 
device  and  to  its  separate 
components.  Application  of 
this  method  to  composition  of 
equat'-  ons  of  motion  of  a 
triple-axis  GS  is  given  in 
his  article  [4f].  Certain 
questions  of  the  dynamics  of 
a  platform  stabilized  in  space 
are  considered  in  [2c].  During 
development  of  the  theory  of 
triple-axis  active  GS's  of 
importance  is  the  question  of 
cross  connections  between 
' hannels  of  stabilization.  To  account  for  this  circumstance  it  is  necessary  to  start 
from  nonlinear  differential  equations  of  motion  of  the  GS,  in  which  we  take  into 
account  components  (for  instance,  gyroscope  torqueB),  caused  by  these  cross  connec- 
'  ms.  For  in  gration  of  such  equations  we  usually  apply  the  method  of  successive 
.•pr.iA ; mations,  where  corresponding  solutions  of  the  equations  are  presented  in  th< 
rm  of  a  •'U'ies  expansion  of  power's  of  the  small  parameters  in  the  equations,  l.e., 
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we  use  the  method,  applied  by  us  during  the  analysis  of  the  motion  of  a  physical 
pendulum  on  an  oscillating  base  (§  4,5,  Par  12d).  When  accounting  for  cross  connec¬ 
tions  between  channels  of  stabilization  there  is  found  systematic  drift*  of  the  GS 
platform  relatively  to  its  assigned  position. 


*D. 

lizer  on 
making, " 
of  AS  of 


S.  Pel'por  and  N.  P. 
an  oscillating  base, 
issue  V,  No.  2,  1962; 
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Sumarokov.  Motion  of  a  triple-axis  gyroscopic  stabi- 
"News  of  higher  educational  institutions.  Instrument- 
B.  I.  Nazarov.  On  error  of  gyrostabilizers .  "News 
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CHAPTER  8 


DIFFERENTIATING  GYROSCOPES 


Designations  Appearing  In  Cyrillic 


B  - 

die 

-  disturbing 

B  - 

f  - 

forced 

B  - 

rest 

-  restoring 

B  - 

turn 

-  turning 

B  - 

AS  = 

actuating  screvf- 

Br  - 

VG  - 

vibrating  gyro 

BH  . 

IR  - 

Inner  ring 

r  = 

g  - 

gyroscope 

r  - 

OR  - 

gyrorotor 

r  = 

N  - 

nut 

TB  - 

OV  - 

gyrove rtlcal 

FK  - 

Osc 

-  oscillator 

PH  - 

DG  - 

directional  gyro 

rpafl  - 

deg 

-  degrees 

rc  - 

GS  * 

gyrostablllzer 

r.T  - 

gt  - 

gyrotachometer 

rr  - 

GT  - 

gyrotachometer 

TTA  - 

GTA 

»  gyrotachoacceleromete 

ry  . 

QD  - 

gyroscopic  device 

r.a  . 

g.e 

-  gyroequator 

A  - 

d  - 

damping,  damped 

A  “ 

dyn 

-  dynamic 

lOj 


A  ■  mot  ■  motor 
%  m  d  -  damper 
r  m  Mot  -  motor 

Zir  -  D.fQ  -  differentiating  gyro 
RU  m  TQ  -  Torque r 
RC  m  sp  -  signal  pickoff 
/I7C  -  RTP  -  rate-of-tuxn  pickoff 
3  -  del  -  delay 
M  -  I  -  indicator 
mh  *  in  -  inertial 
K  -  c  -  carriage 

K  .  c  -  coil 
K  =  R  =  ring 
Kp  -  crit  -  critical 
k  -  r  -  rise 
HK  -  OR  -  outer  ring 
om  m  opt  “  optimum 
Oc  -  b  -  tase 
n  «  par  ■  parameters 
n  ■  pi  ■  plate 
II  .  pot  -  potentiometer 
IIj  -  PI  -  plate 
np  -  ap  -  spring 
np  -  flp  -  spring 
p  ■  adj  «  adjustment 
p  m  res  »  resonance 
P  -  L  -  lever 
pa  A  -  rad  -  r  adieus 

C  -  Rod  -  rod  (tine  of  tuning  fork) 
cex  ■  sec  ■  second 
ct  -  stat  -  static 
t  -  fr  -  friction 
T  -  TR  -  torsion  rod 
T,y  -  Amp,  imp  -  amplifier 
<tR  m  PD  *  jhaBe  detector 
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3  -  e  *  equator 
P  ^  EM  =  electromagnet 
H  -  arm  =>  armature 

;  8.1.  Function  and  Types  of  Differentiating  Gyroscopes  (Dlf  G's; 

In  different  systems  of  automatic  adjustment  and  control  gyroscopic  devices 
'intended  for  determining  angular  velocities  and  angular  accelerations  of  a  vehicle 
;.ire  widely  applied.  Such  devices  belong  to  the  class  of  differentiating  gyroscopes 
(Dlf  G's).  Differentiating  (§  2.J>,  Par  1)  is  what  we  call  a  gyroscope,  usually  having 
two  degrees  of  freedom,  which  differentiates  the  input  signal. *  In  solving  a  numl  er 

of  problems  of  automatic  control  of  a  vehicle  (ship,  aircraft),  "or  instance,  for 

v  allzation  of  stabilization  about  its  center  of  gravity,  besides  angular  deflections 
f  the  vehicle  it  is  necessary  to  determine  angular  velocities  and,  in  certain  cases, 
angular  accelerations  of  deflections.  Thus,  for  instance,  for  proper  work  of  the 
r  li  damper  of  a  ship  besides  the  angle  of  roll  6  it  is  necessary  to  know  angular 
velocity  j  ^f  change  of  this  angle.  Analogously,  input  data  of  an  autopilot,  carrying 
.ut  automatic  stabilization  of  an  aircraft  relative  to  its  center  of  gravity,  are 
■  ngles  v>  y  (F:  -.  ,-t)  :ef  It*  it  ions  of  the  aircraft,  and  also  angular  velocities 

•  •  •  M  t«  •• 

,,  & ,  -)  and  in  certain  cases  angular  accelerations  f,  $,  y.  On  the  same  aircraft 

the  D'f  G  can  be  used  as  a  turn  indicator,  i.e.,  as  an  instrument,  indicating  to  the 
p '  1  ->t  the  direction  of  angular  velocity  of  turning  of  the  aircraft  relative  to  the 
■sslgned  direction  of  straight-line  movement. 

Dif  G's,  depending  upon  parameters  determined  by  them  are  divided  into  gyroscopes 
Inttuide;  for  measurement  of  angular  velocities  of  a  vehicle  on  gyroscopes  Intended 
for  simultaneous  measurement  of  angular  velocities  and  angular  accelerations  of  a 
.’••hlcl».  **  Differentiating  gyroscopes  wh  i  eh  i.'i.**mine  angular  velocities  of  a 
.  •  i 1 1  cl < -  an:  railed  gyrotachomete rs ,  rate-of-turn  indicators,  precession  or  rate 
gyroscopes  and  rate-of-turn  plckoffs  (RTP);  subsequently  we  shall  apply  the  term 
gyr. .'tachometer  (GT).  Differentiating  gyroscopes,  measuring  angular  velocities  and 


“A  differentiating  gyroscope  can  be  defined  also  as  a  gyroscope,  reacting  to 
-yros'-ope  torque.-,  caused  by  rotation  of  a  vehicle. 

**lTsually  instruments  of  this  type  measure  the  sun  of  angular  velocity  and 
:  :ular  acceleration  of  the  vehicle. 
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angular  accelerations  of  a  vehicle,  we  call  gy rotachoacceleromete rs ,  indicators  of 
angular  velocity  and  acceleration,  damping  or  accelerating  -  rate  gyroscopes; 
henceforth,  we  shall  use  the  term  gyrotachoaccelerometor  (GTA).  We  shall  consider 
GT's  in  most  detail,  since  they  are  a  very  widespread  type  of  gyroscopic  device; 
we  shall  describe  GTA's  more  briefly,  as  their  application  is  less  widespread. 

There  exist  gyroscopic  devices,  which  determine  the  sum  of  the  angular  deflect!  n 
of  a  vehicle  and  its  angular  velocity.  Such  gyroscopes,  a  variant  of  the  GT,  are 
called  lntegrodlfferentlatlng  gyroscopes ;  they  will  be  considered  in  Chapter  9. 

§  8.2.  Gyroscopic  Tachometers  (GT's) 

1.  Function  and  Types  of  GT's 

The  gyrotachometer  is  a  gyroscopic  device  used  to  determine  angular  velocity 
of  the  base  (vehicle)  on  which  it  is  mounted.  One  of  the  distinctive  features  of  a 
GT  is  that  it  measures  absolute  angular  velocity  of  the  vehicle,  i.e.,  the  derivative 
of  the  angle  of  rotation  of  it  in  inertial  space.  Consequently,  fixed  on  a  base 
which  is  motionless  with  respect  to  the  earth,  a  GT  in  principle  is  able  to  measure 
the  component  of  Induced  angular  velocity  of  sidereal  rotation  of  the  earth;  however, 
creation  of  a  GT,  possessing  threshold  sensitivity  necessary  for  this,  is  a  very 
complicated  technical  problem.  GT's  applied  in  practice  are  cruder  instruments  and 
can  only  determine  relative  angular  velocity  of  a  vehicle,  many  times  larger  than 
the  angular  velocity  of  rotation  of  the  earth. 

We  distinguish  GT's,  based  on  use  of  astatic  gyroscopes  with  two  and  with  three 
degrees  of  freedom;  most  widely  applied  are  GT's  of  the  first  type.  Usually  a  GT 
has  one  gyroscope.  It  is  possible  to  create  a  GT  with  two  gyroscopes  like  a  two-gyro 
active  GS  (§7.1,  Par.  2b). 

Besides  GT's  based  on  use  of  astatic  gyroscopes,  there  exist  GT's  based  on 
devices,  containing  vibrating  components;  such  instruments  have  acquired  the  name  of 
kn  rotachometers  of  vibration  type  or  vibratory  gyros  (VG's)  in  view  of  the  possibility 
of  applying  them  not  only  as  differentiating  gyroscopes.  Brief  information  on  VG's 
will  be  given  in  §  8.4  of  this  chapter. 

Gyrotachometers  normally  applied  are  of  two  types:  1)  direct-reading  GT's  for 
which  the  measured  angular  velocity  of  the  vehicle  is  fixed  in  the  form  of  the  angle 
of  rotation  of  the  instrument  frame  (glmbal  ring)  relative  to  its  initial  position; 

2)  GT's  "with  zero-drive"  of  the  gyroscope  axis  (frame  of  the  instrument),  in  which 
measurement  of  angular  velocity  of  the  vehicle  is  carried  out  by  means  of  compensating 
the  gyroscopic  torque  (caused  by  rotation  of  the  vehicle)  by  a  certain  artificially 
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n'.itt  1  torque,  which  ensures  retention  of  the  gyroscope  axis  near  the  zero  position. 


Schematic  of  a  GT.  Basic  Relationships 

.  The  basic  element  of  the  Instrument 
is  an  astatic  rate  gyroscope; 
the  gyrorotor  Is  fixed  in  glmbai 
ring  Ft,  which  is  sometimes  called 
the  frame  of  the  Instrument; 
rotation  of  the  ring  is  limited 
by  spring  Sp,  necessary  for 
creation  of  a  restoring  torque. 
Quenching  of  natural  oscillations 
of  gyroscope  Is  carried  out  by 
damper  D.  Readings  of  the  in¬ 
strument,  proportional  to  the 
angle  of  rotation  of  the  frame 
about  axis  oq  (uy)>  are  taken 
Axes  0£q£  are  connected  with  the 
'•■•rilcl-  (ship,  aircraft);  axis  Ox^y",  combined  in  their  initial  position  (when  y.  =  0) 
:.Mi  ut  are  connected  with  the  frame  of  instrument  and  in  this  case  are  Resal's 
axes  (§  i.i).  Axis  ■')’  (Ox)  for  the  position  of  the  gyroscope  axis  in  Fig.  8,1  is  the 
."l'H surlng,  input  axis,  or  the  axis  of  sensitivity,  since  in  this  case  the  GT  is 

ended  for  determination  of  component  of  the  angular  velocity  x  of  rotation  of 
M  vehicle;  axis  ,  (uy)  is  called  the  out  put  axis,  since  the  angle  p  of  rotation 
'he  frame  about  this  axis  Is  proportional,  as  will  be  shown  below,  to  the  mea- 
.  i  red  angular  velocity 

Lot  us  derive  the  basic  relationship  for  a  GT,  establishing  the  functional 
•  nneetion  between  input  variable  u^(t)  and  the  output  variable  p(t).  During  rotation 
f  the  vehicle  about  axis  0£  with  angular  velocity  axis  Oz  of  the  gyroscope  will 
mange  its  position  with  the  same  velocity  cu^,  which  it  is  possible  to  consider  the 
angular  velocity  of  forced  precession.  Due  to  this  motion  of  axis  Oz  of  the 
gyroscope  there  appears  gyroscopic  torque  77.  directed  along  axis  0:,  (Oy),  which, 

E> 

according  to  Foucault's  rule,  drives  the  gyro  axis  to  coincide  with  axis  0q.  Gyro- 
p'.c  torque  77,  by  analogy  with  (1.3.35),  is  determined  by  relationship 

Mr*=  H  X (8. ci) 


Til*-  schematic  of  a  GT  is  shown  In  Fig.  8.1 


In  th  form  of  voltage  from  potentiometer  Pot. 
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where  IT  —  natural  angular  momentum  of  the  gyroscope; 

CO  -  unit  vector  of  axis  OC. 

The  magnitude  of  the  gyroscopic  torque  Is 

A 

Aff  «  //«.  sin  [fi ,  C*)  =  //«»4 sin (905  -  ft  =  //u>.  cos  (8.2.2) 

If  angle  p  of  rotation  of  the  frame  is  limited  to  a  sufficiently  small  value, 
measured  normally  be  a  quantity  of  several  degrees,  then  (8.2.2)  can  be  approximately 
written  in  form 


(8.2.3) 


Thus,  for  small  angles  (3  gyroscopic  torque  M  is  proportional  to  the  component 

6 

of  angular  velocity  to.  measured  by  the  Instrument,  l.e.,  M  can  be  considered  the 

a  6 

input  variable. 

The  spring  counteracts  rotation  of  the  instrument  frame,  introducing  torque  m  , 
which  seeks  to  return  the  frame  to  it"  initial  position,  l.e.,  in  this  case  is  a 
restoring  (position)  torque.  This  torque  is  determined  by  relationship  (2 .3.32), 
i.e. , 


(8.2.4) 


where  c  —  stiffness  coefficient  of  the  spring,  equal  to  the  torque  created  by  the 
spring  upon  deflection  of  the  gyroscope  angle  p  of  one  radian. 

To  determine  quantity  c  we  introduce  coefficient  c^  of  linear  spring  force  of 
the  spring;  linear  strain  of  the  spring  upon  rotation  of  the  frame  angle  p  will  be 
l1  sin  p  «=  1  p,  where  -  arm  of  the  lever  (Fig.  8.1);  then  the  force  developed 
by  the  spring  will  be  expressed  by  relationship  consequently,  torque  of  the 

spring  will  be 

Afgp  "■  — 

Comparing  this  expression  with  (8.2.4),  we  have 

(8.2.5) 

In  deriving  the  basic  relationship  characterizing  work  of  a  GT  we  shall  not 
take  into  account  the  equatorial  component  of  angular  momentum  of  the  gyroscope. 


inertia  of  the  frame,  the  damping  torque,  and  also  different  disturbing  torque,  and 
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W'  shall  use  one  of  the  shortened  equations  (1.6. J>0)  of  a  gyroscope  In  D'Alembert's 
••  inn.  '  ins  1  ti< r [nr  th'-  see  uni  of  these  equations  In  projections  >n  axis  >y  (Mg.  8.1) 
■  ii  t  :r,  lng  for  gyroscop Ic  turqu>  oxpre;  Min  (8.2. 3)  and,  as  the  external  t  -rque,  thf 
torqu  M  ,  created  by  the  spring  [see  (8.2.4)],  we  obtain 

M,  +  Ma?=0  (8.2.6) 

—  *0, 

l’’-  'a  which  we  find  basic  relationship 


P 


(8.2.7) 


.■ha  rn etc  rising  work  of  the  GT.* 

From  (8.2.7)  it  follows  that  angle  p  of  rotation  of  the  frame  is  proportional 
U  the  measured  angular  velocity  oj^  of  the  vehicle. 

This  formula  explains  why  the  considered  gyroscope  is  called  differentiating. 
Irnoed,  if  by  a  wc  designate  the  angle  of  rotation  of  the  vehicle  about  axis  0£  with 
■.ngular  velocity  ay  =  a,  then  we  can  write  (8.2.7)  in  form 


P--f  P*.  (8.2.8) 

■  r  n  which  it  follows  that  the  output  variable  —  angle  p  —  is  proportional  to  the 
irst  d  rivative  of  the  input  variable  —  the  angle  a  of  rotation  of  the  gyroscope 
eiiout  measuring  axis  0£,  i.e.,  the  GT  is  a  differentiator. 

A  her  approach  is  possible  in  principle,  when  as  the  input  signal  we  take  the 
ngelar  velocity  ay.  Here,  if  we  do  not  consider  the  series  factors  mentioned  above, 

U 

Wf  can  consider  the  GT  as  an  amplifying  network  with  gain  factor  —  [see  (8.2.7)], 
l.e.,  the  functional  dependence  between  input  variable  a>^  and  output  variable  p  in 
■he  first  approximation  has  the  form  of  a  simple  linear  dependence. 

Above  we  said  that  the  restoring  torque  is  created  in  the  GT  by  a  spring.  A 
fictency  of  the  application  of  the  spring  is  the  instability  of  readings  of  the 

•Detailed  explanation  of  physical  processes  occurring  in  a  GT  is  given  in  the 
f  .  Fridlendor  and  M.  S.  Kozlov  [65]. 
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instrument,  e.g.,  during  change  of  the  temperature  regime.  However,  springs,  due  to 
simplicity  of  construction,  have  had  very  wide  application  in  GT's. 

Sometimes,  Instead  of  a  spring  for  creating  the  restoring  torque  in  a  GT,  we 
apply  torsion  rods  or  electrical  Bprlngs.  As  a  torsion  rod  we  use  a  steel  rod  of 
round  or  rectangular  section;  one  end  of  the  torsion  rod  is  rigidly  fastened  to  the 
GT  f  ’ame,  and  other  is  fastened  to  the  instrument  housing.  The  torsion  rod  works 
on  ti  rsion  and  creates  here  a  restoring  torque.  Besides  this,  the  torsion  plays 
the  roxe  of  one  of  semiaxes  of  the  GT  frame.  When  we  use  a  torsion  rod  the  angles 
of  rotation  of  the  frame  are  minute,  that  which  decreases  the  sensitivity  of  the 
instrument.  Torsion  rods  are  applied  in  certain  types  of  floating  differentiating 
gyroscopes  (Par.  7). 

To  show  the  advantages  of  an  electrical  spring  we  shall  consider  the  question 
of  the  peculiarities  of  taking  from  potentiometer  Pot  (Fig.  8.2)  of  a  gyrotachometer 

an  output  signal  in  the  form 
of  voltage  U,  proportional  to 
angle  p  of  rotation  of  the 
GT  frame  [171],  Let  us  des¬ 
ignate  by  UQ  the  voltage  of 
the  supply  source,  which  corre¬ 
sponds  to  a  certain  angle  p0 
of  rotation  of  the  cursor  of 
the  potentiometer.  The  maximum 
voltage  removed  from  the 

potentiometer,  relative  to  its 

uo 

median  point,  will  be 

with  turn  of  the  cursor  a  unit 

angle  the  voltage  from  the 

potentiometer  will  change  by 

magnitude  ^  .  With  turn  of  the  GT  frame  angle  p  from  the  potentiometer  there  will 
dp0 

be  taken  voltage 


Fig.  8.2.  Schematic  of  a  GT  with  an  electrical 
spring. 


U, 


u 


(8.2.9) 


Substituting  here  (8.2.7), 


we  obtain 


H 

TV 


(8.2.10) 
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Thus,  voltage  taken  from  the  potentiometer  Is  proportional  to  the  angular 
velocity  o>£  of  the  vehicle,  measured  by  the  Instrument.  From  (3.2.10)  It  follows 
that  fluctuation  of  feed  voltage  U(J  leads  to  a  corresponding  change  of  output  voltage/ 
U,  and  c  nsequentiy,  to  error  In  measurement  by  the  Instrument  of  angular  velocity 

a ! . 

When  using  In  the  GT  an  electrical  spring  accuracy  of  the  GT  does  not  depend 

on  fluctuation  of  feed  voltage  Lh;  this  Is  one  of  Its  essential  advantages.  In  the 

schematic  of  a  GT  shown  in  Fig.  8.2  the  electrical  spring  consists  of  coll  C  connects 

to  frame  GT  and  permanent  magnet  M;  to  coil  C  there  Is  fed  voltage  U,  taken  from 

the  GT  potentiometer.  With  turn  of  the  Instrument  freme  coll  C  will  shift  in  the 

field  of  permanent  magnet  M;  interaction  of  this  field  with  coil  current  creates  a 

restoring  torque  M  ,  determined  by  relationship 

sp 

Afap«=  — mU,  (8.2.11) 

where  m  —  constant  proportionality  factor. 

Substituting  (8.2.3)  and  (8.2.11)  in  (8.2.6),  we  find 


i.e.,  voltage  U,  taken  from  the  potentiometer,  will  be  proportional  to  the  measured 
angular  velocity  of  the  vehicle  and  does  not  depend,  as  in  the  case  of  a  mechan¬ 
ical-spring,  on  the  feed  voltage  UQ  [see  (8.2.10)]. 

Another  merit  of  the  electrical  spring  is  that  with  it  there  disappears  the 
necessity  of  having  a  special  damper,  since  it  itself  creates  a  damping  torque. 
Furthermore,  application  of  an  electrical  sprang  permits  easy  tuning  of  the  instru¬ 
ment  by  means  of  introduction  of  an  adjusting  resistance  in  its  circuit. 

Let  us  consider  the  problem  of  quenching  natural  oscillations  of  the  GT  frame. 
Usually  for  this  we  apply  a  pneumatic  damper  (D  in  Fig.  8.1),  which  introduces  a 
damping  torque  M^,  determined  by  relationship  (2.3.33),  i.e., 

(8.2.U) 

where  b  —  damping  factor,  equal  to  the  torque,  created  by  damper,  when  ar  j;u]  ar 
velocity  6  is  1  radian/sec. 

Let  us  find  the  expression  for  coefficient  b  [17].  Velocity  of  the  piston 
with  respect  to  the  cylinder  of  the  damper  will  be  equal  to  where  l,  -  a  Fwr 
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arm  (  Fig.  8.1);  then  for  the  force  developed  by  the  damper  we  have  relationship 

i 

a Lgp,  where  a  -  specific  force  of  damping,  i.e.,  the  force  developed  with  movement 
of  the  piston  with  a  velocity  of  1  cm/sec;  consequently,  the  damping  torque  will 

O 

be  Comparing  this  expression  with  (8.2.15),  we  find  for  coefficient  b 

the  following  relationship: 

6-0/;.  (3.2.14) 

Pneumatic  dampers  applied  in  GT's  have  these  essential  deficiencies:  they 
lower  sensitivity  of  the  instrument  due  to  increase  of  frictional  resistance;  they 
hamper  balancing  of  the  mobile  part  of  the  instrument;  the  damping  factor  when  a 
GT  is  set,  for  instance,  on  an  aircraft  varies  with  change  of  altitude. 

In  GT's  there  are  also  applied  liquid  dampers,  for  instance  in  the  floating 
differentiating  gyroscope  (Par.  7). 

Let  us  consider  the  schematic  of  the  so-called  electrical  damper  (Fig.  8.3). 

On  the  GT  frame  there  is  fastened  a  copper  plate  PI,  which  during  turn  of  the  frame 

shifts  in  the  gap  between  two  cores 
of  electromagnet  EM  of  the  damper. 

In  the  plate  there  are  induced  Foucault 
currents;  Interaction  of  them  with 
the  magnetic  field  of  the  electromagnet 

creates  £  damping  torque.  With  In- 

« 

crease  of  the  velocity  p  of  rotation 
of  the  GT  frame  speed  the  rate  of 
crossing  by  the  plate  of  magnetic  lines 
of  force  and  the  current  Induced  in  it 
are  increased,  and,  consequ'  ntly, 
also  the  damping  torque. 

The  electrical  damper  has  a 
number  of  advantages:  in  it  there  is  no  dry  friction;  the  damping  factor  does  not 
change  when  the  GT  is  installed  on  an  aircraft  with  change  of  altitude,  etc.  However, 
the  electrical  damper  is  more  complicated  than  the  pneumatic  one;  sometimes  it  has 
considerable  size,  and,  therefore,  it  is  applied  less  frequently  in  IT's. 

3.  Dynamic  Characteristics  of  a  GT 
a)  Geometric  and  Kinematic  Parameters 

analysis  of  -i  GT  starts  with  composition  of  the  differential  equations  of  motion 


6+ 

o- 


Fig.  8.3.  Schematic  of  a  GT  with  electri¬ 
cal  damper. 
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and  the  corresponding  transfer  functions.  As  was  shown  in  Par.  2,  axes  (Fig. 

8.1)  are  assumed  connected  with  the  vehicle;  axes  Oxyz  are  rigidly  fastened  to  the 
instrument  frame;  in  the  initial  position  (when  fJ  ■  0)  axes  Oxyz  coincide  with 
With  turn  of  the  GT  frame  about  Orj  (Oy)  axes  Oxyz  will  occupy  position  Ox^yz;  these 
axes  in  tnis  „ase  are  Resal's  axes. 

By  analogy  with  (1.1.27),  transforaation  of  axes  0$t to  Ox^yz  we  write  in  the 
form  of  the  following  matrix  equality: 

l*i*  V*  1.  Cl,  (8.2.15) 


where  matrix  ^4,  **  JJ Jj  (jx,  v>c  1,  2,  3)  has  the  form 


In  case  of  small  0  we  have  approximately. 


(8.2.16) 


(8.2.17) 


Angular  velocity  of  axes  O^rj^,  connected  constantly  with  the  vehicle,  we  shall 
designate  by  o>;  then 


(8.2.18) 


With  the  location  in  Fig.  8.1  the  gyrotachometer  determines  component  of 
angular  velocity.  With  another  location  of  the  instrument  we  can  measure  component 
u>£  or  o)^.  Thus,  the  GT  determines  components  of  angular  velocity  of  a  vehicle  about 
the  axes  connected  with  it;  here  one  should  consider  that  o)^,  cjo^  are  expressed 
through  the  angular  velocities,  interesting  us,  of  rotation  of  the  object  by  rather 
complex  dependences.  Actually,  for  a  ship  for  axes  0£t|£  (Fig,  8.1)  one  should  take 
ship  axes  Oxyz  (Fig.  2.2);  comparing  these  figures,  we  have 


•l 


V 


(8.2.19) 


Substituting  (2.1.17)  here,  we  obtain 

•h  »  ^cosS-fipcos^sinO;  u>  =» 

•  * 
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^  —  7  sin  •{>; 


% 


.  >•- 


it.-. , 


Imumiaoji...  tfifj  .  . 


•<  ■  —  f  cos  *i  cos  0  -H  i  sin  0. 


(8.2.20) 


Thus,  with  the  location  in  Fig.  8.1,  the  gyrotachometor  will  measure  angular 
velocity  o)^,  which  characterizes  the  projection  on  axis  0£  of  angular  velocity  cp  of 
yawing  of  the  ship  and  angular  velocity  ip  of  its  trim.  If  the  roll  angles  are 
sufficiently  small. 


(8.2.21) 


i.e.,  the  considered  GT  (Fig.  8.1)  will  measure  the  angular  velocity  of  yawing  of 

the  ship.  Here,  two  other  GT's  according  to  (8.2.20),  will  determine  angular 
•  • 

velocities  ip  heaving  and  9  rolling  of  ship,  since 


(8.2.22) 


When  necessary  the  GT  can,  e.g.,  in  "pure"  form  determine  angular  velocity  cp 
of  yawing  of  a  ship,  but  for  this  it  is  necessary  to  set  it  on  a  platform  stabilized 
with  respect  to  the  horizontal. 

During  composition  of  the  differential  equations  of  motion  of  a  GT  by  Lagrange 
or  Euler  equations  it  is  necessary  to  have  expressions  of  angular  velocities.  Pro¬ 
jections  of  the  absolute  angular  velocity  of  Resal’s  axes  Ox^yz 


•»  -  • + w 


(8.2.2?) 


on  the  same  axes,  if  we  consider  (8.2.16),  are  determined  by  relationships 


—  v  In?  +  m.COS? 


(8.2.24) 


Components  on  the  same  axes  of  absolute  angular  velocity  of  the  rotor,  co  , 


•'-*  +  ?** 

(where  <p  —  angular  velocity  of  rotation  of  the  rotor)  will  be 

p  ■»  —  •l»in  ?  +  cos  ? 

—  •,  +  f 

f  =  »4cos3  +  u*,sln?  +  ? 


(8.2.25) 


(8.2.26) 
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For  composition  of  differential  equations  of  motion  of  a  GT  we  use  the  Kudrevich 
method  (§  1.6,  Par,  2).  First,  we  consider  the  case  when  the  vehicle,  e.g.,  a  ship, 
accomplishes  oscillatory  motion  about  its  center  of  gravity;  here  the  mean  value 
(mathematical  expectation)  of  angles  of  deflections  of  it  from  the  equilibrium 
position  are  equal  to  zero.  Composition  of  equations  of  motion  of  a  GT,  fixed  on 
an  aircraft,  turning  with  banking,  is  given  later. 

Let  us  construct  an  auxiliary  drawing  (Fig.  8.4).  On  axes  0£t)£  are  plotted 
components  u)^,  u>^,  of  angular  velocity  a)  of  these  axes.  Along  the  axis  Oy  of 
rotation  of  the  GT  frame  are  located  vectors  of  moments  of  forces:  M^n  —  moment 
of  forces  of  inertia  of  the  frame;  Msp  —  torque,  created  by  the  spring;  Md  —  torque 
of  damping;  —  gyroscopic  torque;  Mdls  -  disturbing  torque. 

In  accordance  with  D'Alembert's  principle  the  sum  of  these  moments  on  axis  Oy 
should  be  equal  to  zero: 

Maa  +  Af,p  +  Afa  +  M,  +  Mtf  *>  0.  (8.2.27) 


We  shall  find  expressions  for  the  moments  in  (8.2.27).  Moment  of  forces  of 

inertia  of  the  frame,  caused  by  rotation  of  the  vehicle  about  axis  Oq  with  angular 

acceleration  ^*and  turn  of  the  frame  relative  to  the  vehicle  with  angular  accelera- 
•  • 

tion  P,  is  determined  by  relationship 

Mwrnm—- (8.2.28) 


where  J  —  sum  of  equatorial  moment  of  Inertia  of  the  rotor,  frame  (housing)  of 

6*  the  gyroscope  and  mobile  parts  of  the  damper  and  spring. 


Torque,  introduced  by  the 

spring,  is  determined  by  formula 
(8.2.4) 

—  c£,  (8,2.29) 

For  the  torque  of  damping  we 
found  relationship  (8,2.13) 

Af,«  —  (8.2.30) 

Let  us  define  the  expression 
of  gyroscopic  torque;  by  analogy 
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.  >■. 


.i 


with  (1,5.34),  we  have 

Afr-#X».  (8.2.31) 

from  which  the  prcjection  of  Tt  on  axis  Oy  will  be 

(8.2.32) 

To  disturbing  torque  Mdls  belong  friction  torques  in  the  suspension  axis  of 
the  frame,  unbalance  torques,  etc.  Subsequently,  we  assume  that 

Af,-Aff+/(0.  (8.2.33) 

where  Mfr  —  friction  torque  In  the  frame  axis; 
f(t)  -  other  disturbing  torques. 

In  the  case  of  liquid  friction,  by  analogy  with  (2.3.72),  we  have 

M nJL  (8.2.34) 

With  dry  friction  in  the  frame  suspension  axis,  considering  for  simplicity 
friction  torques  to  be  symmetric  during  rotation  of  the  suspension  axis  in  various 
directions,  by  analogy  with  (2.3.84),  for  M^r  =  0  we  obtain 

Aft-—  #C,signJ.  (8.2.35) 

Substituting  (8.2.28)-(8.2.30),  (8.2.32)  and  (8.2.33)  in  (8.2.27),  we  have* 

//(«»tcos,3  —  u».*in?)  +  AfT +  /(/).  (8.2.36) 


*Let  us  note  that  the  exact  equation  of  motion  of  a  GT  can  be  obtained  by  using 
Euler's  equations  (1.4.1),  in  form 

(“4^  wn  9  +  CM 2.’)  +  +/(/). 

where  Jgx—  moment  of  inertia  of  rotor  and  frame  with  respect  to  axis  Ox^  (Fig.  8.4); 
J  —  moment  of  inertia  of  the  frame  with  respect  to  axis  Oz. 

This  equation  differs  from  (8.2,36)  by  the  presence  of  component 

(*r  m  ~  (*^p  »ln  2?  +  »4«»;  cos  , 

which  in  modulus  is  essentially  less  than  other  components;  therefore,  we  usually 
investigate  GT's  on  the  baslB  of  equation  (8.2.36). 
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J 
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In  this  equation  inertial  term  J  ({J  -  u>  )  in  principle  cannot  be  dropped, 

6  • e  '! 

since  the  GT  has  only  one  determining  coordinate  p  [90]*  and,  therefore,  with  any 
angular  momentum  of  the  gyrscope  it  is  impossible  to  use  the  shortened  equation  of 
(§  1.6,  Par.  8).  In  equation  (8,2.36)  is  inertial  moment  J  aa  aue  to  angular 
acceleration  of  object  with  respect  to  an  axis  0q.  This  moment  introduces  distortion 
in  the  GT  readings.  Usually  the  magnitude  of  the  corresponding  so-called  inertial 
error  of  the  GT  is  small}  however  we  can,  in  general,  compensate  this  error,  if  in 
the  instrument  we  establish  a  flywheel,  connected  to  the  GT  frame  by  a  gear  trans¬ 
mission.  The  mathematical  foundation  for  the  condition  of  compensation  of  inertial 
error  of  a  GT  is  given  in  the  book  of  D.  S.  Pel'por  et  al.  [17], 

In  GT  constructions  usually  applied  in  practice  the  limiting  value  of  angle  p 
of  deflection  of  the  frame  from  its  zero  position  if  limited  to  several  degrees. 
Therefore,  in  equation  (8.2.36)  it  is  fully  permissible  to  consider  cos  (3  *  1, 
sin  p  *  p  and,  consequently,  we  can  present  it  in  form 

+  (c+  Hto Jjl  =4//u>. -f/f  Mf+/(t).  (8.2.37) 


If  =  0,  ^  a  0,  =  f(t)  =  0,  when  =  const  for  a  steady  (static)  position 

•  •  • 

of  the  frame,  determined  by  angle  considering  In  (8,2.37)  P  =  P  =  0,  we  have 

relationship 


fa 


(8.2,38) 


coinciding  with  (8.2.7). 

If,  with  the  above-indicated  conditions  we  also  have  =  const,  instead  of 
(8.2.38)  in  static  conditions  we  have 


H 

— — —  v.  = 

c+N-i  • 


I 


(8.2.39) 


i.e.,  the  GT,  besides  reacting  to  angular  velocity  (for  measurement  of  which  it 
is  intended),  will  react  also  to  component  of  angular  velocity  of  the  vehicle 
along  axis  0£,  which  distorts  readings  of  the  instrument.  To  decrease  the  influence 
of  the  coefficient  c  of  spring  force  of  the  spring  we  select  usually  sufficiently 

U 

large,  so  that  for  all  possible  values  of  —  «  1.0.  Of  the  possibility  of  total 

compensation  of  this  GT  error  we  shall  say  more  later  (Par.  7). 

Let  us  transform  equation  (8.2.37],  considering  ~  0: 

J,  Ji  +  $  +  C$  =  Hm.  +  +  /(<)•  (8.2.40) 
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or 


(8.2.41) 


We  designate 


*1  • 


(8.2.42) 


from  which  we  obtain  the  formula  for  the  frequency  n  of  natural  sustained  oscillations 


of  the  QT: 


Then  for  the  period  of  these  oscillations  of  the  QT  we  have 


(8.2.43) 


(8.2.44) 


Let  us  transform  ratio  -» —  as  follows: 

Jg.e 


7*--7 i-.Yjzi—r*. 

,/ JL 

V 


(8.2.43) 


whe  re 


• 


(8.2.46) 


As  shown  in  §  4.3,  Par.  2,  quantity  C  constitutes  the  relative  damping  factor. 


We  introduce  designations 


I,.  JL.  .  ..JL 

**  j  •  to  j 
*M  V.l 


(8.2.47) 


Considering  (8.2.42),  (8.2.45)  and  (8,2.47),  we  rewrite  equation  (8.2.41)  in 


the  form 


P  +  +  n9}  +  j,  [Aft  +  /(/)]. 


(8.2.48) 


If  in  (8.2.48)  we  set  o>  =  0,  Mfr  -  f(t)  *  0,  then  we  obtain  an  equation, 
analogous  to  the  equation  (4.3.19)  of  oscillations  of  a  physical  pendulum. 

Let  us  present  (8.2.48)  in  another  form;  for  this,  by  analogy  with  (4.3.23),  we 
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introduce  time  constant  T  of  the  gyrotachometer. 


r-T- 


We  divide  (8.2.48)  by  n2  and  designate 


1-4- 


H  l 


r. » 

c 


_L  .  L±±. 

»*  ^r,  •  « 


H_ 

e 

c 


(8.2.49) 


(8.2.50) 


Considering  (8.2.49)  and  (8.2.50),  we  rewrite  equation  (8.2.48)  in  form 

Ti  +  2C7f  +  ?  -  A";  +  +  p  [  Aft + /(/)],  (8.2.51) 

analogous  under  the  assumptions  shown  earlier  to  the  equation  (4.3.25)  of  motion  of 
a  physical  pendulum. 

When  composing  differential  equations  of  motion  of  a  GT  by  the  Kudrevich  method 
we  assumed  that  in  the  instrument  there  is  used  an  astatic  rate  gyroscope.  In 
connection  with  this  we  note  that  during  composition  of  equations  of  the  GT  it  is 
possible  conditionally  to  consider  it  a  gyroscope  with  three  degrees  of  freedom, 
taking  as  the  outer  gimbal  ring  the  housing  of  the  instrument,  rigidly  Joined  with 
the  vehicle.  In  this  case  it  is  possible  to  use  equations  (1.4.2)  of  motion  of  a 
free  gyroscope.  Being  interested  in  motion  of  the  frame  about  axis  Oy,  one  should 
turn  to  the  second  of  the  shown  equations;  we  replace  in  it  J  by  J  and  reject 
small  component  Jepr^,  caused  by  centripetal  acceleration;  then  we  have 

=  Mr  (8.2.52) 


Considering  (8.2.24)  and  (8.2.26),  we  obtain 

— •%) — ■ (-Wi*in?  +  *;C05?)«  Mr  (8.2.55) 

For  moment  M  _  we  have 
amp 

Mg—M, i**f  Af*  +  Af,.  (8.2.54) 

Substituting  for  MBp,  Md,  Md^s  their  expressions  (8,2.29),  (8.2.50)*  (8.2.55) 
and  the  resulting  relationship  in  (8.2.55)*  we  arrive  at  equation  (8.2.36)  found 
earlier. 
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Finally,  we  compose  the  equation  of  motion  of  a  GT  for  the  case  when  It  1b  fixed 
on  an  aircraft,  accomplishing  a  regular  turn  with  constant  angle  of  transverse  bank 
7.  Here,  as  It  is  known,  angle  7  is  connected  with  the  angular  velocity  of  turn 


^tum  6111(1  with  the  radius  of  turn  rturn  by  the  following  relationship: 


(8.2.55) 


We  assume  that  axes  0$r)£  (Fig.  8.5)  are  rigidly  Joined  with  the  aircraft,  and 
Oij  coincides  with  its  longitudinal  axis,  and  Og  is  directed  along  the  right  wing; 
the  initial  position  of  these  axes  when  7  •  0  we  designate  by  0(qT}q£q.  Together 
with  the  aircraft  the  GT  will  also  bank,  and  it  will  no  longer  measure  the  angular 


velocity  of  turning  u>turn,  but  ltB  projection 
on  the  normal  axis  OC  of  the  aircraft.  Actually, 
the  angular  velocity  of  turning  ^turn  gives 
on  axes  0£  and  0£  the  components 

«•  —  «*asfn;;  »»».-•,  cos  7,  (8.2.56) 

Substituting  (8.2.56)  in  (8.2.52),  we 
obtain  the  following  expression  for  gyroscopic 
torque : 

Mrfm  Hmu  (cos? cos 7  -j-  sin  ?sin 7)  -  cos (?  —  7). 

(8,2.57) 

If  p  is  small  as  compared  to  7,  we  have. 


approximately 


M,t  -  #•,  cos  7, 


(8.2.58) 


which  confirms  what  we  indicated  above. 

Let  us  compose  for  the  considered  case  the  equation  of  motion  of  the  GT,  For 
this  it  suffices  to  introduce  (8.2,56)  in  equation  (8.2.56);  for  simplicity  in  the 
latter  we  take  Mfr  *  f(t)  -  0;  considering  also  that  when  7  ■  const,  -  0,  instead 
of  (8.2.56)  we  obtain 

+  ff?-0m#cos(?  — 7).  (8.2.59) 

For  the  position  of ^static  equilibrium  we  have 

Pct“  ~  COI  (?cr  l) 
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(8.2.60) 


«u*  c.i*  V., -*i»  •»  •»  .*•» 


or  for  a  small  value  of  p ^  t 


Pet*  'T*  ••(C0*T  +  Pc»sInT)* 

from  which 

•  I  H 

P,f  - ti - 5*  (8.2.61) 

I — -  •.•Inj 

H 

Usually  coefficient  c  Is  selected  sufficiently  large  so  that  component  ■§a)turn 
sin  7  can  be  disregarded  as  compared  to  unity;  then,  approximately,  we  have 

P«T-*7-«,COSft.  (8.2.62) 


i.e.,  the  GT,  instead  of  angular  velocity  of  turn  catu  ,  will  fix  its  component  on 
the  measuring  axis  0£  (Pig.  8.5)  of  the  instrument.  Here,  if  ii  e  angle  of  roll  7 
of  the  aircraft  is  determined  by  a  GV,  then  from  the  reading  on  the  GT,  characterized 
by  formula  (8.2.62),  it  is  possible  to  separate  the  value  “turn  interesting  us, 
using,  for  instance,  the  corresponding  computer, 
c)  Transfer  Functions  and  Frequency- Response  Curves  of  a  GT. 

Let  us  determine  transfer  function  W(s)  of  a  GT  with  reBpect  to  the  useful  input 
signal.  For  this  in  equation  (8.2.48)  we  put  disturbances  «*  0,  Mfr  =  f(t)  =  0; 
then 

P  +  JCnP  +  n*? (8.2.6?) 


We  designate  by  a  the  angle  of  rotation  of  the  vehicle  about  axis  0£  (Fig.  8.1); 
then  angular  velocity  is 


•c-«. 


(8.2.64) 


Considering  (8.2.64),  we  rewrite  (8.2.6?)  in  form 

|  + JCl*P  +  n1^  ■■  kxa. 

Let  us  prssent  In  operational  form 


(8.2.65) 


(pa  +  £/tp  +  «*)?  —  (8.2.66) 

Applying  to  (8.2,66)  the  Laplace  transform,  we  obtain  the  following  expression 
for  transfer  function  GT: 

(8.2.67) 


t 


r  (s)  - ^ — 

W  a(«)  *+2:«*  +  ii» 
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We  can  present  this  formula  In  different  form,  if  we  divide  Its  numerator  and 

p 

denominator  by  n  and  consider  relationships  (8.2.49)  and  (8.2.50);  then  we  obtain 


h 

TV+r.r*+ T 


(8.2.68) 


From  (8.2.67)  and  (8.2.68)  it  follows  that  the  QT  with  respect  to  the  angle 
of  rotation  of  the  vehicle  about  the  measuring  axj.s  can  be  considered  an  oscillating 
differentiator  [114],  since  to  the  instrument  input  there  proceeds  the  derivative 
of  the  angle  of  rotation  of  the  vehicle.  In  (8.2.68)  T  —  time  constant  of  the  GT, 
and  k  —  its  transmission  factor.  If  T  is  very  small,  instead  of  (8.2.68),  we  obtain, 
approximately, 

r(s)-*J.  (8.2.69) 


i.e.,  the  "ideal"  GT  is  a  differentiator. 

For  determination  of  the  transfer  function  of  a  GT  another 
in  which  as  the  input  signal  we  take  the  angular  velocity  cn  C  of 
according  to  (8.2.63),  transfer  function  of  the  GT  with  respect 
be  determined  by  relationship 


approach  is  possible, 
the  vehicle.  Then, 
to  influence  will 


*0 


i*0)  D  ». 

••;(*)  *  +  +  n* 


or,  considering  (8.2.49)  and  (8.2.50), 


r(0 


k 

7V  +  2;n  + 1  ’ 


(8.2.70) 


(8.2.71) 


Comparing  (8.2.70)  and  (8.2.71)  in  accordance  with  (4.3,21)  and  (4.3.26),  we 
see  that  the  transfer  function  of  the  GT  has  the  same  form  as  the  transfer  function 
of  a  physical  pendulum,  i.e.,  the  GT  with  respect  to  angular  velocity  measured  by  it 
can  be  considered  an  oscillating  unit.  Such  an  approach  to  the  study  of  the  dynamics 
of  a  GT  is  the  most  expedient,  since  here  there  is  the  possibility  of  using  results 
obtained  during  the  study  of  a  physical  pendulum  (Chapter  4). 

Example  8.1,  Determine  the  frequency  n  of  natural  undamped  oscillations  GT, 
the  period  of  these  oscillations  T  time  constant  T,  transmission  coefficient  k, 
steady-state  (static)  value  of  the  angle  of  displacement  of  the  Instrument 

frame  for  the  following  initial  data:  angular  momentum  of  the  gyroscope  H  -  2093 
g-cm-sec  (example  3.2),  equatorial  moment  of  Inertia  of  gyroscope  together  with 
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frame  J  =  1,01  g-cm-sec2,  stiffness  coefficient  of  the  spring  c  =  1200  g-cm/rnd, 
8  •  ® 

constant  value  of  measured  angular  velocity  =  2  deg/sec. 

Solution :  1.  By  formula  (8.2 .43)  we  f in  1  frequency  n  of  natural  oscillations 

of  the  GT: 


» 


=  34,4?  1/sec . 


2.  According  to  (8.2.44)  we  calculate  period  T  .  of  oscillations 


of  the  GT: 


2k  2-3,14  „  ,art, 

T.  .  =  ■—  = - ! —  =  0,1823  sec  . 

r’  "  34,47 


3.  Using  (8.2.49)i  we  determine  time  constant  T 


T  =  —  =  — ? —  =  0,02901  sec. 

"  34,47 


4.  By  formula  (8.2.50)  we  find  transmission  factor  k; 


.  H  2093  .  ... 

*  =  —  «» - =*  1,744  sec. 

1200 


5.  According  to  (8.2.38),  we  calculate  the  magnitude  Pstat_  of  stntl' 
deflection  of  the  GT  frame: 


=  1,744-2  =  3.4  88°. 


To  determine  the  gain-phase  response  W(Jx)  in  (8.2.71)  we  replace  s  by  th  n 


r(/«) 


1  -  r*«*  +  2  ;r/« 

If  for  W(s)  we  use  formula  (8.2.70),  then  for  W(Joj)  will  also  have 


^3.2.72) 


ro*«») 


«*  —  +  2;n/» 


(8.2.73) 


Let  us  define  amplitude  A(a>),  phase  9 (so),  real  P(uj)  and  imaginary  Q(o>)  frequency 
response  curves  of  the  GT. 

By  the  same  method  as  for  a  physical  pendulum  (§  4.3,  Par.  3),  we  obtain  formula 
(4.3.34)  and  (4.3.35;: 
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.  V 


*(•)- 


|^(i  —  4;*r*-* 


;  ?(•)-—  »rctg 


*T*  . 

i-rV  ’ 


PM-  JV-jW  .  Q  . _ 

0 - TV)*  +  4;*rV *  #  (i - rV)*  +  <:W 


(8.2.74) 


(8.2.75) 


The  gain-phase  response  W(jco)  of  the  (JT,  i.e.,  the  curve,  described  by  end  of 
vector  W(Ja>)  on  the  complex  plane  during  change  of  cd  from  0  to  co,  has  thi  same 
form  as  for  a  physical  pendulum  (Fig.  4.14).  From  the  graph  it  follows  that  during 
action  on  the  GT  of  angular  velocity  ^(t),  varying  by  periodic  law,  steady-state 
oscillation  of  the  GT  will  also  be  periodic  oscillations  of  the  same  frequency  as 
co^(t).  Modulus  W(Jcu)  reaches  a  maximum  at  a  certain  frequency  a>  <  n,  where  n  is  the 
frequency  of  natural  oscillations  of  the  GT. 

Knowing  the  gain-phase  response  W(Jo>)  of  the  GT,  by  formula  (2.3.105)  we  can 
find  the  (weighting)  unit  impulse  function  of  the  GT 

(8.2.76) 

which  characterizes  the  transient  response  during  application  to  the  GT  of  a  unit 
impulse  function,  or  delta- function  6(t  —  1q). 

During  investigation  of  errors  of  a  GT  in  dynamics  it  is  also  necessary  to  know 
the  transfer  function  of  the  GT  with  respect  to  disturbances.  To  determine  this 
transfer  function,  which  we  shall  subsequently  designate  by  Y(s),  we  use  equation 
(8.2.51)  of  the  GT,  considering  f(t)  ■  Oj  then 

Fl  +  TJi  4"  P  -  *«•;  +  +  ?MT.  (8.2.77) 

For  axes  0£t)C  (Fig.  8.4)  we  take  ship  axes  Oxyz  (Fig.  2.2):  the  axis  of 
sensitivity  of  the  GT  coincides  with  axis  0£,  and  in  this  case  the  GT  is  designed 
for  measurement  of  angular  velocity  q>  of  yawing  of  the  ship;  indeed,  according  to 

(8.2.21) ,  ’jjm  m  -cp(t).  Then  the  disturbing  angular  acceleration  a  ,  considering 

•  » 

(8.2.22) ,  we  find  equal  to  angular  acceleration  6  of  rolling  of  the  ship,  i.e., 

•  •• 

a>  =  2.  Let  us  assume  that  in  the  axis  of  suspension  of  the  frame  there  is  liquid 
friction,  determined  by  formula  (8.2.34), 

Aff— -  n,J.  (8.2.78) 
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Considering  what  has  been  said  and  formula  (8.2.78),  we  rewrite  (8.2.77)  in 
the  following  manner: 

r*>+  zt$ + 9  -  *»c+ rt'-ffl,?.  (8.2.79) 


Designating 


(8.2.80) 


we  have 

1*f  +  T.J  $  +  ?  «  k».  +  T'i.  (8.2.81) 

2" 

Presence  in  the  right  part  of  this  equation  of  disturbance  T  6  causes  error  e 
of  the  GT  reading.  Since  ax^(t)  is  the  useful  signal,  then  for  error  e  we  obtain 
the  following  differential  equation: 

f**  +  KjTt  +  •  ■»  T*# .  (8.2.82) 

We  rewrite  it  in  operational  form: 

(r  V + 2c  xtp  + 1 ) . ~  r  Vo .  (8.2.83) 

Applying  the  Laplace  transform  to  (8.2.83),  we  obtain  the  expression  for  the 
transfer  function  Y(s)  of  a  GT  with  respect  to  disturbance  from  rolling 

- T!*l - .  (8.2.84) 

•W  rV + 2:j>  + 1 

4.  Transient  Responses  of  a  GT 
a)  Behavior  of  QT  in  a  transient  response. 

One  of  the  important  stages  of  analysis  of  a  GT  is  determination  of  its 
behavior  in  a  transient  response,  and  also  investigation  of  its  errors  in  steady 
state,  l.e.,  analysis  of  its  static  accuracy.  Behavior  of  GT  in  transient  response 
with  some  typical  disturbance,  for  which  we  usually  take  a  unit  step  input  (§  2.3, 

Par.  Jd),  is  best  characterized  by  the  so-called  performance  indices.  Since  motion 
of  the  GT  is  described  by  a  differential  second  order  equation  (8.2.51),  analogous 
to  the  equation  (4.3*25)  of  motion  of  a  physical  pendulum,  the  performance  indices 
of  the  GT  are  determined  Just  as  performance  indices  of  the  physical  pendulum  (§  4.4). 
Therefore,  we  note  only  specific  peculiarities  for  a  GT. 
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The  first  question  which  arises  here  concerns  stability  of  the  QT.  The  sta¬ 
bility  of  a  GT,  which  can  be  considered  an  oscillating  circuit  [Par.  3  and  (8.2.71)], 
is  most  simply  Judged  by  its  gain-phase  response  W(Ju)),  determined  by  formula 
(8.2.72).  The  hodograph  of  W(Jo>)  has  a  form,  analogous  to  that  shown  in  Fig.  4.14, 
from  which  it  follows  that  the  QT  is  stable  for  any  positive  coefficients  of  the 
corresponding  characteristic  equation.  More  complicated  is  the  question  of  sta¬ 
bility  of  the  GT  in  the  presence  of  angular  velocity  of  the  vehicle  with  respect 
to  axis  0$,  not  coinciding  with  the  measuring  axis  0£  (Fig.  8.4)  of  the  instrument, 
when  its  motion  is  described  by  differential  equation  (8.2.37).  Here  in  general, 
there  can  occur  parametric  resonance,  as  also  for  a  physical  pendulum  (§  4.6,  Par. 
12c). 

Subsequently  we  shall  be  interested  in  change  of  the  angle  p  of  rotation  of 
the  frame  of  the  GT  in  a  transient  response,  caused  by  a  typical  disturbance  in  the 
form  of  abrupt  change  of  the  input  value  by  one  and  with  zero  initial  conditions, 
i.e.,  during  a  unit  step  input  [1]  [see  (2.3.107)].  Function  Ph(t),  which  determines 
change  of  p  at  the  GT  output  under  the  shown  conditions,  is  the  unit  step  response 
and  is  expressed  by  general  relationship  (2.3.108). 

Let  us  use  equation  (8.2.51)  of  motion  of  the  GT  frame,  which,  in  the  absence 
of  disturbances  »  0,  Mfr  -  f(t)  -  0,  will  be  written  in  form 

(8.2.85) 

In  the  considered  case,  when  motion  of  the  GT  is  described  by  a  differential 
second  order  equation,  the  transient,  i.e,,  transient  function  of  the  GT,  and  its 
performance  indices  can  be  determined  analytically.  Having  the  goal  of  finding  the 
unit  step  response  Ph(t)  of  the  GT  at  application  to  it  of  a  unit  step  input  a^(t)  « 

=  [1]  with  zero  initial  conditions,  we  rewrite  (8,2.85)  in  form 

T>}  +  K7?  +  ?«A[||'  (8.2.86) 

The  particular  solution  of  this  equation  will  be 

II -*111;  (8.2.87) 

it  characterizes  readings  of  the  GT  in  a  steady-state  conditions,  i.e.,  static 
deflection  p(co)  of  the  GT  frame;  consequently  [see  (8.2.50)], 

P(coj- *[||- -fdl.  (8.2.88) 
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Then,  we  find  the  general  solution  of  homogeneous  equation 


(8.2.89) 


for  zero  Initial  conditions.  We  have  the  corresponding  characteristic  equation 

rv+r.n+t-o,  (8.2.90) 

roots  of  which  will  be 

V.— - f  (C±K<*“*)-  (8.2.91) 

Parameters  of  the  GT  are  selected  in  such  a  way  that 

P  — I  <  0;  (8.2.92) 


then  roots  X^  and  will  be  complex: 

*>— ■*  +  /«*: 

whe  re 


(8.2.93) 


(8.2.94) 


v  —  coefficient,  characterizing  the  rate  of  damping  of  oscillations  of  the  GT 
nd  —  frequency  of  natural  damped  oscillations  of  the  GT. 

Considering  (8.2.49),  we  rewrite  (8.2.94)  in  form 

-  n  y  1  -  C1 ;  (8.2.95) 


when  C,  «  0, 


» ■» 0  and  itAaf|. 


The  general  solution  of  homogeneous  equation  (8.2.90)  will  be 


(■ 


C|CM 


VT=? 

r 


t  +  Cjjin 


(8.2.96) 


where  constants  and  C2  are  determined  by  the  initial  conditions. 

Then,  considering  (8.2.87)  and  (8.2.96),  we  obtain  the  solution  of  equation 
(8,2,86),  i.e.,  unit  step  response  £^(t)  with  unit  step  input,  considering  initial 


133 


condit  ons  zero  [when  t  -  0,  p^(0)  ■  0,  p^(0)  ■  0]»  In  form 


-It 


(8.2.9, ) 


Example  8.2.  Calculate  and  construct  unit  step  response  Ph(t)  of  a  GT  for 
parameters  of  the  instrument,  given  in  example  8.1;  relative  damping  factor  of 
|  oscillations  of  the  GT  frame  £  =  0.5. 

Solution.  By  formula  (8.2.97)  for  different  values  of  time  t  we  determine  angles 
of  deflection  of  the  GT  frame,  and  then  construct  the  graph  of  unit  Btep  response 
Ph(t),  shown  in  Fig.  8.6. 


* 

Fig.  8.6.  Transient  response  of  a  GT  for  a  unit  step  Input. 
Performance  Indices. 

b)  Definition  of  Performance  Indices  of  a  GT, 

Having  the  graph  Ph(t)  of  the  unit  step  response,  it  Is  easy  to  determine  the 
so-called  performance  Indices  of  the  considered  dynamic  system,  characterizing  be¬ 
havior  of  the  GT  in  the  transient  response. 

Among  performance  indices,  according  to  what  was  shown  in  §  4.4,  Par.  2b,  are: 
1)  maximum  deflection  Pm  of  the  GT  frame  (Fig.  8.6)  or  magnitude  of  overshoot 
~  p  ^  100#  where  P(oo)  —  static  deflection;  2)  static  deflection  P(cd);  3)  time 

the  transient  response  (or  time  of  adjustment)  t&dj,  i.e.,  the  least  of  the  values 
for  time  (counted  from  the  moment  of  application  of  the  disturbance),  after  which 
there  occurs  inequality  |p(t)  -  P(ao)|  s  Ap,  where  Ap  —  a  given  small  constant; 
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4)  number  of  oscillations  of  deflection  p(t)  during  the  time  of  transient  response 
tadj*  Ufl  note  ^hat  with  respect  to  the  GT  quantity  t&dj  is  usually  called  the 

time  of  bringing  the  frame  of  the  instrument  to  equilibrium  position. 

Example  8.3.  Using  the  graph  of  unit  step  response  Ph(t)  (Fig.  8.6),  determine 
performance  indices,  characterizing  behavior  of  the  GT  in  a  transient  response;  take 
A^  equal  to  5#  P(cd). 

Solution.  1.  On  the  graph  in  Fig.  8.6  we  find  the  magnitude  of  the  maximum 
deflection  pm  of  the  GT  frame  from  its  equilibrium  position: 

=  2.05°. 

2.  We  find  the  magnitude  of  static  deflection  p(co): 

p(oo)  =  1.74°. 

3.  We  determine  the  magnitude  of  overshooting: 

~  P(m)  100#  .  2.05  -  1.74  100£  „  17>8#. 

P(od)  1.7^ 

4.  We  determine  the  value  of  A^ : 

Ap  -  5#  P( oo)  *  0.05*1.74  -  0.087°. 

5.  On  the  graph  we  find  the  time  of  adjustment  (setting  time): 

tadj  =  °*156  sec. 

Sometimes  the  performance  indices  include  the  so-called  rise  time  tr,  which  is 
determined  in  the  following  manner  [ 80b ] :  to  curve  ph(t)  (Fig.  8.6)  there  is  passed 
a  tangent  at  a  point  whose  ordinate  is  ^(co);  the  segment  of  the  tangent  included 
between  points  of  its  crossing  with  the  axis  of  abscissas  and  with  horizontal  line 
P(qq),  is  projected  on  the  axis  of  abscissas;  the  magnitude  of  this  projection  is 
equal  to  rise  time  tr>  For  unit  step  response  p^(t),  shown  in  Fig,  8.6,  rise  time 
comprises  tr  -  0.05  sec.  Rise  time  is  an  important  performance  index,  since  it 
characterized  the  speed  of  operation  of  the  system. 

The  above-indicated  performance  indices  were  found  directly  from  curve  ph(t) 
of  the  unit  step  response  of  the  GT.  In  the  considered  case,  when  motion  of  the 
GT  frame  is  described  by  a  differential  second  order  equation,  construction  of  curve 
p^(t)  and  detexmination  by  it  of  performance  indices  present  no  difficulty.  For  more 
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complicated  systems  in  the  theory  of  automatic  control  there  have  been  developed 
special  methods  of  determining  perfom&nce  indices  without  constructing  the  curve 
of  the  unit  step  response)  here,  we  use  the  frequency  responses  of  the  system  (see, 
for  instance,  [27,  107]),  A  number  of  useful  empirical  formulas  for  calculating 
performance  indices  by  the  form  of  the  amplitude  frequency  A(cu)  characteristic  of 
the  system  [see  (8.2.74)],  obtained  by  means  of  static  treatment  of  results  of 
investigation  of  many  linear  systems  on  an  analog  computer,  are  given  in  [80b], 
c)  Certain  Remarks, 

Formula  (8.2.97)  for  the  unit  step  response  Ph(t)  of  a  GT  is  valid  when  the 
instrument  is  influenced  by  the  angular  velocity  of  the  vehicle  in  the  form  of  a 
unit  step  function.  Sometimes,  during  presentation  of  the  theory  of  the  gyrotachcmeter 
(see,  e.g.,  [57])  they  consider  the  characteristic  of  the  transient  response  of  a 
GT  with  constant  (but  not  equal  to  unity)  value  of  angular  velocity  of  the  vehicle. 
Corresponding  formulas  can  be  obtained  from  those  given  earlier,  if  in  them  Instead 
of  unit  step  function  [1]  we  introduce  the  magnitude  of  angular  velocity  o>^  -  const. 
Then,  according  to  (8.2.88),  we  obtain  an  expression  for  static  deflection  of  the 
GT  frames 

f  V  (8.2.98) 


analogous  to  (8.2.38). 

In  the  same  manner  we  obtain  the  expression  for  the  GT  transient  response 
during  influence  on  it  of  angular  velocity  ■  const  by  multiplication  of  the  right 
side  of  (8.2.97)  by  then  considering  (8.2.98),  we  have 


MO-fn 


l—-** 


(8.2.99) 


For  the  same  parameters  £  and  T  of  the  gyrotachometer  function  P(t)  will  have 
the  same  form  as  transient  function  P^(t),  shown  in  Fig.  8.6, 

In  certain  particular  cases  it  may  be  of  interest  to  obtain  the  transient 
response  of  a  GT  for  a  more  complicated  form  of  disturbance,  for  instance,  in  the 
form  of  half  sine  wave,  triangluar,  or  square  impulses,  etc.  For  these  inputs  there 
have  been  constructed  [86]  transient  responses  of  a  system  which  is  described  by  a 
second  order  equation  (accelerometer). 

Above  we  considered  transients  responses  of  a  GT  for  a  unit  step  input  and  with 
zero  initial  conditions.  If  it  is  necessary  to  reveal  the  influence  on  the  transient 
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response  of  a  GT  of  initial  conditions,  we  find  the  solution  of  equation  (8.2.85), 

« 

given  angle  p(0)  and  angular  velocity  ^ ( 0 )  of  deflection  of  the  GT  frame  at  tne  time 
of  beginning  of  motion  (t  =  0).  The  final  expression  for  b(t)  in  this  case  is 
found  without  special  labor. 

To  construct  the  graph  of  the  unit  step  response  Ph(t)  of  the  GT  according  to 
formula  (8.2.97)  It  is  necessary  to  know  the  basic  parameters  of  the  instrument: 
transmission  factor  k,  time  constant  T  and  relative  damping  factor  £.  For  a 
manufactured  instrument  these  parameters  are  usually  known  or  can  be  easily  determined 
experimentally.  However,  during  designing  of  an  instrument  there  arises  the  very 
important  problem  of  determining  optimum  values  of  these  parameters  with  given  re¬ 
quirements  on  the  transient  response,  i.e.,  on  performance  indices  and  dynamic 
accuracy  of  the  instrument. 

Presentation  of  the  method  of  selection  of  optimum  values  of  basic  parameters 
of  a  GT,  as  of  other  types  of  GD's,  is  beyond  the  scope  of  this  book.  Therefore, 
we  shall  limit  ourselve  to  only  certain  remarks.  Problems  of  the  method  of  selection 
of  parameters  of  a  GT  are  considered  in  a  number  of  works  [57,  108,  174,  165]. 

Certain  general  considerations  about  calculation  of  basic  parameters  of  recording 
instruments  were  shown  by  A.  N.  Krylov  [67]. 

During  selection  of  parameters  of  a  GT  one  must  first  of  all  substantiate 

magnitude  T  .  of  the  period  of  its  natural  undamped  oscillations,  and  then  by  formula 
6  •  « 

(8.2.44)  determine  the  value  of  the  frequency  n  of  oscillations.  Selecting  period 
T  , ,  one  should  consider  the  indications  of  A.  N.  Krylov  [67],  who  subdivided  record- 
lng  instruments  by  their  assignment  into  three  types:  1)  Instruments  which  should 
not  respond  to  the  action  of  disturbing  forces,  such  as,  e.g.,  bank  indicators, 
seismographs,  and  so  forth;  2)  instruments,  which  are  intended  for  recording  namely 
"disturbing"  force,  such  as:  indicators,  galvanometers,  and  so  forth;  5)  Instruments, 
intended  for  recording  a  power  impulse,  as,  e.g.,  a  ballistic  galvanometer. 

The  GT  belongs  to  the  second  type  of  instrument,  since  it  Is  intended  for  fixing 
angular  velocity  oj^(L)  of  a  vehicle.  For  this  type  of  instrument  [67]:  "1 )  it  is 

necessary  first  of  all,  even  if  approximately,  to  give  to  self  an  account  of  the 
nature  of  action  of  disturbing  forces:  are  they  periodic  or  not,  if  periodic, 
what  is  the  period,  if  not  periodic,  how  do  they  grow;  2)  if  the  instrument  is 
intended  for  recording  force  and,  thus,  it  is  desirable  so  that  it,  as  it  were, 
tracked  it  statically,  the  period  of  free  oscillations  of  the  instrument  should  be 
small  as  compared  to  the  period  of  the  force  or  the  duration  of  its  build-up." 
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In  accordance  with  the  first  recommendation  of  A.  N.  Krylov  it  is  necessary 


to  Know  the  nature  of  change  of  angular  velocity  oj^(t).  In  certain  cases  ^(t)  is 
a  periodic  function;  then  we  should  know  its  period,  equal  to  the  period  of  oscil¬ 
lations  of  the  vehicle  about  axis  0 £  (Fig,  8.4),  Since  the  GT  should  fix  (measure) 
the  "external  influence,"  i.e.,  angular  velocity  of  the  vehicle  it  is  desirable 
that  the  GT  frame  tracks  statically,  i.e.,  that  the  angle  ^s-tat  defection  of 
the  frame  from  its  zero  position  be  proportional  to  angular  velocity  cu^(t)  [see 
(8.2.98)].  For  this,  in  accordance  with  the  second  of  the  shown  recommendations, 

period  T  ,  of  natural  oscillations  of  the  GT  frame  should  be  small  as  compared  to 
S  •  t 

the  period  of  oscillations  of  the  vehicle  about  axis  0£,  or,  which  is  the  same, 
frequency  n  of  natural  oscillations  of  the  frame  should  be  great  as  compared  to  the 
frequency  of  oscillations  of  the  vehicle.  Usually  in  a  GT  frequency  n  is  selected 
5-10  times  larger  than  the  frequency  of  vehicle  oscillations. 

However,  in  practice,  u^(t)  most  frequently  is  not  an  assigned  periodic  i unction, 
but  a  random  function  of  time.  Therefore,  it  is  necessary  to  know  the  nature  of 
the  curve  of  spectral  density  of  random  function  ^(t)  and  to  take  it  into  account 
during  selection  of  the  frequency  n  of  natural  oscillations  of  the  GT. 

Thus,  from  the  above-indicated  considerations  we  select  the  frequency  n  of 
natural  oscillations  of  the  GT,  and  consequently  also  its  time  constant  T  »  1/n. 
Further,  according  to  (8.2.45),  knowing  for  the  selected  type  of  gyroscope  moment 
of  Inertia  J  ,  one  can  determine  the  required  value  of  the  coefficient  c  of  spring 

o  •  e 

force  of  the  spring. 

Depending  upon  the  required  reading  scale  of  the  instrument,  considering 

formula  (8.2.38)  and  given,  for  Instance,  maximum  value  of  the  measured  angular 

^m 

velocity  and  the  accompanying  maximum  deflection  P8tat  of  the  GT  frame,  we  find 

m 

the  angular  mementum  H  of  the  gyroscope.  For  the  selected  type  of  gyroscope  and 
known  value  of  the  axial  moment  of  inertia  J  for  it  we  determine  the  necessary 

ti 

angular  velocity  of  spin  of  the  gyrorotor  ft  ■  j.  The  transmission  factor  k  of  the 
GT  is  determined  by  formula  (8.2.50),  i.e.,  k  •  ^ . 

We  shall  give  certain  considerations  in  the  matter  of  selection  of  the  optimum 
value  of  damping  factor  £.  The  question  of  selecting  the  optimum  value  of  (  of  an 
oscillatory  systems  of  GT  type,  described  by  a  differential  second  order  equation, 
is  considered  in  detail  in  the  literature  [57,  108,  174],  In  a  number  of  works  [5 (, 
108j  there  is  developed  a  method  of  selecting  the  optimum  value  of  £,  which  originates 
from  a  certain  permissible  error  (Fig.  8.6)  of  instrument  readings  and  a  minimum 
value  of  the  time  of  setting  the  GT  frame  In  equilibrium  position;  also  taken  into 
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account  [ 108 ]  is  instrument  error  in  dynamics. 

For  selection  of  £  in  the  first  approximation  it  is  possible  to  originate  from 
the  following  considerations.  From  the  point  of  view  of  decreasing  the  time  of 
transient  response  (time  of  setting)  parameter  £  should  increase,  but  this  leads 
to  growth  of  dynamic  errors  of  the  GT.  By  analogy  with  what  was  presented  in 
§  4.3,  Par.  2,  the  damping  [see  (8.2.46)]  which  ensures  the  fastest  asymptotic 
approximation  of  the  GT  frame  to  equilibrium  position,  is  called  critical;  to  it 
there  corresponds  a  critical  value  of  the  attenuation  factor 

(9.2.100) 

at  which  the  GT  loses  its  oscillation  properties,  i.e.,  motion  of  the  GT  frame 
to  the  position  of  equilibrium  will  be  aperiodic.  As  optimum  value  of  the  atten¬ 
uation  factor  we  usually  take  [174] 

*-0,707*M«1.4U|/ jr  %c  .  (8.2.101) 

Substituting  (8.2.101)  in  (8.2.46),  for  the  optimum  value  £  ^  we  obtain 

^.r«=  0,707.  (8.2.102) 

Above  we  spoke  of  the  influence  of  £  on  the  transient  function  [see  (8.2.97)] 
of  a  GT.  The  question  of  the  influence  of  £  on  error  of  a  GT  in  dynamics  is  con¬ 
sidered  in  Par.  6. 

During  the  analysis  of  the  transient  of  a  GT  we  did  not  consider  friction  in 
axis  of  rotation  of  the  instrument  frame.  Since  time  of  setting  the  frame  in 
equilibrium  position  (time  of  the  transient  response)  usually  is  small  in  comparison 
with  the  period  of  oscillations  of  the  vehicle,  with  accuracy  sufficient  for  practical 
purposes  it  is  possible  to  disregard  the  influence  of  friction  in  transient  conditions, 
and  consider  only  its  influence  on  the  magnitude  of  static  deflection  of  the  GT  frame, 
i.e.,  find  the  magnitude  of  distortion  in  the  steady-state  value  of  instrument  read¬ 
ings;  this  distortion  characterizes,  corresponding,  instrument  error  of  the  GT. 

5.  Instrument  Error  of  a  GT 

One  of  oaslc  requirements  presented  to  a  GT,  as  to  other  types  of  GD,  is  to 
provide  required  accuracy  of  readings. 

Let  us  stop  to  determine  Instrument  errors  of  a  GT  (§  2.4,  Par.  2).  In  a  GT 
there  is  used  an  astatic  gyroscope,  analogous  to  that  applied  in  the  DG  and  GV. 


139 


Instrument  errors  of  the  astatic  gyroscope  utilized  in  a  DG  were  investigated  in 
detail  In  §  5.5  and  5-7»  therefore,  here,  in  examining  instrument  errors  of  GT  we 
shall  limit  ourselves  to  a  few  remarks. 

Among  instrument  errors  of  GT  is  is  possible  to  list: 

1)  error  caused  by  friction  torques,  on  the  axis  of  suspension  of  the  frame  of 
the  instrument; 

2)  errors  caused  by  variations  of  parameters  of  the  GT; 

3)  errors  caused  by  static  and  dynamic  unbalance  of  the  gyro  unit; 

4)  errors  of  reading  pickoff  of  the  GT,  errors  from  imperfection  of  current 
leads,  etc. 

Let  us  consider  errors  caused  by  friction  torques  on  the  axis  of  suspension 
of  the  frame.  This  torque  includes:  the  friction  torque  in  the  axis  of  the  frame; 
dry  friction  torque  in  the  damper  on  the  axis  of  the  frame;  friction  torques  in  the 
readout  pickoff  of  the  GT  (for  instance,  potentiometer)  and  in  places  of  connection 
of  springs  brought  to  the  same  axis.  Friction  torques  cause  distortion  of  readings 
of  the  instrument  due  to  appearance  of  a  region  of  stagnation,  damping  of  natural 
oscillations  of  the  GT  ever,,  in  the  case  of  absence  or  off-position  of  the  damper, 
errors  in  dynamics. 

Let  us  find  the  influence  of  friction  on  static  error  of  the  GT.  The  problem 
of  accounting  for  friction  during  calculations  of  errors  of  a  GT  in  dynamics  is 
expounded  in  Par.  6. 

To  determine  the  region  of  stagnation  of  a  GT  due  to  friction  we  use  equation 
(8.2.31),  which  when  =  0,  cu  *  0,  f(t)  ■  0  will  have  form 

1*1+ +  P  -“pM,.  (8.2.103) 

Ta  lng  into  recount  (8.2.35)  and  (8.2.50),  we  have 

+  (8.2.104) 

from  which,  by  one  of  the  methods  of  the  nonlinear  theory  of  oscillations,  one  can 
determine  transient  b(t)  taking  into  account  dry  friction  in  the  axis  of  suspension 
of  the  GT  frame.  According  to  (2.3.75),  we  rewrite  (8.2,104)  in  the  form 

(8.2.105) 

from  which  static  error  of  the  GT  due  to  friction  will  be 
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(8.2.106) 


fr  i 

Quantity  £stat  determines  the  region  of  stagnation  of  the  GT  due  to  friction; 

fr 

Inside  this  region  the  instrument  will  not  give  readings;  consequently,  e8^a^ 

characterizes  the  threshold  sensitivity  of  the  GT  to  angular  velocity  of  the  vehicle,* 

expressed  In  the  angle  of  turn  of  the  GT  frame. 

The  minimum  angular  velocity  o>.  measured  by  the  GT  is  determined  by  the 

Snin 

magnitude  of  the  least  gyroscopic  torque  M  =  Hid.  [see  (8.2.3)],  which  overcomes 

8  Snin 

friction  in  the  axis  of  the  frame,  i.e.,  cu.  is  found  from  condition 

Snin 

>|AJf|  (8.2.107) 

or 


The  value  of  ou.  determines  the  threshold  of  sensitivity  of  the  instrument 
Snin 

to  angular  velocity  of  the  vehicle.  To  increase  the  sensitivity  of  a  GT,  i.e., 

decrease  the  value  of  ao-  ,  one  should  decrease  the  magnitude  of  friction  torque 

Snin 

and  increase  angular  momentum  H  of  the  gyroscope. 

Example  8.4,  Determine  the  region  of  stagnation  of  a  GT  due  to  friction, 

and  also  the  minimum  angular  velocity  cu-  at  which  the  GT  reacts;  parameters  of 

Sain 

the  GT  are  shown  in  example  8.1;  magnitude  of  friction  torque  on  the  axis  of 
rotation  of  the  GT  frame,  is  taken  equal  to  |Mf  |  «  K*  3  g-cm. 

A  A  Jr 

Solution.  1.  By  formula  (8.2.106)  we  determine  the  magnitude  of  the  dead 
zone  of  the  GT  frame  due  to  frictions 


iL»  T  *■  — - —  ■§  f  0,0025  rad  ■»  ?  8 . 6 : 

"  *  1200 


2.  According  to  (8.2.107)  we  calculate  the  least  angular  velocity 

a).  ,  to  which  the  GT  reacts: 

Snin 


H,  >5l  »-JL  a.  1,433. 10"4  1/se.ci. 0,0621  deg/sec. 
H  29K 


♦Besides  what  is  shown,  the  threshold  of  sensitivity  of  a  GT  is  determined  by 
the  threshold  of  sensitivity  of  the  signal  pickoff. 
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From  example  8.4  it  follows  that  the  considered  GT,  of  course,  cannot  sense 
the  angular  velocity  of  sidereal  rotation  of  the  earth  U  *  7,29*  10”-3  i/sec. 

Another  form  of  instrument  errors  cf  a  GT  is  caused  by  variations  of  parameters 
of  the  instrument.  Considering  (8.2.5)*  we  rewrite  (8.2.7)  in  the  form 

(8.2.108) 

V? 


where  —  coefficient  of  linear  spring  force  of  the  spring; 

—  arm  of  a  lever  (Fig.  8.1). 

Changes  of  H,  c^,  relative  to  their  design  values  will  cause  change  of 
angle  p,  i.e.,  error  of  instrument  readings.  Let  us  designate  true  (design)  values 
of  H,  c^,  l ^  by  Hq,  c10,  l to  them  there  corresponds  angle  pQ  of  rotation  of  the 

GT  frame,  equal  to 

(8.2.109) 

Wo  assume  that  in  a  manufactured  instrument  the  shown  parameters  differ  from 
their  design  values  by  6H,  6c1(  bl  ^  and  are,  correspondingly, 

//•*//, +2//;  QwCM-ffci;  (8.2.110) 

here  angle  p  will  differ  from  the  design  value  of  p  by 

.■.q-P-k  (8.2.111) 

which  represents  error  of  the  GT  from  change  of  the  shown  parameters  of  the  in¬ 
strument  . 

Usually  changes  of  these  parameters,  in  this  case  5H,  6c^,  &z^,  are  small  as 
compared  to  their  design  values  Hq,  c^Q,  l^Q.  To  determine  e^ar  =  6p  we  expand  the 
expression  ; dr  p  in  a  Taylor  series  in  the  vicinity  of  design  values  Hq,  c^q, 
we  reject  small  components,  starting  from  the  second  order  of  smallness,  and  we 
replace  differentials  by  finite  increments,  for  which  we  take  5H,  bc^,  61^.  Then, 
in  accordance  with  (8.2.108),  we  have 

+  (8.2.112) 

#“*  if»i 

For  partial  derivatives  we  have 
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(8.2.113) 


Ml _ 

*»•  t„4 


<v» 


Substituting  (8.2.113)  In  (8.2.112),  we  find 


etA 


(8.2.114) 


Thus,  to  determine  e^ar  it  is  necessary  to  know  changes  6H,  6c1,  61  ^  of 
parameters  of  the  GT,  which  one  should  establish  by  experiment  proceeding  from  man¬ 
ufacturing  tolerances  of  the  instrument. 

The  other  forms  of  instrument  errors  of  a  GT,  e.g.,  due  to  static  and  dynamic 
unbalances  of  the  gyro  unit,  etc.,  can  be  determined  by  methods  applied  during 
calculation  of  corresponding  instrument  errors  of  a  free  astatic  gyroscope  (§  5.5). 


6.  Dynamic  Errors  of  a  GT 

a)  Characteristic  of  Dynamic  Errors  of  a  GT. 

Most  fully  characterizing  errors  of  a  GT  are  their  dynamic  errors,  arising  in 
real  conditions  of  use  of  the  instrument  during  continuous  change  of  the  measured 
parameter  (angular  velocity  of  the  vehicle)  and  with  variable  external  disturbances. 
Among  dynamic  errors  of  a  GT  are: 

1)  dynamic  errors  apoearing  during  change  of  angular  velocity  of  the  vehicle 
by  harmonic  law] 

2)  random  dynamic  errors  appearing  during  change  of  angular  velocity  of  the 
vehicle  by  random  law; 

3)  error  from  friction  in  the  spin  axis  of  the  Instrument  frame; 

4)  errors  caused  by  components  of  angular  velocity  of  the  vehicle  along  axes 
which  do  not  coinciding  with  the  measuring  axis  of  the  instrument. 

Let  us  turn  tc  consideration  of  the  shown  errors  of  a  GT. 

b)  Dynamics  of  a  GT  Under  Harmonic  Inputs. 

Let  us  consider  the  case  when  the  input  signal,  i.e.,  the  angular  velocity  u^(t) 
of  the  vehicle,  measured  by  the  instrument,  varies  by  harmonic  law.  Here,  disturb¬ 
ances  are  not  considered,  since  there  are  subsequently  considered  as  random  functions 
of  time. 

First,  we  shall  consider  the  general  case,  when  the  measured  angular  velocity 
ca^(t)  is  any  definite  function  of  time.  Let  us  find  the  angle  of  deflection  p(t) 
of  the  instrument  frame  appearing  here.  Let  us  use  differential  equation  (8.2.48) 
for  the  GT  frame;  considering  in  it  disturbances  *  0,  Mfr  *  0,  f(t)  =  0,  we 
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rewrite  (8.2.48)  as  follows: 


* 

L 


i 


i 


■*  -*»  «•>  •"  *1 


f  +  2 Uf  +  «*?  -  V;  <0-  (8.2.115) 

The  Integral  of  this  equation  can  be  presented  in  the  form 

p(0-  kf'M(Cx  cos  +  C,  sin  nAt )  + 

+  j  —  x)d-.t  (8.2.116) 

where  and  C2  are  constants,  determined  by  Initial  conditions, 


(8.2.117) 


Quantity  nd>  for  which  we  earlier  obtained  formula  (8.2.9^)#  Is  analogous  to 
(8.2.117)  (since  1/T  »  nj  T  -  time  constant  of  the  GT),  constitutes  the  frequency 
of  natural  damped  oscillations  of  the  Instrument  frame. 

The  first  component  of  formula  (8.2.116),  analogous  to  expression  (8.2.96), 
characterizes  atural  damped  oscillations  of  the  GT.  A  certain  time  interval  after 
switching  on  the  instrument,  when  its  natural  oscillations  are  damped.  It  will 
accomplish  oscillations,  determined,  according  to  (8.2.116),  by  formula 

MO*  ^rw^/"\(t)*I|lilI(/  — t)rfs.  (8.2.118) 

By  the  operating  principle  of  the  GT  deflection  B  of  the  instrument  frame 
should  in  some  scale  characterize  the  angular  velocity  of  the  vehicle  cu^(t),  measured 
by  it.  In  order  to  find  this,  we  shall  use  a  transformation  of  formula  (8.2.118); 
calculating  this  integral  in  parts,  where  uj^(O)  -  0,  we  obtain 

P (0  *  ^- »c (0 “  [«C"\ (*)] c0» \ (t  —-)d (8.2.119) 

Let  us  consider  the  first  component,  designating  it  by  p1?  considering  (8.2.117) 
and  (8.2.50),  we  have 

t,m%  *t<0  "  (|  -  f)  “'<0  "  T2?"‘<0’  (82120) 

Comparing  (8.2.120)  with  (8.2.98),  we  see  that  for  £  *  0  constitutes  static 
deflection  of  the  GT  frame,  i.e.,  deflection  of  it  under  the  condition  that  the 
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measured  angular  velocity  of  the  vehicle,  o>^(t),  acts  on  the  instrument  "statically." 
The  difference  between  and  Pgtat  is 

AP  -  Pi  -  *  jf?  “s  ”  ^4  ®<*  (8.2.121) 

The  second  component  of  foimula  (8,2.119)  is  that  correction,  which  it  is 
necessary  to  add  to  "static"  deflection  in  order  to  obtain  "dynamic"  deflection  p. 

The  magnitude  of  this  correction  is 

l 

■-  rW  J,-~[#S"tw;(t)jcOSnjl(/  — (8.2.122) 

A.  N.  Krylov  [67]  called  this  dynamic  correction.  In  this  case  it  is  the  dynamic 
error  of  the  OT  during  measurement  by  it  of  angular  velocity  of  a  vehicle,  varying 
by  the  law  ao^(t).  It  has  been  shown  [67]  that  deflection  of  a  system  is  close  to 
static  when  the  period  of  natural  oscillations  of  it  is  small  as  compared  to  the 
period  of  change  of  the  input.  Here,  in  accordance  with  what  was  said  above, 
dynamic  correction  will  be  small.  In  the  case  of  a  GT,  as  shown  in  Par.  4,  this 
condition  is  satisfied,  i.e,,  the  period  of  natural  oscillations  of  a  GT  is  small 
as  compared  to  the  period  of  change  of  the  input  oj^(t).  For  known  parameters  of 
the  GT  and  with  assigned  character  of  a^(t)  dynamic  error  of  the  GT  can  be  calculated 
by  formula  (8.2,122). 

The  expression  for  deflections  of  a  GT  with  an  assigned  law  of  change  of  angular 
velocity  ou^(t),  given  earlier,  were  obtained  by  means  of  direct  integration  of  the 
differential  equations  of  motion  of  the  GT.  This  problem  can  be  solved,  if  we  know 
the  frequency- response  curve  of  the  GT.  Actually,  knowing  its  gain-phase  response 
W(j  uj),  by  formula  (8.2.76)  we  can  find  the  impulse  response  k^(t)  of  the  GT,  and 
then,  using  an  expression,  analogous  to  (3.2.66),  we  can  find  transient  response 
p(t),  caused  by  the  angular  velocity  '-^(t)  of  rotation  of  the  vehicle: 

P(/)-  (8.2.123) 

Most  simply  investigated  is  the  dynamics  of  a  GT  in  that  particular  case, 
quite  often  encountered,  when  u^(t)  varies  by  harmonic  law.  Let  us  assume  that 

•(  (/)  —  0.  lin  •/,  (8.2.124) 
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where  —  peak  value  of  angular  velocity; 

a)  -  angular  frequency  of  its  change. 

Let  us  substitute  (8,2.124)  In  (8.2.115);  then  equation  GT  will  obtain  form 

jj  +  2V»ik  +  -  *,«c  *,n  (8.2.125) 

Considering  natural  oscillation  of  the  OT  to  be  damped,  we  shall  limit  our¬ 
selves  to  consideration  of  forced  oscillations  Pf(t)  of  the  instrument  frame.  From 
automatic  control  theory  we  know  (see,  for  instance,  [107])  that  during  application 
to  a  dynamic  system  of  a  harmonic  input  its  forced  oscillations,  in  this  case  of 
the  GT  frame,  will  be  determined  by  relationship 

P*  (0  “  (•>)  sin  |W  +  ?  (•»)!,  (8.2.126) 

where  A(ou)  and  q>(oj)  —  gain  and  phase  frequency- response  curves  of  the  GT,  determined 

by  formulas  (8.2.74). 

From  (8.2.126)  it  follows  that  forced  oscillations  of  the  GT  frame,  caused  by 
harmonic  input  ai^(t),  are  also  a  harmonic  function  of  time,  distinguished  from  the 
input  in  amplitude  and  phase,  but  having  the  same  angular  frequency  o>,  as  the  input. 

p 

Let  us  divide  both  parts  of  equation  (8.2.125)  by  n  ;  considering  (8.2.49)  and 
(8.2.50),  we  obtain 

rf+T.Tf +»-*«.  sin  «•»/.  (8.2.127) 


For  the  amplitude  response  A(uj)  and  phase  response  <p(u>)  of  the  GT  we  have 
relationships  (8.2.74),  i.e.. 


Vo-rvr+c'r’.*  ’ 


tg  f  (»)**  — 


rr« 


(8.2.128) 


According  to  (8.2.126)  amplitude  of  forced  oscillations  of  the  GT  will  be 


(8.2.129) 


If  angular  velocity  of  the  vehicle  influenced  the  GT  statically,  i.e.,  had 
constant  value  a^,  the  corresponding  static  deflection  of  the  GT  frame,  according 
to  (8.2,127),  would  be 

(8.2.130) 
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Quantity  X  is  called  the  coefficient  of  dynamiclty  [67]. 
We  designate 

t-r* 


(8.2.131) 


(8.2.132) 


considering  (8.2.49),  we  have 

l-^-.  (8.2.133) 

i.e.,  £  is  the  ratio  of  the  frequency  a)  of  change  of  angular  velocity  of  the  vehicle 
to  the  frequency  n  of  natural  oscillations  of  the  GT.  Introducing  (8.2.132)  in 
(8.2.131),  we  obtain 

k-— =4 BB3BS.  (8.2.134) 

An  investigation  of  the  dependence  of  coefficient  X  on  £  and  £  was  performed 
by  A.  N.  Krylov  [67].  This  question  is  expounded  in  detail  in  courses  of  theoretical 
mechanics  (see,  for  instance,  [85]).  Therefore,  we  Bhall  only  give  certain  brief 
information. 

From  (8.2.131)  it  follows  that  for  decrease  of  dynamic  amplitude  distortions 
of  GT  readings  the  coefficient  of  dynamiclty  X.  in  the  range  of  frequencies  in  which 

the  frequency  a>  of  oscillations  of  the  vehicle 
is  located,  should  be  sufficiently  close  to  one. 

To  show  the  dependence  a(£,  £)  we  construct  curves 
(Fig.  8.7)  of  coefficient  X(£)  for  different  values 
of  £,  From  these  curves  it  follows  that  when 
$  «  1  coefficient  of  dynamiclty  X  differs  little 
from  one.  This  explains  the  recommendation  of 
A.  N.  Krylow  [67]  that  we  select  a  relationship 
between  frequencies  of  natural  oscillations  of 
*  U  U>  1j  the  system  and  the  input  so  that  coefficient  £  is 

considerably  less  than  one. 

Fig.  8.7.  Curves  of  a(£,  C). 
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'5r  ■ 1  — 


►  <*«•!*  fc wh 'W  “ 


The  curves  of  Fig.  8.7  permit  us  to  establish  the  optimum  value  of  the  damping 
factor  £.  Actually,  for  values  of  £  lying  in  the  range  0  <  £  <  O.7O7,  curve  X(£) 
has  resonance  peak  _,  the  magnitude  of  which  is  determined  by  known  relationship 

"c  S 

(see,  e.g.,  [80b;  85]) 


iM,- 


(8.2.155) 


for  values  of  (  >  0,707  we  have  0  <  1,  i.e.,  curves  X(£)  do  not  have  a 

re  s 

resonance  peak.  It  is  necessary  to  note  that  the  maximum  value  of  coefficient  X, 
and,  consequently,  also  of  the  amplitude  of  forces  oscillations  of  the  QT  will  not 
be  at  £  ■=  ^  =  1  (point  of  resonance  for  £  -  0),  but  at  I  *  |/TT  2£*  [85]*  i.e. ,  at 
frequency  u>  ss  n  Using  formula  (8,2.135)*  it  is  easy  to  construct  the 

curve  of  the  dependence  of  relative  damping  factor  £  from  resonance  peak  Mres 
(Fig.  8.8).  From  the  curves  in  Fig.  8.7  and  Fig.  8.8  it  becomes  understandable  why, 

during  selection  of  parameters  of  a  GT  for  the  optimum 
value  of  relative  damping  factor  we  usually  take  £  * 

=  O.707.  In  this  case,  for  a  considerable  range  of 
values  of  £  (Fig.  8.7)  coefficient  X  differs  little 
from  one,  and  the  resonance  peak  is  practically  absent 
(Fig.  8.8). 

For  dynamic  error  of  a  GT  for  cu^(t),  which  follows 
a  harmonic  law,  we  have 


C 

w 

u 

M 
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V 
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-  - .  __ 
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Fig.  8.8.  Curve  of  the 
dependence  of  coefficient 
£  on  the  magnitude  of 
M 


res 


if.  (0 

or,  considering  (8.2.12o)  and  (8.2.124), 


(8.2.136) 


«  *=  a.sinui/  — 

* 


—  A  <u>)  sin  [u>/  +  9  Ml. 


(8.2.137) 


For  convenience  of  calculation  [114]  error  edyn  is  characterized  by  two  mag¬ 


nitudes:  error  in  amplitude 


and  error  in  phase 


%  ' 


toott  -  [1  -  100% 

_  f  1 -  1  1 10084 

I  Vd-TVj'+c'rvJ 


(8.2.138) 
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Af  “?(•)• 


(8.2.139) 


Example  8.5.  Determine  characteristic  of  forced  oscillations  of  a  GT  having 
the  parameters  given  in  example  8.1,  during  input  in  it  of  angular  velocity  of  the 
vehicle,  varying  by  harmonic  law  ■  a^  sin  cut,  where  a^  ■  3°/sec,  cu  -  2  1/sec; 
the  GT's  relative  damping  factor  C  ■  O.707. 

Solution.  1.  By  formula  (8.2.133)  we  find  the  value  of  coefficient  £: 


K4? 


-0,05102. 


2.  According  to  (8.2.134)  we  determine  the  magnitude  of  the 
coefficient  of  dynamicity  X: 


I 


1 

V(1 -!*)•  + 4?? 


- - ... - *  I  ■  r  -  -  1,0002. 

Y  (1  -  0,05002,)*>  40,707*  0,05802* 


3.  By  formula  (8.2.129).  considering  (8.2.132),  we  calculate  the 
value  of  the  amplitude  of  forced  oscillations  of  the  GT  frame: 


3. 1.744  1,0002- 


5.233 


4.  Using  (8.2.128)  and  (8.2.132),  we  find  phase  shift  angle  q>(co) : 


ZT* _ 2g 

i-t» 


2.0  707-0  05802 

'  -  - 0,08232 

1-0,05802* 


5.  According  to  (8.2,130)  we  calculate  tne  magnitude  of  static 
deflection  of  the  GT  frame  under  the  condition  that  angular  velocity  of  the 

vehicle  acts  "statically,"  i.e.,  has  a  constant  value: 

5.232°. 


amplitude : 


6.  By  formula  (8,2.138)  we  determine  dynamic  error  of  the  GT  in 


\ 

< 


---  ■  •  — 1l00«  -  f  I - —  J  ,  _  1  100% ; 

-  r»w«)*  +  4  J  [  V  (i  -  pf  +  4?**  J 

-  1  ■  - 1  >00*1  -0.02*. 

V (l  -  0,05802*)*  +  i  0,707*  - 0,05802* 
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c)  Dynamics  of  a  GT  During  Random  Inputs. 


Characteristics  of  the  Input  signal.  Angular  velocity  -jj^(t),  most  frequently 
measured  by  the  Instrument,  and  also  disturbances,  caused  by  friction  In  the  axis 
of  rotation  of  the  instrument  frame  and  components  of  angular  velocity  of  the  vehicle 
along  axes,  not  coinciding  with  the  measuring  axis  of  the  instrument,  are  random 
functions  of  time.  Here,  readings  p(t)  of  the  GT  and  also  its  errors  e(t)  in  dynamics 
are  also  random  functions  of  time ,- determined  by  the  corresponding  probability 
characteristics.  First,  we  shall  consider  the  reaction  of  the  instrument  to  a 
random  input  u>^(t);  disturbances  we  consider  absent. 

Let  us  turn  to  tne  schematic  of  a  GT  (Fig.  8.1),  fixed  on  a  ship  (Par.  3&). 

The  Instrument  with  the  shown  location  of  the  axes  will  measure  component  u^(t)  of 
angular  velocity  of  the  ship,  which,  according  to  (8.2.21),  with  small  roll  angles 
is  equal  to  angular  velocity  of  yawing,  i.e., 

MO  “-?(*)•  (8.2.140) 

Considering  in  equation  (3.2.51)  disturbances  ^  =  0,  Mfr  =  0,  f(t)  =  0  and 
considering  (8.2.140),  we  have 

r*jt+2;rj+p.»— a?  (/).  (8.2.i4i) 

Thus,  to  the  GT  input  there  proceeds  qp  ( t.) ,  which  is  a  normal  stationary  random 
function  of  time  (§  2.1,  Par.  3a).  For  analysis  during  this  motion  of  the  GT  frame 
it  Is  necessary  first  of  all  to  know  the  probability  characteristics  of  randum 
function  cp ( t ) . 

Correlation  function  K.  ( r )  of  the  angle  of  yawing  of  the  ship,  according  to 
(^.1.52),  if  drop  indices  in  the  letter  designations,  can  be  presented  by  relation¬ 
ship 

Kf  (*)=»  Ae~*'^fcost.z  -f  -jj-  sinX|?|j,  (8.2.142) 


where  A  -  D[ qp ]  —  dispersion  of  angles  of  yawing; 

—  coefficient  of  irregularity  of  angles  of  yawing; 

X  —  predominant  frequency  of  yawing  from  irregular  swell. 

Correlation  function  K^(t)  or  random  function  qp(t),  by  analogy  with  (2.1.69, 
will  be 


/(.  (*.)  =  A  (p?  -\-  >.*)  e~* 1,1  ^cos  >.- 


(8.2.143) 
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For  the  spectral  density  £^(10)  of  random  function  q>(t),  according  to  (2.1.55)* 


we  have 


s»  =  -**■. - *• - . 

9  *  m*  -{-  9a.., *  u.  M  • 


(8.2.144) 


where,  by  analogy  with  (2.1.56), 


jk*  —  X*;  + 


(8.2.145) 


The  spectral  density  S^(uj)  of  random  function  q>(t),  if  we  consider  (2.1,81),  will 
be  determined  by  relationship 


5.  (•)*=  «»,St(«o) 


(8.2.146) 


or,  introducing  (8.2.144),  we  have 


5-  (•) 


«  ‘  m*  +  W  +  *• 


(8.2.147) 


Example  8.6.  Construct  the  curve  of  spectral  density  S^iu)  of  the  angular 
velocity  <p(t)  of  yawing  of  a  ship,  measured  by  a  GT,  for  data  given  in  example  4.8: 


A  -  O(y)  -  0.6695-  l<r »,  |«  «*  0,03  I/sec ,  >  -  0.21  l/sec  . 

Solution.  By  formula  (8.2.147),  considering  (8.2.145),  we  calculate  ordinates 
of  S^(u>)  for  different  values  of  u).  The  graph  of  curve  S^(cu)  is  shown  in  Fig.  8.9. 


Fig.  8.9.  Curves  of  spectral  densities  S^(oj)  and  S^('jo). 

Dispersion  of  angular  velocity  of  yawing  D[q>],  by  analogy  with  (2.1.72),  will  be 

0(j]«(^+X«)0l?l;  (8.2.148) 


for  the  mean  quadratic  value  of  we  have 
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«. 

* 


(8.2.149) 


-VV+i’v 

Example  8.7.  Calculate  the  dispersion  and  mean  quadratic  value  of  angular 
velocity  of  yawing  of  a  ship  for  the  conditions  of  example  8.b. 

Solution.  1.  By  formula  (8.2.148)  we  calculate  the  value  of  dispersion  of 

t 

angular  velocity  of  yawing  of  the  ship  D [ qp ] : 

[) 1  f  I  «=  0*1  +  **)  0  tel  =  (0.03*  T  0,21*)  0,6695 •  10  ~  5  ^  0,3013  •  I0~ «  1/se c ^  . 

2.  We  determine  the  mean  quadratic  value  of  the  angle  of  yawing  0^: 

%  *  «  V  0,6695-  10" 1  =,  0,02587  rad  *»  1°29  ' . 

3.  According  to  (8,2.149)  we  find  the  mean  quadratic  value  of 
the  angular  velocity  of  yawing  0^: 

-  VV  4- A*  «f  »  Vo.ca*  T  0.21*  0,02587  =  0,005187  1/sec  = 

■  «  0,3144  deg/sec  . 


Characteristics  of  the  output  signal.  Let  us  turn  to  determination  of  prob¬ 
ability  characteristics  of  random  function  p(t)  at  the  GT  output.  In  accordance 
with  (8.2.141),  p(t)  also  is  a  normal  stationary  random  function  of  time.  Mathemati- 

_  "I - 

cal  expectation  upon  completion  of  the  transient  response,  if  <p(t)  =  0  [see 

(u. !.><)]  will  also  be  equal  to  zero: 

f-0.  (8.2.150) 


Let  us  determine  the  spectral  density  S^('-u)  of  random  function  0(t).  By  analogy 
with  (Jl.b.4y)  we  nave 

(8.2.151) 


where  W(ju>)  —  gain-phase  response  of  the  GT,  determined  by  relationship  (8.2.72). 
Substituting  (8.2.72)  and  (8.2,147)  in  (8.2.151),  we  obtain 


_ * _ 

(i  -  r*-*)1  +  4 


2Ap 

•  —  •  -  - 

R  •»*  -p  2aw*  -p  6* 


(8.2.152) 


Example  8.8.  Construct  the  curve  of  the  spectral  density  Sg(x)  of  random 

152 


function  p(t)  of  GT  oscillations  under  conditions  of  Irregular  yawing  of  a  snip  for 
the  initial  data  of  examples  8.1  and  8.6;  relative  damping  factor  £  =  O.707. 

Solution.  By  formula  (8.2.152),  considering  (8.2.145),  we  calculate  ordinates 


of  S  (dj)  for  different  values  of  au  The  graph 


of  curve  S^('js)  Is  shown  in  Fig.  8.10. 
From  Fig.  8.10  it  is  clear 
that  spectrum  Sp(-j))  of  angles  of 

deflection  of  the  GT  frame  is 
similar  to  the  spectrum  S^(a>)  of 
angular  velocity  of  yawing  of  the 
ship  (Fig.  8.9).  In  order  to  find 
how  closely  these  curves  coincide 
we  find  the  output  spectrum  of  the 
GT  in  the  scale  of  angular  velocity 
of  the  vehicle,  t.e.,  considering 
(8.2.7)  and  (8.2.50),  we  construct 

in  Fig.  8.9  curve  S.('i>)  (  iott-u 

K  1 


line).  It  is  clear  that  curves 
S’(cd)  and  S..(:u)  r  Tactically 

coincide.  This  is  explained  by  the  fact  that  [see  (8.2.147)  anc  (8.2.152)]  the 

square  of  the  modulus  of  the  transfer  function  of  the  0T,  1 r  (/»)  I*  -  .7  • 

(i  ~  rvj  -j- 

in  the  region  of  substantial  values  of  frequencies  of  the  spectrum  S^(o>)  of  the  input 
signal  Is  practically  constant  and  the  coefficient  of  dynamicity. 


Vi  i  -  +  i  V(\  -  «>* -f  <.:•« 

differs  little  from  one.  Consequently,  the  GT  reproduces  the  random  accidental  input 
signal  well. 

Let  us  determine  dispersion  D[f3]  of  the  angle  of  rotation  of  the  frame  of  the 
instrument.  We  use  a  formula  of  type  (2.1.41);  considering  (8.2.152),  we  obtain 


Ifl _ 

(i  -  +  r.*noi* 


2  Aji 
* 


»,♦  2a<»1  fr* 


d*o. 


(8.2.155) 


We  designate 


(8.2.154) 


th®n  we  rewrite  (8.2.155)  in  form 
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I 


-f  2am*  -f  b* 


(9.2.155) 


D|3|-  —  f - 

2*  J  (i  -  T  4:*r*u* 


Determination  of  D[6]  can  be  reduced  to  calculation  of  a  tabular  integral  of 
form  (4.6.71).  For  this  we  present  (8.2,155)  as  follows: 


0(31=  JL  f - — - rfu>. 

?  2x  j.  K*  -  J’*-*  +  2T/-K-*  -  2;i/-  -  6*)1* 


(8.2.156) 


Integral  (8.2.156)  can  be  reduced  to  form  (4,6.71),  considering  In  (8.2.156) 
the  numerator  (multiplied  by  j)  equal  to  Gn(o>)  and  the  form  in  the  denominator  of 
this  expression  under  the  sign  of  the  modulus,  equal  to  Hn(a>).  Then,  in  accordance 
with  (4.6.72)  and  (8.2.156),  we  obtain  for  coefficients  iQ  ...  and  bQ  ...  the 
following  formulas: 


<4 — r* 

o 

II 

* 

a1«.2r<C  +  7>)/; 

R 

o 

<4  ■«  1  + 

<4 2(:r^+| *)/; 

«4  ** 

(8.2.157) 


Considering  the  known  expression  of  integral  In  [153]  in  terms  of  coefficients 
a0  ...  a^,  bQ  ...  b^,  we  obtain  a  formula  for  D[6]  in  form 

.+  °**») — +  —  (*«*i — m*) 


0l?l 


(8.2.158) 


Substituting  (8.2.157)  in  (8.2.158)  and  taking  into  account  (8.2,154),  we  obtain 

*(■+?) 


(|  _  TV)*  +  4[rJ  ;V  +  T.i  c  -;*  r.i)  4-  T\ub*) 


Dill 


(8.2.159) 


For  the  mean  quadratic  value  a ^  of  the  angle  of  deflection  of  the  OT  frame  we 


have 


•,-VWi- 


(8.2.160) 


Example  8.9,  Calculate  the  mean  quadratic  value  a ^  of  deflection  of  the  frame 
of  the  OT  during  measurement  by  it  of  the  angular  'relocity  of  yawing  of  a  ahip  for 
the  initial  data  of  example*  8.1  and  8,6j  determine  also  limiting  value  of  the 
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angle  of  rotation  of  the  frame,  assuming  that  the  probability  Q  that  the  current 

Z 

angle  6  exceeds  the  limit  6m  should  not  be  more  than  0.1$. 

Solution.  1.  By  formula  (8.2.159)  we  find  D[P]i 

0(M«=  9.I53I0-5. 

2.  According  to  (8.2.160)  we  calculate  : 

W~S  =  0,9567- KT*  rad  =  33'. 

5.  For  Q  =*  0.1#  by  Table  1.  (§  4.6,  Par.  10)  we  determine  z  «  3.3 

Z 

then,  by  analogy  with  (4.6.87),  we  calculate  (when  6-0) 

Pm  -  »*,  «  3,3- 0,9367- 10-*  *=  t°<9\ 

Dynamic  error  of  reproduction  of  the  input  signal.  Let  us  find  the  dynamic 
error  of  a  QT  during  measurement  by  it  of  the  angular  velocity  of  a  vehicle,  re¬ 
presenting  a  random  function  of  time. 

We  determine  dynamic  error  e(t)  of  the  QT,  as  usual  in  statistical  dynamics 

A 

[153],  by  the  difference  between  the  useful  input  signal  a^(t)  and  ^  3(t)  at.  the 
output  i 

t(0— ff(0.  (8.2.161) 

where  to  get  the  general  formula  angular  velocity  <p(t)  of  yawing  of  the  ship  is 
designated  by  a>^(t). 

For  mathematical  expectation  e(t)  we  have 

•w  =  «jto— -j-Pto 

or,  considering  (8.2.150)  and  the  fact  that  “{(t)  -  0, 

«(7j  =  0.  (8.2.162) 

Let  us  determine  dispersion  D[e],  For  this  we  present  input  u^(t)  in  the  form 
of  a  spectral  expansion,  analogous  to  (4,6,149): 

m.(/)  ->  J  (w).  (8.2.163) 

Substituting  (8.2.163)  in  equation  (8,2.85),  we  obtain  upon  completion  of  the 
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transient  a  steady-state  solution  of  this  equation  in  a  form,  analogous  to  (4.6,155): 


P(0“  fT (8.2.164) 

mmm 

Substituting  (8.2.165)  and  (8.2.164)  in  (8.2.161),  we  obtain 

.{/)-  (8.2.165) 

Comparing  (8.2.165)  with  (8.2.164),  we  note  that  dynamic  error  e(t)  can  be 
considered  the  output  quantity  of  a  system  with  transfer  function 

r.(,)-l-±IT(s).  (8.2.166) 

to  whose  input  there  proceeds  o)^(t).  Let  us  note  that  Wg(s)  1b  the  transfer  function 
of  error  [155] 

W.W  (8.2.167) 

•;(*) 

Considering  what  has  been  said,  we  can  easily  find  the  spectral  density  S£  (o>) 
of  error  e(t).  By  analogy  with  (8.2.151),  we  have 

s,  w  -  I  r,  (/«)  I*  Sm.  («.),  (8.2.168) 

where  for  W£(Jcd),  according  to  (8.2.166),  we  obtain 

r#(/«)«  1  — ir  (/*«>  (8.2.169) 


or,  taking  into  account  (8.2.72), 


*.</•) 


* 

1  -  rV  +  2;7> 


T,Tjm~  rV 

1  -  +  2 ;r/«  ’ 


(8.2.170) 


Substituting  relationship  (8.2,170)  in  (8.2,168), 
expression  (8.2.147),  we  obtain 


and  for  S,,,  (co) 


SJ(“) 


f4-*  +  2Ai  b'J 

(1  —  TV)*  +  K  -4  +  2a«*  -f  fc4 


(8.2.171) 


Example  8.10,  Construct  the  graph  of  the  spectral  density  S£(u>)  of  dynamic 

error  e(t)  of  a  GT,  which  measures  the  angular  velocity  of  yawing  of  a  ship  “{(t)  - 

*  ______ 

=  —  <p(t),  for  the  initial  data  of  example  8.8. 


Solution.  By  formula  (8.2.171),  considering  (8.2.145),  we  calculate  ordinates 
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of  S£(aj)  for  different  values  of  o>.  The  graph  of  curve  S£(u>)  is  shown  in  Fig.  8,11. 


We  determine  dispersion  D[e]s 

0|«]-  (8.2.172) 


or,  considering  (8.2.171),  we  obtain 


0|d.  f  TV+CW 

J  li-r'.y  +  (;'rv 


e 


61.1 


m*  +  T  b* 


■  dm. 


(8.2.17?) 


We  designate 

B,  m  4T*A?b*-,  ^  i'fT'A'ib1.  (8.2. 174 ) 


Then  (8,2,17?)  we  rewrite  in  form 


Dl«] 


1  f _ ! _ L 

*  J  (1  —  r*.V  -r  ,:W  .* 


•-  Taut*  -f-  6* 


dm. 


(8.2.175) 


Determination  of  D[e]  can  be  reduced  to  calculation  of  a  tabular  integral  of 
form  (4.6,71).  For  this  we  present  (8,2.17?),  by  analogy  with  (8.2.156),  in  the 
following  formj 


01,1.1  f _ W+M _ 

*  fc_J  |(i  _ t".«  +  j;r/. )(.' - 2./u 


dm. 


(8.2.176) 


Integral  (8.2,176)  can  be  reduced  to  form  (4,6.71),  considering  in  (8.2.176) 
the  numerator  (multiplied  by  j)  equal  to  0n(o>),  and  the  term  in  the  denominator  of 
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this  expression  under  the  sign  of  the  modulus,  equal  to  Hn(u>).  Then,  in  accordance 
with  (4.6.72)  and  (8.2,176),  we  obtain  for  coefficients  aQ  ...  and  b0>...  the 
following  formulas : 


flo*=— 1*1  *|=£|/ 

<i,  =  2r(:  +  7»/;  b^aj 

H-4yrp  +  rV;  *,  =  o 

*.=*-  2  (\Tb*  »  0 

a.  ** — 6* 


(8.2.177) 


Considering  the  Known  expression  of  Integral  I  [153]  In  coefficients  Sq  ...  a^ 


and  bQ  ...  b^,  we  have  a  formula  for  D[e]  In  form 


D[t\ 


*•(— «»0|  +  —  «gO>|  -  ••■»** 


0| 


(8.2.178) 


Substituting  (8.2,177)  in  (8.2.178),  taking  into  account  (8.2.174)  and  con- 
D[9]  Dr40?] 

sidering  A  =  D[<p]  =  - —  *  - ,  we  obtain  formula 


t»;*(*,+  iUr(i  -Mr,’ + 4j.1V + rv) 
(1  -  rV)‘  +  4  |r*;V  +  tvc  +  rrf  + 


°IM 


®W' 


(9.2.179) 


which  expresses  dispersion  of  dynamic  error  of  the  GT  depending  upon  characteristics 
D[cu^],  b  and  p  of  the  input,  and  also  parameters  of  the  gyrotachometor  T  and  £. 
Considering  that  D[tu^]  =  D[q>]  -  b2D[{p],  instead  of  (8.2.179)  we  obtain 


OM 


i*l9 1 +  t  I £■  +  47>*  +  v+T'b*  +  rV) 

-6* - \ - Hi - LL- - 'D(?  J.  (8.2. 

(1  -  T'b*)'  +  4  |r*;V  +  7V  (C+  i»  +  r5;^*] 


180) 


For  the  mean  quadratic  value  of  dynamic  error  of  the  GT  we  have 

•c»)/D  [«J.  (8.2.181) 

Example  8.11.  Calculate  the  mean  quadratic  value  oe  of  dynamic  error  of  a  GT 

during  measurement  by  it  of  the  angular  velocity  of  yawing  of  a  ship,  which  ia  a 

random  function  of  time,  for  the  initial  data  of  examples  8.1  and  8.6;  determine 

also  the  limiting  value  of  GT  error,  assuming  that  the  probability  Q_  that  the 

in  z 

current  value  e  of  error  exceeds  limit  em  should  not  be  more  than  0.1#. 
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Solution.  1,  By  formula  (8.2.180)  we  find  D[e]: 

D  {«)  -  0,5615-  I0~r  1/sec2. 


2.  According  to  (8.2.181)  we  calculate  a  i 


=  Y  o  ,5615- 10“ 7  =  0,237-  !0~3  1/sec  =  0.0136°/sec 


3.  The  same  method  as  In  example  8.9  we  determine  em  (for  e  =  0): 

3,3  0,0136  *=  0.0449  °/sec  . 


From  example  8.11  It  follows  that  dynamic  error  of  the  GT  during  measurement 
of  angular  velocity  of  the  vehicle,  consisting  of  a  random  function  of  time,  is 
comparatively  small. 

Dynamic  error  e(t)  upon  a  random  signal  entering  the  GT,  considered  above,  is 
a  result  both  of  amplitude  and  phase  distortions  of  instrument  readings.  During 
solution  of  certain  problems  it  is  of  interest  to  reveal  for  the  same  conditions 
the  mean  value  of  phase  shifts  of  output  quantity  B(t)  with  respect  to  input  ca^(t), 
The  probability  characteristic  of  these  phase  Bhifts,  or,  more  exactly,  the 
time  of  delay  of  the  considered  dynamic  system,  is  a  cross-correlation  function  of 


input  and  output  signals  [3],  In  this  case  we  have 


M-Af  (.,(/)■>«  +  *)]. 


(8.2.182) 


If  the  GT  ideally  reproduces  the  input  signal,  i.e.,  when,  according  to  (8.2.7) 
and  (8. 2. 50).  P(t)  =  ko^t),  the  cross-correlation  function  will  be 


<t)  -  kM  [»<(/)«<(/  -f  x)]  -  kK^  (x). 


(8.2.183) 


in  other  words,  will  be  proportional  to  correlation  function  K^^/t)  of  the  input 
signal.  As  it  is  known  [141),  K  (t)  has  a  maximum  at  t  ■  0;  consequently,  the  same 
will  take  place  for  cross-correlation  function  K  ^(t),  i.e.,  in  the  case  of  an 
ideal  GT  phase  shifts  or  time  delays  will  be  absent.  For  a  real  GT  the  cross¬ 
correlation  function,  the  approximate  form  of  which  is  shown  in  Fig.  8,12,  has  a 
maximum,  not  at  t  =  0,  but  with  some  time  shift  t  -  tdg^,  which  cnaracterizes  the 
magnitude  of  the  average  delay  time  of  the  system.  Thus,  determination  of  phase 
shifts  or  time  delays  of  the  GT  during  measurement  of  a  random  input  signal  is 
reduced  to  finding  the  expression  for  the  cross-correlation  function  K  (t)  of 
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input  and  output  signals.  We  can  determine  delay  time  t .  ^  by  investigation  of 


function  K  .  q(t)  for  a  maximum  or 
u>G,P 

directly  on  the  graph  of  this  function. 

We  shall  give  certain  indications 
about  the  method  of  determining  ^(t). 
Introducing  in  formula  (8.2,182)  for 
angle  6(t)  its  expression  (8.2.123) 
through  impulse  response  k^(t),  it  is 
‘  easy  to  convert  k,  .  R(x)  to  form  [3] 

CD(,,p' 

K^,  M-  f*  *,«  *«.</—>)*<,  (8.2.184) 


The  correlation  function  K  (t)  of  the  input  signal  is  assumed  known  [see 

C 

(8.2.143)].  We  give  the  derivation  of  the  expression  for  the  impulse  response 
kp(t)  of  the  QT.  For  k^(t)  we  had  a  general  expression  (8.2.76),  i.e., 


j  i pw^*. 


(8.2.18^) 


where  for  the  GT  the  gain-phase  response  W(Ju>)  is  determined  by  formula  (8.2,72), 
Considering  (3.2.53)  and  (3.2.51*)*  we  present  W(Jco)  in  form 


(8.2.186) 


P  p 

where  and  X 2  —  roots  of  equation  1  —  T  co  +  2CTJoo  =■  0  [see  (8.2,72)],  determined 

by  relationships  *  «=  —  /  4-  S  JLzJL 

'•*  r  ~  t 

Substituting  (8.2.186)  in  (8.2.185),  we  obtain  an  integral, 


of  type  (3.2.55),  whose  solution,  in  light  of  (3.2.56),  will  be 

or,  taking  into  account  expressions  for  X^  and  Xg, 


1/T3* 

MO  _  ..U==  sin  i-ip  /. 

>  rVT^c5  * 


(8.2.187) 


(8.2.188) 


(8.2.189) 


Substituting  (8.2.189)  and  (8.2.143)  in  (8.2.184),  we  can  find  the  expression 
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for  cross-correlation  function  K,  ,  a(t). 

Dynamic  error  due  to  disturbances.  Let  us  turn  to  a  presentation  cf  the  method 
of  determining  dynamic  errors  of  the  GT,  caused  by  friction  in  the  axis  of  rotation 
of  the  frame,  and  also  the  influence  of  components  of  angular  velocity  of  the  vehicle 
along  axes,  not  coinciding  with  the  measuring  axis  of  the  instrument  (Par.  a).  We 
shall  consider  the  same  gyrotachometer,  intended  for  measurement  of  angular  velocity 
of  yawing  9  of  a  ship.  In  this  case,  as  shown  in  Par.  5  of  this  section,  in 

'a 

equations  (8.2.77)  disturbing  angular  acceleration  a>^  1b  equal  to  angular  acceleration 
•• 

9  of  rolling  of  the  ship.  Considering  what  has  been  said,  and  also  friction  torques 
in  the  axis  of  rotation  of  the  frame,  determined  by  relationship  (8.2.78),*  we 
obtained  the  equation  of  motion  of  the  GT  frame  (8.2.81),  and  also  equation  (8.2.82) 
of  error  of  the  GT,  caused  by  these  disturbances.  The  transfer  function  of  the  GT 
Y(b)  with  respect  to  the  disturbance  of  rolling  is  determined  by  relationship 


rolling  disturbance  will  be 


$,,(•*)  - \y  (8.2.190) 


where  the  gain-phase  response  Y(Jcd)  is  found  by  replacement  in  (8.2.84)  of  s  by 
Jo),  i.e., 


YU») 


-f 


it 


l_rV  +  2;,r/.* 


(8.2.191) 


coefficient  is  determined  by  relationship  (8.2.80). 

The  spectral  density  Se(u))  of  the  angle  of  rolling  of  the  ship  in  (8.2.190), 
according  to  (2.1.58),  has  fora 


_ 


(8.2.192) 


Substituting  (8.2.191)  and  (8,2.192)  in  (8.2.190),  we  have  expression 


5  (u,)  - 


2/4,1*, 


j  -j-  + b* 


(8.2.195) 


analogous  to  the  formula  (8.2.171)  for  the  spectral  density  Sg  (o>)  of  dynamic  error 
eft)  of  the  GT  during  reproduction  by  it  of  the  useful  random  input  signal. 


♦Besides  t|iis,  in  the  *.xi6  of  rotation  of  the  frame  there  also  appear  random 
friction  torque*.  In  order  to  allow  for  the  influence  of  these  torques  on  GT  error, 
it  is  necessary  to  know  their  probability  characteristics. 
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For  dispersion  Dfe^]  of  error  e^t)  we  have 


0  [•»]  ■*  Js§  (u»)rfu» 


(8.2.19ft) 


or,  considering  (8,2.193),  we  obtain  integral* 


D|i,|-  f  -i- - T^L. - !d£l - d - rf„,  (8.2.195) 

J  *«  O-T'Vp  +  Clr-’  '  -,  +  ia1-’  +  »J 


which  is  calculated  by  the  same  method  as  (8.2.173).  As  a  result,  we  obtain  formula 


ai«.i  -  4- 


»■  (1  _ +  a +  t^(:,  -  T:.t)  +  r>c,^jj 


0|«|:  (8.2.196) 


For  the  mean  quadratic  value  a  of  dynamic  error  of  the  GT  we  have 

E1 


VWb- 


(8.2.197) 


Example  8.12.  Calculate  the  mean  quadratic  value  0  of  dynamic  error  e1 (t) 
of  a  GT,  caused  by  friction  in  the  axis  of  rotation  of  the  frame  of  the  instrument 
and  the  angular  velocity  of  translational  motion  of  rolling  of  the  ship  relative  to 
this  axis,  for  initial  data  of  examples  8.1  and  7.10;  determine  also  limiting  value 
e^m  of  GT  error,  assuming  that  the  probability  Qz  that  the  current  value  e^  of  error 
exceeds  limit  elm  should  not  be  more  than  0,1#;  the  coefficient  of  liquid  friction 
in  the  axis  of  rotation  of  the  GT  frame  n^  -  3  q-cm-sec. 

Solution.  1.  By  formula  (8,2,50)  we  find  coefficient  p: 

09333 ,0“3  1/gcm 


2.  According  to  (8.2.80)  we  determine  ^ i 

=  0,7301. 

IT  1  0, 02901 

3.  Using  relationship  (8.2.196),  we  calculate  Dfe^]: 

D 0,3153  I0-*  l/sec2 


♦According  to  (8.2.82)  error  e  =  is  expressed  in  an  angular  measure.  To  find 
the  corresponding  error  e1(t)  in  the  angular  velocity  measured  by  the  GT,  similar  to 
error  e(t)  [see  (8.2.161)],  in  formula  (8.2.195),  according  to  (8.2,7)  and  (8.2.50), 


Introduce  coefficient  — . 

k2 
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4.  By  formula  (8.2.197)  we  determine  a  i 

E1 


•«. “  V  Dl*iJ  =  K0*3153,  ,0“*  =  °.5516'  ,0~4  l/sec=  0.0032  8/sec 

5.  By  the  same  method  as  in  example  8.9,  we  calculate  the  limiting 
value  of  dynamic  error  of  the  GT  (when  i1  -  0)j 

«.  «  3,3.0,0032  =  0,0106  ‘/sec 

From  example  8.12  it  follows  that  dynamic  error  e1(t)  of  the  GT  1b  less  than 
e(t)  (see  example  8.11).* 

During  estimation  of  error  of  the  GT  we  started  from  a  differential  equation, 
e.g.,  (8.2.40),  with  constant  coefficients.  It  was  obtained  from  a  more  general 
equation  (8.2,37),  where  we  also  considered  component  ^  of  angular  velocity  of  the 
vehicle  along  axis  0£  (Fig.  8.4).  Considering  disturbances  =  0,  Mfr  -  f(t)  *  0, 
since  their  influence  was  considered  earlier,  we  rewrite  (8.2.37)  in  form 

+  ^  +  [* +  (/)]?■» //».( 0,  (8.2.198) 

where  the  measured  angular  velocity  oa^t)  and  disturbing  angular  velocity  ( t )  are 
usually  random  functions  of  time.  We  divide  both  sides  of  equation  (8.2.198)  by 
magnitude  c  and  consider  relationship  (8.2.43),  (8,2.45),  (8.2.50);  then,  instead 
of  (8.2.198),  we  obtain 

+  [1  +  **i(0] ?  ■  (8.2.199) 

We  obtained  a  differential  equation  of  type  (4,6.100),  characterizing  random 
motions  of  a  physical  pendulum  during  irregular  rolling  of  a  ship,  taking  into 
account  vertical  oscillations  of  the  point  of  suspension  of  the  pendulum.  If 

O 

dispersion  k  D  [u^(t)]is  small  as  compared  to  unity,  for  integration  of  (8.2.199) 
we  can  apply  the  same  method  of  successive  approximations  as  was  used  for  solution 
of  equation  (4.6.100).  For  problems,  encountered  in  practice,  the  assumption 

p 

k  D  [ao£ (t)]  «  1,  is  usually  satisfied.  Those  interested  in  a  possible  method  of 
solution  of  equation  (8.2.199)  are  referred  to  §  4.6,  Par.  12e.  Allowance  for 


*In  reality  ^rror  e1(t),  due  to  disturbances,  can  be  larger  than  error  e(t), 

since  among  the  disturbances  we  did  not  consider  random  friction  torques,  torques 
of  residual  unbalance  of  the  frame,  torques  of  loading  of  the  frame  by  current 
feeds,  etc. 
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disturbing  angular  velocity  o)^(t)  leads  to  appearance  of  systematic  deflection*  of 
the  GT  frame,  as  for  a  physical  pendulum  (§  4.6,  Par  12e). 

Let  us  note  that  during  use  of  an  equation  in  which  we  consider  a  component  of 
the  second  order  of  smallness  [for  Instance,  (8,2.198)],  it  should  be  definitlzed. 

For  this,  using  Eulerfs  equations  (1.4.1),  we  obtain  the  exact  equation  of  motion 
of  the  GTi** 

Jr  ,  (?  —  W,J  4-  $  H  jw. cos 3  —  u»;  sin?)  — 

"  ('„  -  J.)  »i"  2?  +  V: '«  !?)  +  «,+  /(')• 

*  C  - 

Considering  oj  -  0,  Mfr  =  f(t)  =  0  and  limiting  ourselves  to  calculation  of 
components  to  the  second  order  of  smallness,  we  obtain 

J,  J  +  +  [c  +  .  «)]?  =  H«M)  *i  (0  »:  «)• 

This  equation  differs  from  (8.2.198)  by  component  (Jgx  "Jf)  “$(*) 
which  with  a  correlational  connection  of  random  functions  a^(t)  and  cu^(t)  also 
causes  systematic  deflection  of  the  GT  frame. 

7.  Certain  Additional  Problems  of  GT  Theory 

Above  we  gave  the  principles  of  GT  theory,  based  on  UBe  of  an  astatK*  rate 
gyroscope.  We  shall  briefly  give  certain  additional  problems  of  theory, 
a)  Appraisal  of  a  GT  with  Two  Degrees  of  Freedom. 

A  GT  based  on  use  of  an  astatic  rate  gyroscope,  along  with  sufficient  simplicity 
of  structure  and  reading  accuracy  acceptable  for  practice,  nevertheless  possesses 
certain  fundamental  deficiencies. 

Deflections  of  tne  GT  frame  in  general  are  nonlinearly  connected  with  the 
angular  velocity  of  the  vehicle,  measured  by  it.  Therefore,  we  seek  to  make  the 
angular  region  of  deflections  of  the  frame  sufficiently  small,  and  this  affects 
accuracy  of  the  instrument.  Practically,  complete  removel  of  this  deficiency  is 
attained  in  a  GT  with  forced  return  to  zero  (see  point  d).. 

A  GT,  besides  the  component  angular  velocity  of  the  vehicle  along  the  measuring 
axis,  also  reacts  to  other  components  of  angular  velocity,  i.e.,  a  GT  with  two  degrees 
of  freedom  does  not  have  a  clearly  expressed  axis  of  sensitivity.  To  decrease  the 


*A.  P.  Korzhov.  On  systematic  errors  in  certain  gyroscopic  instruments. 
"Problems  of  applied  gyroscopy, "  Issue  1,  Scientific  and  technical  society  of 
instrument-making  industry,  Sudpromqlz,  1958. 

**See  footnote  on  p.  i2j. 
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Influence,  e.g.,  of  angular  velocity  [see  (8.2,199)]  we  seek,  to  increase  the 
coefficient  c  of  spring  force  of  the  spring,  which  leads  to  decrease  of  the  trans¬ 
mission  factor  k  of  the  GT,  However,  this  decreases  sensitivity  of  th^  Instrument. 
Decrease  of  the  Influence  on  a  GT  of  the  disturbance  of  components  of  angular  velocity 
of  the  vehicle  along  axes  not  coinciding  with  the  measuring  axis  of  the  instrument 
is  carried  out  in  a  GT  zero  drive.  This  deficiency  is  best  removed  by  use  in  the 
GT  of  two  gyroscopes,  connected  by  an  anti-parallelogram,  as  in  a  two-gyro  active- 
type  gyrostabilizer  (§  7.1,  Par  2b).  However,  here,  the  complexity  and  dimensions 
of  the  instrument  increase. 

Accuracy  of  GT  readings  is  substantially  influenced  by  change  of  its  parameters, 
primarily  of  the  whole  kinetic  torque  H  of  the  gyroscope  and  the  coefficient  c  of 
spring  force  of  spring.  Therefore,  it  is  very  important  to  keep  these  parameters 
constant. 

Friction  and  load  on  the  axis  of  rotation  of  the  frame  affect  the  region  of 
stagnation  and  sensitivity  of  the  Instrument.  Therefore.,  decrease  of  these  disturbing 
torques  should  be  considered  an  important  task  in  designing  such  instruments. 

b )  Gyrotachometer  with  Pendulum. 

Usually  in  a  GT,  to  create  a  restoring  torque,  balancing  the  gyroscopic  torque 
(caused  by  angular  velocity  of  the  vehicle),  a  spring  is  applied,  introducing  torque 
Map  »  -cp  [see  (8.2.4)].  For  this  purpose,  instead  of  a  spring,  we  can  use  a 
pendulum,  rigidly  Joined  to  the  gyro  housing  (frame)  of  the  GT.  Such  a  device  was 
realized  in  one  type  of  GT,  the  so-called  Shilovskiy  orthoscope  [152].*  Indeed,  if 
on  the  GT  frame  we  set  a  load  of  weight  P  at  distance  a  from  its  axis  rotation,  then 
during  turn  of  the  frame  angle  p,  thanks  to  the  presence  of  the  pendulum,  there  will 
be  created  torque  M  -  -Pa  »in  P  «=  -PaP  =  -cP,  analogous  to  the  torque  of  a  spring. 

A  peculiarity  of  this  instrument  is  that  when  during  installation,  e.g.,  on  an  aircraft 
which  accomplishes  a  regular  turn  with  transverse  bank  y,  it  can  indicate  this  angle, 
i.e.,  serve  as  a  bank  indicator;  however,  this  can  be  carried  out  only  at  a  definite 
speed  of  flight  of  the  aircraft  [152],  It  is  necessary  to  note  that  due  to  a  series 
of  deficiencies  such  instruments  have  not  been  widely  used. 

c )  On  a  Gyrotachometer  with  Floatation  Suspension, 

One  of  the  essential  deficiencies  of  the  above  considered  GT's  is  the  presence 
of  a  considerable  friction  torque  and  load  on  the  axis  of  rotation  of  t*e  frame, 


♦[Translation  Editor's  Note:  This  scientist  is  also  referred  to  in  English  as 
P.  P.  Schllowslty.  ] 
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caused  by  application  of  ball  beaiings,  of  a  potentiometer  as  angle-data  pickoff 
of  the  frame  of  the  Instrument,  etc. 

It  is  possible  to  decrease  friction  torques  in  the  axis  of  rotation  of  the  QT 
frame  by  application  of  a  liquid  suspension,  in  which  the  so-called  unloading  of 

supports  is  attained  by  the  lift  of  the  liquid.  Simultaneously,  the  liquid  serves 

to  produce  the  required  damping}  therefore,  in  a  GT  with  liquid  suspension  we  Iosp 
the  necessity  to  have  a  special  damper.  One  of  the  important  merits  of  devices 
with  a  liquid  suspension  is  their  high  vibration  and  shock  resistance  and  strength. 

At  present  the  most  advance  structural  variant  of  a  GT  is  the  so-called  floated 
differentiating  gyroscope  [149],  This  instrument  is  very  similar  to  the  floated 
integrating  gyroscope,  which  will  be  considered  in  detail  in  the  next  chapter.  The 
basic  difference  of  the  floated  differentiating  gyroscope  from  the  Integrating  one 
consists  of  the  fact  that  in  the  former  there  is  a  special  element,  which  creates 

the  restoring  torque  required  in  the  GT;  as  this  element  they  usually  use  [149]  an 

elastic  torsion  rod  (Par.  2),  one  end  of  which  is  rigidly  fixed  to  the  float,  and 
the  other  to  the  case  of  the  instrument.  Floated  differentiating  gyroscopes  possess 
considerably  greater  sensitivity  and  accuracy  than  ordinary  GT's, 

As  for  the  theory  of  such  instruments,  it  in  essence  does  not  differ  at  all 
from  GT  theory.  Detailed  description  of  constructions  of  floated  differentiating 
gyroscopes,  and  also  necessary  theoretical  bases  are  given  in  the  book  of  G.  A. 
flomyanskiy  and  Yu.  N.  Pryadllov  [149]. 

Peculiarities  of  a  liquid  suspension  in  connection  with  its  use  in  a  floated 

d)  Qyrotachometer  with  Forced 
Return  to'  zerol' 

As  said  earlier,  a 

number  of  deficiencies  of  a 

GT  based  on  use  of  an  astatic 

rate  gyroscope,  are  removed 

by  means  of  forced  return  of 

the  gyroscope  to  zero  [111], 

A  schematic  of  the  instrument 

is  shown  in  Fig.  8.1J. 

The  principle  of  work 

of  a  GT  with  zero  drive  is 

the  following.  With  component 


Integrating  gyroscope  are  considered  in  Chapter  9. 


Fig.  8.1J.  Schematic  of  a  GT  with  forced  return  to 
zero  (with  spring). 
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a)£  of  angular  Vflocity  of  the  vehicle  (along  axis  OC)  there  appears  gyroscopic  torque 
M  ,  seeking,  according  to  Foucault's  rule,  to  combine  the  axis  of  the  gyroscope  with 

s  y 

axis  OC.  Torque  M  is  balanced  by  torque  M  ,  introduced  by  spring  Sp„  With  turn 

£  y  SP 

of  the  frame  angle  p  the  signal  pickoff  SP,  sitting  on  its  spin  axis,  will  switch 
on  through  amplifier  Amp  motor  Mot.  The  motor  through  actuating  screw  AS  and  nut  N 
will  start  to  shift  carriage  C  to  which  spring  Sp  is  attached;  the  GT  frame  will  be 
returned  by  the  spring  to  zero  position,  since  only  in  this  case  will  the  signal 
pickoff  turn  off  the  motor.  It  is  obvious  that  linear  shift  of  carriage  C  and  nut 
N  relative  to  their  zero  position  will  be  proportional  to  the  measured  angular 
velocity 

Advantages  of  this  scheme  in  comparison  with  the  previously  considered  GT  scheme 
without  zero  drive  of  the  gyroscope  are  the  following.  Since  the  frame  is  always 
near  the  zero  position,  readings  of  the  instrument  can  practically  be  considered 
linear  with  respect  tc  the  angular  velocity  measured  by  it.  Due  to  thiB  same 
circumstance  the  GT  will  be  insensitive  to  the  component  of  angular  velocity  along 
axis  01; ,  l.e.,  a  GT  zero  drive  has  only  one  axis  of  sensitivity  0£.  The  motor  in 
the  instrument  permits  compensating  the  influence  of  friction  torque  and  other  dis¬ 
turbing  and  load  torques  on  the  axis  of  rotation  of  the  frame. 

Creation  of  a  GT  with  forced  return  to  zero  by  a  more  simple  scheme  is  possible 
[149].  This  scheme  differs  from  the  above  by  the  fact  that  it  does  not  have  a 
spring  and  other  connected  elements.  The  restoring  torque  here  is  created  directly 
by  the  motor,  i.e.,  an  electrical  device  with  application  of  proportional  feedback. 

As  can  be  seen  from  the  scheme  in  Fig.  8,14,  with  turn  of  the  instrument  frame 

the  signal  pickoff  SP  turns 
on  motor  Mot  through  ampli¬ 
fier  Amp,  which  returns  to 
frame  to  the  zero  position. 
Theoretical  research  of  such 
a  scheme  on  the  example  of 
a  floated  differentiating 
gyroscope  with  feedback  is 
given  in  [149], 

We  shall  limit  ourselves 

Fig,  8.14.  Schematic  of  a  GT  with  forced  return  to  to  composition  of  the  system 
zero  (with  proportional  feedback). 

of  differential  equations 

of  the  given  GT  scheme.  In  this  case  we  have  a  servo,  analogous  to  the  servo  in  an 
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active  gyroscopic  stabilizer  (§  7.2,  Par.  2).  Therefore,  here,  it  is  possible  in 
principle  to  use  the  sane  method  of  composition  of  equations  of  motion  of  the  GT, 
as  was  applied  during  composition  of  differential  equations  of  the  active  GT. 

Let  us  compose  the  system  of  differential  equations  of  motion  of  a  GT  with 
feedback;  we  assume  that  the  GT  is  equiped  with  a  damper,  which  is  not  shown  in 
Fig.  8.14.  In  the  considered  case  along  the  spin  axis  Oy  of  the  GT  frame  there 
are  located  vectors  of  torques  t  M^n  —  moment  of  inertia  of  the  frame  and  motor 
armature;  M  —  torque,  introduced  by  the  motor;  Md  -  damping  torque;  Mg  y  —  gyroscopic 
torque;  Mdig  —  disturbing  torque.  By  analogy  with  (8.2,27)  we  have 

M aa  +  M  +  M x  *f*  M%  Mfy  *=  0.  •  (8.2. 200 ) 

The  moment  of  inertia  of  the  GT  frame  is  determined  by  relationship  (8.2.28); 

moment  of  inertia  of  the  motor  armature,  according  to  (7.2.39)#  considering  that 

•• 

the  transmission  ratio  7  -  1,  will  be  -J  fi;  then 

arm 

*•„  — '„.(!>-• ’,)“J 'J-  (8.2.20!) 

who  re  J  -  moment  of  Inertia  of  the  motor  armature  with  respect  to  its  axis  of 
arm  rotation. 

Designating 

fr  # ■»  JT  #  +  Ju,  (8.2.202) 


we  rewrite  (8.2.201)  in  form 

Af„  —  J't  j  +  Jr  (8.2.203) 

Torque  Mddg,  according  to  (8,2.33)  and  (8.2.34)  (for  the  case  of  liquid  fric¬ 
tion),  will  be 

Af.— (8.2.204) 

For  the  gyroscopic  torque,  considering  that  In  a  GT  with  zero  drive  angle  (3  will 
be  minute,  in  accordance  with  (8.2.32)  we  have,  approximately, 

Mty-Hu>v  (8.2.205) 

Damping  torque  Md,  by  analogy  with  (8.2.13),  will  be 

Af*—  (8.2.206) 
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Substituting  (8.2.203)-(8.2.206)  in  (8.2.200),  we  obtain 

K.  .P+  *0  *=  +  M + K .  A- n$ + /<o-  (8.2.207) 

This  equation  should  be  supplemented  by  equations,  characterizing  transients 
in  electrical  components  of  the  GT. 

Torque,  introduced  by  the  motor,  by  analogy  with  (7.2.44),  we  write  in  form* 

M  (8.2.208) 


where  —  magnetic  flux  of  excitation  windings; 
i  —  current  in  motor  armature . 

Current  i  enters  into  the  equation  of  balance  of  voltages  in  the  motor  armature 
network,  according  to  (7.2.45),  in  the  following  manner: 

(8.2.209) 


where  l  —  coefficient  of  self-inductance  of  the  armature  network; 

r  —  resistance  of  the  armature  network  (including  internal  resistance  of 
the  amplifier); 

c '  —  coefficient,  characterizing  dependence  of  ttye  counter  emf  induced  in 

the  armature  on  relative  angular  velocity  cu  of  its  rotation: 

arm  * 

Uamp  “  vol'taKe  fed  from  amplifier  to  motor  armature. 

Since  a^rm  =  -f3  (Fig.  8.4),  instead  of  (8,2.209)  we  obtain 

4.  ri  —  4  -  Ur  (8.2.210) 


Introducing  electromagnetic  time  constant  Tmot  of  the  motor  armature  network 
and  other  designations 


(8.2.211) 


we  rewrite  (8.2.210)  in  the  form 

T^  +  l-b£-eUy.  (8.2.212) 

Voltage  from  the  amplifie'r  U  ..  .  according  to  (7.2.51  ),  is  determined  by 
equation 

TvOy+Uy~k'U,  (8.2.213) 


*See  footnote  on  p,  20* 
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where  Tflm  —  time  constant  of  the  amplifier} 

U  -  voltage  from  signal  pickoff,  proceeding  to  amplifier  input} 
k'  —  amplifier  gain. 

Voltage  U  is  a  function  of  angle  0  of  rotation  of  the  frame: 

U-k'fi,  (8.2.214) 

where  k.^  —  transmission  coefficient  of  the  considered  unit. 

Substituting  (8.2,  V4)  in  (8.2.213)  and  designating 

(8.2.215) 


we  obtain 


Ttf+Uy~S). 


(8.2.216) 


\  (8.2.217) 


Thus,  we  have  the  following  system  of  equations: 

J\  f  +  +  ‘M  +  J r.  nfi  4-  /(/)  (GT  frame) 

—  (motor) 

(amplifier) 

Tb  ~  -f  j  —  «=  (motor  armature  network) 

On  the  basis  of  this  system  of  equations  we  can  find  the  transient,  performance 
indices  and  dynamic  errors  of  the  GT,  using  for  this  the  same  methods,  as  were 
applied  during  investigation  of  an  active  GS. 

Readings  of  the  considered  GT  are  taken  In  the  form  of  current  strength  i 
at  the  amplifier  output.  We  shall  Bhow  that  it  is  proportional  to  the  angular  velocity 


C 


n< 


measured  by  the  instrument]  disturbances  we  consider  absent,  l.e.,  o>^  -  0, 
=>  0,  f(t)  =  0]  then  system  of  equations  (8.2.217)  can  be  written  in  form 


r^,  +  u,  =  s? 


(8.2.218) 


From  the  first  equation  of  this  system  it  follows  that  in  steady  (static) 
position 
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i.e.,  current  strength  i  is  proportional  to  the  magnitude  of  angular  velocity  tu^. 

Let  us  solve  system  of  equations  (8.2.218)  for  i;  considering  time  constants 
Tamp  8X1(1  Tmot  M8118lble#  we  have 

/  *—  +  lb  +  —  +  eStoi  =  eSHu>(  -f  Hb^ (8.2.220) 

••  •  #P  '  'at 

l.e.,  an  equation,  analogous  in  structure  to  (8.2.40).  Thus,  the  considered  system 

has  properties  of  a  tachometer.  It  should  be  noted  that  the  counter  emf  in  the  motor 

armature  affects  damping  of  the  system,  since  in  coefficient  with  —  there  enters 

dt. 

quantity  b1  [see  (8,2.211)].  However,  in  the  right  side  of  equation  (8.2.220)  there 

appears  disturbance  Hb^ui^,  which  will  introduce  distortion  in  the  readings  of  the 

instrument.  Therefore,  coefficient  c1  of  counter  emf,  induced  in  the  motor  armature, 

! 

should  be  as  small  as  possible j  then  b^  »  ~  will  also  be  small  and  Instead  of 
(8.2.220)  we  will  have 

/;.,£  + +  (8.2.221) 

from  which  for  a  3teady  state  we  obtain  formula  (8.2.219)  found  earlier, 
e)  Gyrotachometer  with  Three  Degrees  of  Freedom 

As  tachometers  we  can  also  use  gyroscopes  with  three  degrees  of  freedom.  One 
of  the  simplest  schemes  of  a  GT  [ill],  based  on  use  of  a  three-degree-of-f reedom 
gyroscope,  is  shown  in  Fig.  8.15.  With  the  internal  ring  of  the  Cardan  suspension 

is  connected  a  sighting  device;  with 
the  help  of  this  device  we  observe  the 
vehicle,  angular  velocity  of 
displacement  of  which  should  be  deter¬ 
mined.  In  order  to  keep  the  sighting 
device  directed  towards  the  vehicle,  to 
torque r  TQ  we  should  apply  from  the 
control  system  a  certain  torque  M,  which 
ensures  precessional  motion  of  the 
external  gimbal  ring  together  with  the 

gyroscope  with  three  degrees  of  freedom. 

sighting  device  after  motion  of  the 

M 

vehicle.  Since,  here,  the  angular  velocity  of  precession  a)  *  —  should  be  equal  to 

P  H 

the  magnitude  of  applied  torque  M  will  be  proportional  to  the  measured  angular 


Fig.  8,15*  A  GT  base  on  an  astatic 
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velocity  of  movement  of  the  vehicle  i  M  -  Ha>^. 

We  know  a  fundamentally  different  method  of  use  of  a  three-degree-of-freedom 
gyroscope  as  a  tachometer.  To  the  gyroscope  there  is  applied  a  certain  torque, 
proportional  to  the  angle  of  deflection  of  its  axis  with  respect  to  the  axis, 
connected  with  the  vehicle,  angular  velocity  of  which  it  to  he  measured.  In  a  steady 
state  of  work  the  axis  of  the  gyroscope  will  lag  behind  the  axis  connected  with  the 
vehicle,  and  this  angle  is  a  measure  of  the  angular  velocity  of  the  latter. 

One  scheme  of  a  QT,  realizing  this  method,  was  considered  by  B.  I.  Kudrevich 
[71].  In  Fig.  8.16  there  is  shown  magnet  (or  electromagnet)  1,  which  can  spin  about 

axis  nn,  connected  with  the  vehicle,  whose 
angular  velocity  a)  is  to  be  measured; 
vector  uj  is  directed  along  axis  Ox, 
perpendicular  to  the  plane  of  the  figure. 
Rotor  2,  made  in  the  form  of  an  incomplete 
sphere,  rotates  about  axis  Oz;  axes  Oxyz 
are  connected  with  the  rotor;  0  is  the 
point  of  suspension  of  the  rotor;  angular 
mementum  of  the  gyroscope  is  H.  We  des¬ 
ignate  by  M  the  torque  created  by  the 
rotating  magnetic  field;  B  is  the  angle 
of  deflection  of  axis  Oz  of  the  gyroscope  with  respect  to  direction  nn. 

We  shall  show  that  a  steady  state  angle  B  is  proportional  to  the  measured 
angular  velocity  oo.  First,  we  shall  consider  the  case  when  cu  ■  0,  and  determine 
the  law  of  motion  of  the  gyroscope.  Let  us  expand  vector  7?  in  components  along  axes 
Oz  and  Oy.  The  component  of  this  torque  -M  sin  B  *•  MB  along  axis  Oy  causes  preces- 
slonal  motion  of  the  gyroscope  about  axis  Ox  with  angular  velocity 


Designating  —  =  H,  we  have 

n 

0  +  xp-O.  (8.2.222) 


Fig.  8.16.  The  theory  of  a  "lagging" 
gyroscope . 


If,  for  t  -  0,  B (0)  -  B0» 


(8.2.225) 


i.e.,  axis  Oz  of  the  gyroscope  will  seek  to  coincide  with  axis  nn  by  aperiodic  law. 

1?2 


Consequently,  motion  of  the  gyroscope  has  the  same  nature  as  motion  of  a  gyrovertical 
with  a  linear  characteristic  of  correction  (§  6.3,  Par.  2b). 

If  axis  nn  rotates  in  space  about  axis  Ox  with  angular  velocity  a),  instead  of 
equation  (8.2.222)  we  obtain  the  followings 

+  +  (8.2.224) 

from  which  for  a  steady  state  with  a)  -  const  we  have 

&»---“*•  (8.2.225) 

Consequently,  the  considered  instrument  is  a  gyrotachometer,  i.e.,  with  movement 
of  axis  nn  after  the  vehicle  axis  Oz  of  the  gyroscope  will  be  deflected  (lag)  from 
axis  nn  by  angle  0,  proportional  in  a  steady  state  to  angular  velocity  o>  of  the 
vehicle.  In  connection  with  this  such  gyroscopes  are  sometimes  called  "lagging." 

Analogous  schemes  of  gyrotachometer s  are  also  given  in  [JO,  Jl], 

§  8.J.  Qyrotachoaccelerometer  (GTA) 

1.  Function  of  the  Instrument 

In  §  8.1,  it  was  shown  that  in  practice  there  are  applied  differentiating 
gyroscopes,  which  serve  to  determine  the  sum  of  angular  velocity  and  angular  accel¬ 
eration  of  a  vehicle.  Such  gyroscopes  are  usually  called  gyrotachoaccelerometers 
(GTA)  or  damping  gyroscopes.  In  GTA's  there  is  used  an  astatic  gyroscope  with  three 
degrees  of  freedom,  fixed  in  a  Cardan  suspension,  where  angles  of  rotations  of  the 
Inner  and  outer  gimbal  rings  are  bounded  by  springs. 

2.  Schematic  of  a  GTA 

The  schematic  of  the  GTA  and  itB  description  are  given  in  a  number  of  books  and 
articles  (for  instance,  [17,  57,  112]),  which  we  shall  use  during  our  account  of  this 
problem.  Rotor  GR  (Fig.  8.17)  is  fixed  in  a  Cardan  suspension,  consisting  of  inner 
IR  and  outer  OR  rings;  turns  of  rings  are  limited  by  springs  Sp^  and  Sp2.  On  the 
axis  of  the  inner  ring  IR  is  located  lever  L^,  connected  with  spring  Sp^,  which  is 
faotened  in  the  housing  of  the  instrument.  On  the  same  axis  is  fixed  lever  Lg,  united 
with  the  pull  rod  of  damper  D.  Outer  ring  OR  has  an  elastic  connection  with  the 
housing  of  the  instrument  through  spring  Sp2.  Readings  of  the  instrument,  charac¬ 
terizing  the  sum  of  angular  velocity  and  angular  acceleration  of  rotation  of  the 
vehicle  about  axis  0£,  proportional  to  •che  angle  of  rotation  of  the  outer  ring  about 
OC,  are  taken  in  the  form  of  voltage  from  potentiometer  Pot.  It  should  be  noted  that 


in  a  real  construction  of  the  Instrument  ^[112]  Sp2  spring  is  selected  so  rigid  that 

the  maximum  possible  angle  of 
rotation  of  the  outer  ring  OR  does 
not  exceed  several  tenths  of  a 
degree;  angle  of  rotation  of  the 
inner  ring  IR  does  not  exceed 
several  degrees. 

3.  Basic  Relationships 
for  a  OTA 

For  concreteness  «re  shall 
consider  axes  0£qC  connected  with 
the  aircraft;  axes  Oxyz,  combined 
in  initial  position  (when  a  ■  (S  »  0 
with  axes  0£t;C,  are  connected  with 
the  inner  gimbal  ring  (Resal's 
axes).  Let  us  assume  that  the 
OTA  is  designed  for  measurement 
of  angular  velocity  f  and  angular 
acceleration  ip  of  the  aircraft  about  axis  0 C.  In  accordance  with  this,  spin  axis 
Oy  of  the  outer  ring  is  combined  with  axis  OC,  and  spin  axis  Ox  of  the  inner  ring 
is  connected  with  the  longitudinal  axis  of  the  aircraft  Otj.  Thus,  axis  OC  is 
the  inPut  or  measuring  axis.  Let  us  designate  by  o  of  the  angle  of  rotation  of  the 
outer  ring  with  respect  to  the  instrument  housing,  0  —  the  angle  of  rotation  of  the 
inner  ring  relative  to  the  outer.  Readings  of  the  instrument  are  taken  in  the  form 
of  the  angle  a  of  rotation  of  the  outer  ring,  which,  as  will  be  shown  later,  is 

v 

connected  with  measured  parameters  ip  and  f  of  oscillatory  motion  of  the  aircraft  by 
the  following  relationship: 

>  +  B$,  (8.3.1) 

where  A  and  B  —  certain  constant  coefficients,  depending  on  parameters  of  the 
instrument. 

Consequently,  spin  axis  Oy  of  the  outer  ring,  coinciding  with  OC,  is  the 

output  axis. 

Let  us  derive  basic  relationship  for  the  OTA,  i.e.,  expression  (8.3.1),  which 

•  •• 

establishes  the  functional  connection  between  input  quantities  ip,  ip  and  the  outlet 
quantity  a.  First,  we  shall  consider  the  case  when  ip  -  const.  Here,  the  OTA  will 
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behave  as  a  gyrotachometer.  Actually,  with  great  spring  force  of  spring  Sp 2  one 

may  assume  that  in  the  first  approximation,  due  to  smallness  of  a  as  compared  with 

V>,  the  outer  and  inner  rings  will  turn  about  axis  0 {  together  with  the  housing  of 

the  instrument  and  aircraft  with  angular  velocity  y,  where  under  the  action  of 

gyroscopic  torque  M  *•  H^,  directed  on  axis  Oy,  the  inner  rir.  ,  according  to  (8.2.7), 

61 

will  turn  an  angle  P,  equal  to 

coefficient  c±,  considering  (8.2.5)  and  Fig.  8.17,  we  determine  by  formula  c±  = 
i  2 

=  and  then 


r«*i 

i 

where  —  coefficient  of  linear  spring  force  of  spring  Sp1; 
l ^  —  length  of  lever  L^. 

In  this  case  spring  Sp^  develops  force 

Fx  “fj/i?, 

and  its  torque  with  respect  to  axis  0 £  will  be 

Mi  ■  C\l$L> 


(8.3.2) 


(8.3.3) 


Torque  will  cause  turn  of  the  outer  ring  with  respect  to  the  housing  of  the 
instrument  a  certain  angle  cs^,  and  also  compression  of  spring  Sp2,  which  will  create 
with  respect  to  axis  0£  torque 


M,  “ 


(8.3.4) 


where  c2  —  coefficient  of  linear  spring  force  of  spring  Sp2. 

Torques  and  M2  are  balanced,  i.e.. 

Mg  +  *=  0; 

substituting  (8.5.3)  and  (8.3.4),  we  obtain  for  angle  the  following  expression: 


Ah 


(8.3.5) 


coinciding  with  (8,3.1)  if  we  designate 


‘ifc 
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(8.3.6) 


and  consider  that  in  thia  case  f  =  const  and,  consequently,  f  -  0. 

Let  us  turn  to  analysis  of  the  general  case,  when  the  aircraft  has  angular 
acceleration  ip.  If  ip  >  0,  the  inner  ring  will  turn  about  axis  Oy  with  angular 
velocity  fa,  determined  from  (8.3.2)  : 


i  H  v 
*1*1 


(8.3.7) 


Here,  there  appears  a  gyroscopic  torque  M  ,  directed  along  axis  0£  and  equal  to 

©2 


1 La 


<l'2l 


(8.3.8) 


torque  M  causes  turn  of  the  outer  ring  and  additional  compression  of  spring 
g2 


Sp jt  which  creates  torque  : 


(8.3.9) 


Torques  M  and  Mc  are  balanced,  i.e,, 

&2  ^ 


W'+M;-  0; 


substituting  (8.3.8)  and  (8.3.9),  we  obtain  for  angle  the  following  expression: 

(8;3. 10) 


If  1* 

«. - —  *• 


f i  ci 


where  - — r,  according  to  (8.3.1),  we  designate  by  B: 


c  c 

1  2C 1  2 


B  - 


//» 


(8.3.11) 


Thus,  total  angle  of  rotation  a  of  the  outer  ring  will  be 

»-«»+«* 


HL  ♦  +  — +  *$• 


(8.3.12) 


Vil  VtW 

Consequently,  the  considered  Instrument  indeed  gives  the  sum  of  angular  velocity 
and  angular  acceleration  of  rotation  of  the  vehicle. 

4.  Equation  of  Motion  of  a  OTA 

We  give  without  derivation  the  equation  of  motion  of  a  OTA  in  coordinate  o  [112]: 

H'i  +  a/](c,L'  -f  cttyi  +  »  HcxlxO<  +  H%  (8.3.13) 

where  a  —  constant  Included  in  the  expression  of  the  damping  coefficient  (8.2.14). 
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From  equation  (8.3.13)  it  follows  that  angle  a,  if  we  disregard  small  "dynamic 
correction"  (§  8.2,  Par.  6b),  is  determined  by  a  relationship,  coinciding  with 
(8.3.12).  Natural  oscillations  of  the  outer  gimbal  ring  under  the  influence  of  the 
damping  torque  attenuate.  Frequency  n  of  natural  undamped  oscillations,  according 
to  (8.3.13),  is  determined  by  expression 

(8.3.14) 

I*' 


For  the  location  of  the  GTA  with  respect  to  the  axes  of  the  aircraft  in  Fig. 
8.17  its  readings  will  also  be  influenced  by  oscillations  of  the  aircraft  relative 
to  its  longitudinal  axis,  i.e.,  the  angular  velocity  and  angular  acceleration  of 
roll.  To  eliminate  this  influence  we  set  the  instrument  in  such  a  manner  that  the 
spin  axis  Ox  of  the  inner  frame  is  inclined  to  the  longitudinal  axis  of  the  aircraft 
a  certain  angle  determined  by  relationship  [109] 


(8.3.15) 


Let  us  find  the  transfer  function  of  the  GTA.  According  to  (8.3.13) 

P(,)„!!!!0 _ y.M  H»l> f 

♦  (*)  f/V  +  a/]  ( c,t2  -f  Cj  /*)  *  +  c,  c2  if /| 


,  we  have 


(8.3.16) 


i.e.,  from  the  dynamic  point  of  view  the  GTA  can  be  considered  an  oscillating  circuit 
with  the  introduction  of  derivatives. 

As  for  instrument  errors  of  a  OTA,  they  are  basically  analogous  to  instrument 

errors  of  a  GT.  Therefore,  we  shall  be  limited  to  giving  only  formulas  for  minimum 

•  *• 

angular  velocity  ^min  and  minimum  angular  acceleration  characterizing  the 

threshold  of  sensitivity  of  the  GTA;  we  have  [17] 


(8.5.17) 


where  Kx  ana  K  —  correspondingly,  moduli  friction  torques  in  the  spin  axes  of  the 
y  inner  and  outer  gimbal  rings. 

Detailed  descriptions  of  the  scheme,  constructions  of  GTA's  and  its  basic 
characteristics  are  given  in  the  literature  [112,  17 ] . 

§  8.4.  Vibratory  Gyroscopes  (VG's) 

1,  Function  and  Types  of  VG's 

One  of  the  essential  deficiencies  of  all  GD's  considered  till  now,  based  on 
use  of  a  gyroscope  in  a  Cardan  suspension,  is  the  presence  of  friction  in  the 
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suspension  axes,  which  lowers  accuracy  of  readings  of  these  devices. 

The  effort,  by  all  possible  ways,  to  decrease  friction  in  the  suspension  axes 
led  to  creation  of  gyroscopes  with  air  suspension  (§  6.5,  Par.  2a),  and  also  gyro¬ 
scopes  with  floating  suspension. 

Along  with  this  there  was  noted  the  fundamental  possibility  of  creating  a  OD 
of  the  type  of  a  vibratory  gyroscopes  (VO),  in  which  the  gyroscope,  in  general,  does 
not  have  a  Cardan  suspension;  there  also  may  be  no  fast-rotating  rotor;  instruments 
of  this  last  type  can  be  related  to  gyroscopes  only  be  convention.  By  a  vibratory 
gyros  ope,  in  general,  we  understand  an  instrument,  containing  vibrating  components 
and  reacting  to  the  gyrotorque,  caused  by  rotation  of  the  vehicle.  The  VQ  in 
principle  of  action  is  a  gyroscopic  tachometer,  since  the  input  quantity  is  the 
gyroscopic  torque  from  rotation  of  the  vehicle,  and  the  output  is  a  function  of 
angular  velocity  of  the  vehicle. 

We  distinguish  VG's  of  rotor  type  and  rod  type.  The  former  contain  a  revolving 
rotor;  for  VG's  of  the  latter  type  the  sensor  is  several  vibrating  masses,  e.g., 
rods,  similar  to  tines  of  a  tuning  fork. 

2.  Schemes  of  VG's  of  Rotor  Type.  Basic  Relationships 

One  of  the  possible  schemes  of  a  VG  of  rotor  type  1b  presented  in  Fig.  8.l8a, 
where  the  figures  designate;  1)  symmetric  rotor;  2)  its  spin  axiB;  5)  elastic  rods, 

A  peculiarity  of  the  considered 
VG  is  that  J  ts  rotor  has  the 
possibility  of  additionally  rotating 
about  axis  nn,  perpendicular  to 
axis  Oz,  thanks  to  the  presence  of 
its  elastic  connection  to  axis  Oz, 
carried  out  by  elastic  rods;  axis 
nn  is  called  the  vibration  axis. 

In  Fig,  8.l8b  there  is  given  a 
Fig.  8.18.  Schematics  of  VG's  of  Rotor  type.  somewhat  different  scheme;  here 

rotor  1  is  fixed  on  its  spin  axis 

?,  in  the  form  of  a  flat  spring. 

Let  us  consider  the  essence  of  the  phenomena  occurring  in  a  VG.  Let  us  assume 
that  the  VG  rotor  rotates  about  axis  Oz  with  angular  velocity  0;  angle  of  spin  of 
the  rotor  cp  =  fit ;  its  angular  momentum  H  =■  Jfl.  Let  us  assume  that  the  base  of  the 
VG,  i.e.,  the  vehicle  on  which  it  is  fixed  rotates  with  angular  velocity  cd^,  directed 
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along  the  axis  0£  (Fig.  8.19).  Here,  there  appears  gyroscopic  torque 

Mrsr//a);. 


(8.4.1) 


Components  of  this  torque  on  axeB  Oy^  and  Ox^ 


will  be 


//u^sin?;  AffX(  =  —  //u>.  coss.  (8.4.2) 


W  JJ  Components  ,  directed  along  the  axis  of 

\\.  vibration  nn,  causes  vibratory  oscillations  of  the 

rotor  about  this  axis,  since  during  turn  of  the  ro- 
Fig.  8.19.  Determining  M  0  1 

and  M  S  xi  tor  about  axis  Ox  90  from  the  position  shown  in 

6  y1 

Fig.  8.19,  torque  M  changes  sign.  As  will  be 
shown  below,  from  the  amplitude  of  these  oscillations  it  is  possible  to  Judge  the  mag¬ 
nitude  of  angular  velocity  of  the  vehicle.  Component  M  of  gyroscopic  torgue  about 
axis  OXj  does  not  affect  motion  of  the  gyroscope;  it  only  causes  a  certain  dynamic 
pressure  of  the  rotor  on  its  supports. 

We  compose  the  differential  equation  of  motion  of  the  rotor  about  the  axis  of  vi¬ 
bration  nn  (Oy^).  Here,  we  consider  that  vibration  of  the  rotor  about  axis  0x1  1b  ab¬ 
sent  by  virtue  of  the  corresponding  rigidity  of  the  construction.  Let  us  use  Euler's 
equations  (1,3.27).  As  generalized  coordinates  we  take  the  angle  <j>  of  spin  of  the  ro¬ 
tor  (Fig.  8,20)  and  the  angle  a  of  rotation  of  the  rotor  about  the  axis  of  vibration 
Oy^j  axes  connected  with  rotor  after  these  turns  will  occupy  position  Ox^y^z.  Axes 
0£r](;  connected  with  the  vehicle  are  rotated  about  axis  0 £  with  angular  velocity  co., 

which  should  also  be  determined  by  the 

M  fCW 

\  _  I  VO.  The  second  and  third  equations  of 


(1.3.7),  replacing  My.  by  My  and  con¬ 


sidering  that 
rewrite  in  form 


j  -  j,  we 
z 


(8.4.3) 


Fig,  8,20,  Deriving  the  equation  of  mo¬ 
tion  of  a  QT. 


Projections  of  absolute  angular 
velocity  of  axes  Ox^y^z  on  these  same 
axes,  according  to  Fig.  8.20,  will  be 
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tr- 


l 


p  ■■  »c  tin  ?  cos  a  —  ?  sin  a 
q  -  m.coft?  +  a 

I 

f  ■»  «( sin?  sift  a  +  ?cos* 

We  substitute  (8.4.4)  in  (8.4,5): 

J9  |a  -f  «tcos  ?  —  u»;?  sin  ?  4- 
+  ^we  Sin?  Sin  a  -f  ?cosa  j  sin  z  cos  a  —  z  sin?  jj  — 

—  J  sin  ?  sin  a  -J-  ?cosaJ  ^u».sin?cosa  —  osinij  =My 
—  /(•csin?sina  +  ?cosa)  =  Mr 


(8.4.4) 


(8.4.5) 


Since  resisting  torques  with  respect  to  axis  Oz  of  the  gyroscope  are  balanced 
by  an  active  torque,  the  resultant  torque  M  »  0.  Then,  from  the  second  equation 
of  system  (8.4.5)  we  obtain 

/|?  cosa-f-w. sin? sin aj  =  const  —H  *=  /2.  (8.4.6) 


Angle  a  of  rotation  of  the  rotor  about  the  axis  of  vibration  is  sufficiently 
smallj  therefore,  according  to  (8.4.5)  and  (8.4.6),  with  an  accuracy  of  small 
components  of  the  first  order  we  obtain  the  following  equation  of  motion  of  the  rotor 
with  respect  to  the  axis  of  vibration: 

^,«  +  (./  —  /,)  fi*«  «  +  //u»;sin?  —  y^ol.cos?.  (8.4.7) 


Since  qp  =  fit, 

/,£  +  (/—/,) 2*a  »  M,  +  ff*.sinG/-/,m;cos2/.  (8.4.8) 

As  the  torque  My  of  external  forces,  applied  to  the  gyroscope  with  respect  to 
axis  (Fig.  8.19  and  8.20),  we  consider  the  restoring  torque  of  forces  of  elastic 
strains  of  rods  and  damping  torques;  then,  by  analogy  with  expressions  (8.2.4)  and 
(8.2.15),  we  have 

—  C,t— fa.  (8.4.9) 

Substituting  (8.4.9)  in  (8.4.8),  we  obtain 

fti  +  !n+  [r,+  (/  — /,)2*]a  =  W«;sin2/  —  /t«;cosOr  (<f;t«lO) 

In  the  right  part  of  the  equation  the  second  member  is  small  as  compared  to  the 
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<» 


first.  Therefore,  the  differential  equation  of  small  oscillations  of  the  rotor 
about  the  axis  of  vibration.  Introducing  designation 

C-C, +  (/-/»)  2\  (8.4.11) 


we  write  finally  in  form 


J9 s  -f  in  -{-  a  =  sin  dt. 


(8.4.12) 


very  similar  to  equation  (8.2.41)  of  motion  of  a  GT  frame. 
Let  us  present  (8.4.12)  in  the  following  form: 


«  +  — a -f~«  =  sinQ/. 

A  A  A 


(8.4.13) 


By  analogy  with  (8.2.43),  (8.2.45)  -  (8.2.47),  we  introduce  designations 


n  — 


/  e  ,  b  0.  .  .  b  ,  .  « 

l/  7“  *  "7”  , ,  —  * 


(8.4.14) 


Then  we  have 


a  -f  2^ns  -f-  n*a  ®  ik,u»c  (/)  sin  2/, 


(8.4.15) 


where  n  —  frequency  of  natural  undamped  vibratory  oscillations  of  the  rotor; 

£  -  relative  attenuation  factor. 

A 

If  we  designate  by  T  -  -  the  time  constant  of  the  VG,  (8.4.15)  can  be  rewritten 
in  form 

Tr*  +  T.T*  +  * -*«t(0*in2/,  (8.4.16) 


whe  re 


A-".. 

n‘  A  ‘  « 


(8.4.17) 


Since  natural  oscillation  of  a  VG  rotor  rapidly  attenuate  thanks  to  the  presence 
of  damping,  we  determine  its  forced  oscillations,  which  are  characterized  by  a 
particular  solution  of  equation  (8.4,16). 

The  form  of  this  particular  solution  is  determined  by  the  right  side  of  equation 
(8.4.16),  i.e.,  input  kco.(t)  sin  Ht.  We  shall  limit  our  consideration  to  the  simplest 
case,  when  the  vehicle  rotates  about  axis  0£  (Fig.  8.20)  with  constant  angular 
velocity,  i.e,,~u>£(t)  -  cd^  »  const.  Then  we  rewrite  equation  (8.4.16)  in  form 
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T*«  +  2;Ti  +  «-AwJ*ln2/. 


(8.4.18) 


The  transfer  function  of  the  VO  la  determined  by  the  same  relationship  (8.2.68), 
as  the  transfer  function  of  a  GT.  Then  the  amplitude  and  phase  frequency- response 
curves  of  the  VG  will  be  expressed  by  formulas  (8. 2. ”4),  if  In  them  we  set  <o  ■  ft 
1 .  e . , 


MO) 


‘  ;T(2)=_,rct8T^r0 


Vr(i-T*a*/  +  4?r*u* 


TfSfl 


(8.4.19) 


Forced  oscillations  of  the  VG  rotor,  by  analogy  with  (8.2.126),  are  determined 
by  relationship 


«,</)- (2)  sin  |S/ +  *(2)1, 


(8.4.20) 


where  A (ft)  and  <p(ft)  during  constant  angular  velocity  ft  -  const  of  rotor  spin  will 
also  be  constant  [see  (8.4.19)]. 

Prom  formula  (8.4.20)  it  follows  that  when  =  const  the  frequency  of  forced 
oscillations  of  the  rotor  is  equal  to  the  angular  velocity  ft  of  its  spinning;  the 
amplitude  of  forced  oscillations  Is  proportional  to  the  measured  angular  velocity 
of  the  vehicle.  Thus,  the  VG  indeed  executes  the  function  of  a  GT.  Increase  of  the 
amplitude  of  vibrations  of  the  rotor  can  be  attained  by  increasing  of  the  gain- 
frequency  response  A(ft)  of  a  VG,  for  which,  according  to  (8.4.19),  one  should 

increase  coefficient  k  -  —  [see  (8.4.17)]  and  select  parameters  of  system  so  that 

2  2 

1  -  T  ft  -  0,  i.e.,  the  VG  works  in  conditions  of  resonance.*  Thus,  measuring  in 
one  way  or  another  angle  a  of  rotation  of  the  rotor  about  the  axis  of  vibration,  one 
can  determine  the  angular  velocity  of  rotation  of  the  vehicle. 

It  should  be  noted  that  a  VG  of  the  considered  type  spinning  of  the  rotor,  in 
general,  is  not  obligatory.  In  principle  an  analogous  phenomenon  can  be  obtained, 
if,  for  instance,  axis  2  of  the  rotor  (Fig,  8,l8b),  carried  out  in  the  form  of  a 
flat  spring,  is  rigidly  secured  at  both  ends  and  instead  of  rotation  we  impart  to 
the  rotor  torsional  oscillations  relative  to  thiB  axis.  Such  a  VG  does  not  contain 
rotating  parts,  and  therefore  possesses  known  advantages  as  compared  to  the  VG 
considered  earlier.  Basic  relationships  for  a  VG  based  on  torsional  oscillations 


♦Quantity  c,  according  to  (8,4.11),  depends  on  coefficient  c1  of  rigidity  of 

the  elastic  rods  of  the  VG,  and  also  on  (J  —  J  )  ft2,  which  it  is  possible  to  vary  by 

selecting  the  angular  velocity  ft  of  spinning  of  the  rotor  and  the  relationship  be¬ 
tween  its  moments  of  inertia  J  and  Jg. 


VV.  - 
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of  the  rotor  can  be  obtained  from  the  above-mentioned  formulas,  if  in  them  we  assume 
that  the  angle  q?  of  natuial  torsional  oscillations  of  the  rotor  obeys  harmonic  law 
<p  =  sin  o)Qt,  where  cpQ  --  amplitude,  and  0)q  —  frequency  of  these  torsional  oscilla¬ 
tions. 

Vibratory  gyroscopes  of  rotor  type,  apparently  due  to  technical  difficulties 
of  realization,  have  not  been  widely  applied  in  practice.  There  is  information 

[36]  on  developments  abroad  of  a  VG  of  another  type,  called  a  gyrotron;  the  schematic 

and  basic  relationships  for  this  type  of  VG  are  given  below. 

3.  Schematic  of  a  VG  of  Rod  Type  (Gyrotrom).  Basic  Relationships 
One  scheme  of  a  VG  of  rod  type,  finding  practical  application,  is  based  on  use 
of  the  properties  of  vibrating  masses  —  rods,  comprising  tines  of  a  vibrator  —  a 
tuning  folk;  this  instrument  is  known  by  the  name  of  a  Sperry  gyrotron  [36].  The 
sensor  of  the  instrument  is  a  vibrator  (Fig,  8.21a),  consisting  of  rods  Rod^^  and 
Rod2,  elastic  torsion  rod  TR,  connecting  the  rods  with  the  base  of  the  vibrator  B, 

and  plate  PI  rigidly 
fastened  to  the  torsion 
rod. 

The  principle  of 
action  of  such  a  sensor 
is  as  follows.  By  spe¬ 
cial  electromagnets  the 
rod-tines  of  the  tuning 
fork  are  set  into  oscil¬ 
latory  motion.  If  the 

Fig.  8.21.  On  the  principle  of  operation  of  a  gyrotron, 

base  of  the  instrument, 

i.e.,  the  vehicle,  does  not  rotate  about  axis  0£,  oscillations  of  the  rodB  are  in 
plane  0 £(x)x  with  constant  amplitude  and  frequency  depending  on  parameters  of  the 

1 j 

system.  If  the  vehicle  together  base  B  of  the  vibrator  turns  about  axis  OC,  with 
angular  velocity  there  appear  torsional  oscillations  of  the  vibrator,  and, 
consequently,  also  of  the  elastic  torsion  rod  TR  and  plate  PI  about  axis  0£(x);  as 
will  be  shown  later,  the  amplitude  of  these  oscillations  is  proportional  to  angular 
velocity  o>£. 

When  the  vibrating  tines  of  the  tuning  fork  approach  one  another,  the  moment 
of  inertia  of  the  fork  about  axis  0£,  decreases,  and  the  angular  velocity  of  torsional 
oscillations  abput  axis  increases.  If  the  tines  move  apart,  the  moment  of  inertia 
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of  the  fork  Increases,  and  its  angular  velocity  decreases.  Thus,  the  vibrating 
tuning  fork  constitutes  a  system  with  a  moment  of  Inertia  variable  with  respect  to 
axis  0{(x). 

To  determine  the  moment  of  inertia  of  the  tuning  fork  we  bonsider  motion  of 
the  i-th  particle  (Fig,  8,21b),  of  one  of  the  tines.  Since  the  frequency  of  oscil¬ 
lation  of  the  tines  exceeds  the  angular  velocity  of  rotation  of  the  base  of  the 
instrument  by  many  times,  the  path  of  this  particle  is  a  very  compressed  sine  curve. 
Let  RQ  denote  the  average  distance  from  the  axis  of  the  tuning  fork  to  each  of  the 
tines;  AR  —  the  amplitude  of  vibrations  of  the  tines;  r^  —  the  distance  of  the  i-th 
particle  from  the  tuning  fork  axis.  For  r^  we  have  the  evident  relationship 

Aflsimu,/.  (8.4.21) 


where  a)Q  —  frequency  of  natural  vibrations  of  the  tuning  fork  tines. 

The  moment  of  inertia  of  the  i-th  particle  of  mass  m^  about  axis  0 £  will  be 

/,  -  01 f\  ~  jn4  (#„  ?  i/? sin  =  mtRl (l  -f  ^  **n  \tj . 

AR 

Since  •£-  «  1,  we  have,  approximately, 

/,  ■■  (*  +  2 ^ $in  «'/)  •  (8.4.22) 

Summing  moments  of  inertia  of  all  particles  of  the  system,  we  find  its  moment 
of  Inertia 

/«/f^l+2^sinv).  (8.4.25) 

where 


(8.4.24) 


—mean  value  of  the  moment  of  inertia; 


ii 


(8.4.25) 


—  mass  of  the  whole  system. 

Let  us  find  moment  M  of  inertia  of  the  tuning  fork,  appearing  during  rotation 
of  the  base  of  the  vibrating  tuning  fork  with  angular  velocity  co^.  During  this 
motion  projections  o>  and  com  of  acceleration  oil  of  the  i-th  particle  in  the  polar 

Yj_  J' 

system  of  coordinates  (r,  f)  are  determined  by  the  following  relationships  [84]: 
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Since  <p  *>  o)^. 


•,-7- ■£(*)- '•■»  +  ** 

fl  fi  dt  '  ' 


•>,.  -  '<“<  +  *v, 


(8.4.26) 


(8.4.27) 


Force  of  inertia  1*^,  corresponding  to  acceleration  "w^,  will  be 

(8.4.28) 

where  r^  -  unit  vector  of  direction  r^ 

—  unit  vector  of  direction,  perpendicular  to  r^. 

The  moment  of  this  force  with  respect  to  the  axis  of  the  tuning  fork  will  be 

~  rt, r)  X  Ft  -  -  rt  r\  X  mt  \w,r]  +  wf|  . 


from  which  for  the  modulus  of  the  moment  we  have 


- r_mpti  -  -  rm, +  2«/,) 


(8.4.29) 


V 

For  r^  according  to  (8.4.21),  we  have 


r,  «  cos  «V. 


(8.4.50) 


Angular  velocity  of  rotation  of  the  vehicle  about  axis  0£  we  consider  to 


vary  by  harmonic  law 


■(  ■=  flt  COS  mt, 


(8.4.51) 


where  —  peak  of  angular  velocity; 

a)  —  angular  frequency  of  change  of  angular  velocity. 
We  have 


•c  ■*  —  fltwsln  o it. 


(8.4.52) 


Substituting  (8.4.21),  (8.4.50)  —  (8,4.52)  in  (8.4.29),  we  obtain 
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M,  ■»  —  mf  (—  {/?#  +  4#.sin  w0/)*a.a»sta  + 
+  2  (/?#  4-  A/?  sin  iij)  at  cos  «/  •  A/?«»ucos  »0/j  ** 

'  —  mlRip.^9  J  -  R0  4*  j-^n  V]f  ^  s'n  wt  +  2A/?cos  «c 

+  2±R  j—  sin  uy  cos  V  cos  u>/| . 


/COS  «/ - 


(8.4.33) 


As  was  shown  earlier,  ■«£  «  1;  parameters  of  the  tuning  fork  are  selected  in 

R0 

such  a  way  that  «  1;  therefore,  instead  of  (8.4,33),  we  have,  approximately. 


Alj  *=  —  2miR0lRa,m0cos  u>0(  cos  u>f. 


(8.4.34) 


Summing  all  particles  of  the  system,  we  obtain 

i 

M  —  —  2mK0A/?fl;«0cosu»0/cos«>/,  (8.4.35) 

where  m  —  mass  of  the  tuning,  determined  by  formula  (8.4.25). 

This  is  an  approximate  expression  of  the  inertial  moment,  appearing  during 
rotation  of  the  base  of  a  vibrating  tuning  fork  with  angular  velocity  co^.  From 
(8.4.35)  it  follows  that  M  constitutes  moment  of  Coriolis  forces  of  inertia, 
analogous  to  the  torque  of  gyroscopic  reaction;  the  magnitude  of  this  torque  is 
proportional  to  angular  velocity  »  a^  coa  art  [see  (8.4.31)]. 

Let  us  consider  the  schematic  of  the  Sperry  gyrotron  [36]  (Fig.  8.22).  Basic 

components  of  the  Instrument  arei 
rods  [tines]  Rod1  and  Rodg,  elastic 
torsion  rod  TR,  base  B  of  the 
vibrator,  plate  PI;  we  discussed 
the  function  and  interaction  of 
these  components  earlier  (Fig.  8.21a). 
Rod^  and  Rod2  of  the  tuning  fork 
impart  oscillations  with  a  frequency 
of  about  2000  cps  with  the  help  of 
electromagnets  EM^  and  EMg,  which 
are  fed  from  oscillator  Osc  through 
amplifier  Amp^.  Let  us  note  that 
with  such  a  high  frequency  of  natural 
oscillations  of  the  tines  the  influ¬ 
ence  on  the  instrument  of  various 

Fig.  8.22.  Schematic  of  a  gyrotron.  disturbances  considerably  decreases. 
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During  rotation  of  the  base  B  of  the  instrument  with  angular  velocity  o^,  as  shown 
earlier,  there  appears  torque,  causing  oscillations  of  the  torsion  rod  TR;  here, 
the  natural  frequency  of  torsional  oscillations  of  the  tuning  fork  about  its  axis 
is  equal  to  the  natural  frequency  of  vibration  of  the  tines.  To  realize  vibration 
of  the  tines  with  natural  frequency,  be sided  electromagnets  EM1  and  EM^  there  also 
are  electromagnets  EM^  and  EM^;  the  latter  pickoff  natural  oscillation  of  the  tuning 
fork  tines,  and  corresponding  electrical  signals  proceed  to  amplifier  Amp^,  and 
from  it  to  electromagnets  EM^,  and  EMg,  which  sustain  natural  oscillation  of  the 
tuning  fork  tines.  For  quenching  natural  torsional  oscillations  of  the  tuning  fork 
about  its  axis  there  is  a  damper  D. 

During  forced  oscillations  of  the  torsion  rod  TR  and  plate  PI  in  the  field  of 
coils  C1  and  C2  of  the  signal  pickoff  there  is  taken  the  corresponding  electrical 
signal,  which  proceeds  through  amplifier  Ampg  to  phase  detector  PD,  to  which  there 
is  also  introduced  the  signal  from  electromagnets  EM^  and  EM^  through  amplifier  Amp^. 
The  presence  of  such  an  electrical  circuit  permits  us  to  realize  equality  of  fre¬ 
quencies  of  torsional  oscillations  of  the  tuning  fork  and  vibration  of  its  tines. 

At  the  output  of  phase  detector  PD  there  is  obtained  a  d-c  signal,  whose  polarity 
depends  on  the  direction  of  rotation  of  the  vehicle,  and  whose  magnitude  is 
proportional  to  the  angular  velocity  of  rotation  of  the  latter.  Readings  of  the 
Instrument  are  fixed  on  indicator  I, 

The  theory  of  the  gyrotron  is  the  subject  of  a  number  of  works  (see,  e.g., 

[192,  146]),  which  we  use  subsequently. 

Let  us  compose  the  differential  equation  of  torBional  oscillations  of  the 
vibrator  about  axis  0{  (Fig.  8.21a).  We  designate  by  a  the  angle  of  rotation  of 
the  vibrator  about  axis  0£.  The  equation  of  these  torsional  oscillations  we  record 
in  the  form 

/usf=Af;,  (8.4.56) 

where  IQ  —  moment  of  inertia  of  the  vibrator  about  axis  0 

—  total  external  torque,  acting  on  the  vibrator  about  the  same  rxIs, 

In  equation  (8.4,36)  the  moment  of  inertia  of  the  vibrator  is  assumed  constant 
and  equal  to  the  mean  value  of  the  moment  of  Inertia,  determined  by  formula  (8.4.24). 
Investigation  of  the  gyrotron,  taking  into  account  the  variable  value  of  the  moment 
of  inertia  of  the  vibrator  [see  (8.4*23)]  i*  given  in  article  [192]. 

Torque  we  shall  present  in  the  form 
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where 


r-li  -Alfc.t 


I* xitlt  4-  •tto  a  iltinS  ' 


JWC  -  -  Af  + M, -f  Mm, 


(8.4.37) 


M  —  the  moment  of  Coriolis  forces  of  inertia,  appearing  in  the  vibrator 
during  rotation  of  the  vehicle  [see  (8.4.35)]; 


Mrest  “  restoring  torque  of  forces  of  elastic  strains  of  the  torsion  rod; 

Md  -  torque  of  damping. 

By  analogy  with  (8.2.4)  and  (8.2.13)  we  have 

Af,--ea;  (8.4.38) 


Expression  (8.4.35)  we  change  to  fora 

M  -  —  m/fyWfa.w »u  [cos  (u»J  -f  u»)  /  -f  cos  («*a  —  u»)  /] 


(8.4.39) 


Substituting  (8.4*39)  and  (8.4.38)  in  (8.4.37)  and  the  resulting  expression  in 
(3.4.36),  we  have 

/„«  +  ba  +  cm  «  /ri^0A#?ac«ia [coa (u»u  +  *•»)  /+cos(u»u— «)/  ].  (8.4.40) 

By  analogy  with  (8.2.43),  (8.2.45)-(8,2.47)  we  introduce  designations 

j/T;  ±«2V»;  C  ~  ;  A,  «.  » .  (8.4.41) 


Then 


a  +  2Cna  -f  «*«  «*  *tfl5  [cos  («u  -f  «*»)  t  +  cos  (u>u  — «»)  /J, 


(8.4.42) 


where  n  —  frequency  of  natural  undamped  torsional  oscillations  of  the  timing  fork; 
C  —  relative  attenuation  factor. 

A 

If  we  designate  by  T  «  -  the  time  constant  of  the  gyrotron,  (8.4.42)  can  be 
presented  in  form 

T* a  +  2r,7a  +  a  —  Aa,  (cos  *_>,/  -f  cos  2#/)(  (8.4.43) 


where 


t  *1  mR^R» •«  /,  _  mRtXRu;  . 

M  Rm  •— *-  wbr  ■*■■■— *  — —  .  —  ss  — — — 

«*  /,  c  e 


(8.4.44) 


2t  =  w,  4- »;  g4  =»  ~  w- 


(8.4.45) 


As  was  shown  earlier,  the  frequency  of  vibration  of  the  tines  and  of  torsional 


t 


U 
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oscillations  of  the  tuning  fork  are  equal ,  i.e., 

«,«=/!.  (8.4.46) 

Since  natural  torsional  oscillations  of  the  vibrator  rapidly  attenuate  due  to 
damping,  we  determine  its  forced  oscillations,  which  are  characterized  by  a  particular 
solution  of  equation  (8.4.4j5), 

The  transfer  function  of  the  gyrotron  is  determined  by  the  same  relationship 
(8.2,68)  as  the  transfer  function  of  a  OT.  Then  the  amplitude  and  phase  frequency- 
response  curves  of  the  gyrotron  will  be  expressed  by  formulas  (8.2.74)  if  in  them 
we  set  ji  -  (1  =  1,  2),  i.e.. 


t(a,)-  -.rclg-J^L  ((„  1,  2).  (8.4.47 ) 

Forced  torsional  oscillations  of  the  tuning  fork  about  its  axis,  by  analogy 
with  (8.4.20),  are  determined  by  relationship 

A  (Vos  [2,  /  +  ?  (2,)].  (8.4.48) 


This  formula  can  be  simplified,  if  we  transform  the  expressions  for  A(a±)  and 
^(n,),  considering  that  «  1. 

1  U>Q 

Substituting  in  (8.4.47)  relationships  (8.4.45)*  (8.4.46)  and  T  =  ■pj,  we  have 
[146]  . 


rflOJ 


i/-*+  ;*4 


iMsy  - 


4-V 


•»*  +  C5**J 


tan 


«;S-±i 


•i _ 


i 

N* 


(8.4.49) 
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1 r 


"sssar- 


tan  ?  (8*) 


?<8i)-?|-«ctg  *? 


4 


f  (8*)  -  *rc  *«  V  "  (ci) 


!  (8.4.49) 

[  (contd) 


Considering  (8.4.49)#  we  rewrite  (8.4.48)  in  form 

«.»- -,  i (c«K»,  +  «)/  +  ?,!  + 

^y.*+?.s 

+  co*|(». — .)/  —  9,11  (8.4.50) 


or 

«,(/)  —  . cot »,/  cos  (a*/  -f-  ?t)  (8.4.51) 

r  +  N 

and#  taking  into  account  (8.4.44),  we  finally  obtain 

S(0-  O.COSy»M/CO»(u»/  +  ?l)-  (8.4.52) 

V  •*+^•2 

From  formula  (8.4.52)  it  follows  that  the  amplitude  of  forced  torsional  oscil¬ 
lations  of  the  vibrator  is  directly  proportional  to  the  angular  velocity  of  rotation 
of  the  vehicle.  Consequently#  the  gyrotron  permits  measuring  the  angular  velocity 
of  a  vehicle,  directed  along  its  axis  of  symmetry  0£  (Fig,  8,21a),  which  is  therefore 
the  axis  of  sensitivity  of  the  Instrument,  According  to  formula  (8.4.51)#  sensitivity 
of  the  instrument  to  the  angular  velocity  of  rotation  of  the  vehicle  depends  on 
coefficient  k,  expressed  through  parameters  of  the  system  by  relationship  ( 8.4.44 ) j 
from  this  point  of  view  coefficient  k  should  be  as  large  as  possible. 

Using  terms  applied  in  radio  engineering  (see#  e.g,,  [54#  89])#  it  is  possible 
to  say  that  the  gyrotron  modulates  the  input  signal#  which  represents  the  angular 
velocity  of  the  vehicle  o>g  -  ag  cos  cot  [see  (8.4.31)].  Modulation,  as  is  known,  is 
the  process  of  changing  one  or  several  parameters  of  a  signal  under  the  influence 
of  another  signal.  In  the  considered  case  the  modulated  signal  u>g(t)  is  the  harmonic 
oscillations  with  constant  amplitude  a^j  these  oscillations  are  called  the  carrier. 

The  signal,  influencing  one  or  another  parameter  of  the  carrier  oscillations,  is 
called  the  modulating  signal.  In  this  case  the  modulating  signal  is  the  vibratory 
oscillations  of  tines  of  the  tuning  fork.  Here  we  have  amplitude  modulation,  since 
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the  amplitude  of  the  carrier  oscillation#  la  proportional  to  the  modulating  signal. 
The  graph  of  oscillations  modulated  in  the  gyrotron  is  shown  ir.  Fig.  8.23.  From 

this  point  of  view  parameters  in 
formula  (8.4.51)  can  he  called i  a^  - 
amplitude  of  unmodulated  carrier  oscil¬ 
lations  ;  a)  -  frequency  and  q>1  —  phase 
of  carrier  oscillations;  —  frequency 

*  . 

of  modulating  signal]  .  r - f=  —  co- 

r  •*  + 

efficient  of  modulation, 

4.  Appraisal  of  VCMs 

We  shall  briefly  appraise  VO‘s  (see,  e.g.,  [43]),  considering  one  of  the  most 
useful  schemes  applied  practically,  in  a  gyrotron i 

1)  the  instrument  has  one  axis  of  sensitivity  and  does  not  react  to  components 
of  angular  velocity  of  the  vehicle  on  the  other  axes; 

2)  there  is  no  Cardan  suspension,  thanks  to  which  we  practically  reduce  to 
zero  dry  friction;  the  presence  of  constant  vibration  lowers  the  threshold  of 
sensitivity; 

3)  the  high  frequency  of  natural  oscillations  makes  the  gyrotron  practically 
insensitive  to  various  disturbances; 

4)  the  output  signal  is  taken  in  the  form  of  modulated  oscillations,  which 
gives  the  possibility  of  performing  different  operations  with  iti  amplification, 
conversion,  integration,  differentiation,  etc; 

5)  readings  of  the  instrument  are  linear  in  a  wide  range; 

6)  there  is  the  possibility  of  substantially  decreasing  dimensions  of  the 
Instrument; 

7)  the  gyrotron  does  not  contain  any  fragile  components,  which  makes  it  con¬ 
siderably  more  durable  than  gyroscopes,  especially  under  strong  mechanical  influences 
(blows,  vibration,  etc.); 

8)  the  absence  of  friction  parts  considerably  Increases  the  service  life  of  the 
instrument. 

For  creation  of  a  high-quality  instrument  it  is  necessary  to  overcome  a  number 
of  technical  difficulties,  connected  with  the  following! 

1)  guaranteeing  high  accuracy  of  manufacture  of  vibrating  components; 

2)  realization  of  special  care  in  balancing  the  vibrator; 

3)  preservation  of  constancy  of  temperature; 
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Fig.  8,23.  Graph  of  modulated  oscil¬ 
lations. 


4)  guaranteeing  constancy  of  elastic  properties  of  components  of  the  vibrator; 

5)  measurement  of  comparatively  small  angles  of  twisting  of  the  elastic  torsion 
rod,  etc. 

It  should  be  indicated  that  possibilities  of  application  of  VQ’s  are  very 
diverse.  Most  s imply,  the  instrument  is  used  as  a  meter  of  angular  velocity  of  a 
vehicle.  The  VO  can  fJrJ  application  also  in  systems  of  active  gyroscopic  stabiliza¬ 
tion.  In  the  case  01  jation  of  high-precision  V3's  they  can  be  used  also  in  systems 
of  inertial  navigation  (Chapter  11). 


CHAPTER  9 
INTEGRATING  GYROSCOPES 


Designations  Appearing  in  Cyrillic 


b  -  for  «  forced 
b  -  spin  -  spin  axis 
BHX  «■  O  -  output 
r  -  g  -  gyroscopic 
T  ■  OR  -  gyrorotor 
TB  ■»  GV  -  gyrovertical 


m 

m 

DG  -  directional  gyro 

re 

- 

Gh  -  gyrohousing 

re 

- 

GS  ■  gyrostahilizer 

rr 

m 

GT  -  gyrotachometer 

ry 

- 

GD  -  gyroscopic  device 

r.a 

- 

g.e  «  gyroequator 

A  -  d  -  damping 

a  -  dyn  -  dynamics 

A  -  D  -  liquid  suspension 

A  -  PO  -  pickoff 

A»m  m  tq  ■  torquer 

JIM  -  TQ  -  torquer 

AC  -  SP  -  signal  pickoff 

Hr  -  IG  -  integrating  gyro 

HJir  ■  IDG  «  integro-differentiating 
gyro 
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K  ■  Fr,  R  ■  frame,  gimbal  ring 

M  -  Pend  -  pendulum 

OTp  b  adj  ■  adjustment 

n  -  f  .  float 

n  -  par  ■  parameter 

n  -  P  -  platform 

II  ■  Pot  «■  potentiometers 

n.r  -  g.f  ■  gyrofloat 

nr  -  OF  -  gyrofloat 

IWr  m  PDO  ■  floated  differentiating 
gyro 

rmr  ■  HIO  «  hermetic  integrating 
gyro 

ITp  -  Sp  -  spring 
rim  ■  Br  ■  bearing 
paA  -  rad  ■  radians 
ceK  ■  sec  *  second 
c.fl  b  B.m  b  stabilizing  motor 
CM  b  SM  »  stabilizing  motor 
T  ■  f r  -  friction 
y  *  set  -  setting 
y  >  Amp  >  amplifier 
HI  -  Or  ■  gear 

U.T.  b  c.g,  *  center  of  gravity 

8  *  ass  -  assigned 

§  9.1.  Function  and  Types  of  Integrating  Qyroscopes  (IG^) 

In  systems  of  automatic  adjustment  and  control  there  are  applied  CD's  in¬ 
tended  for  integration  of  certain  parameters,  characterizing  motion  of  the  con¬ 
trolled  system.  Such  devices  are  integrating  gyroscopes  (IG^).  Integrating 
(§  2.4,  par.  1)  is  what  we  call  a  gyroscope  which  carries  out  integration  of  the 
input  signal. 

Let  us  note  that  integz*ation  is  a  natural  property  of  a  gyroscope.  Indeed 
from  the  law  of  precession  (§  1.3,  Par*  6)  it  follows  that  the  three-degree -of - 
freedom  astatic  gyroscope  is  essentially  an  integrator,  since  its  angle  of  pre¬ 
cession  is  equal  to  the  integral  with  respect  to  time  of  the  external  torque 
applied  to  it.  In  other  words,  an  astatic  gyroscope,  if  we  do  not  consider 
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nutation  oscillations  of  its  axis,  can  be  considered  an  integrating  network,  (with 

A 

transmission  factor  k  -  where  H  —  angular  momentum  of  the  gyroscope)  with  re¬ 
spect  to  an  input  disturbance  on  the  so-called  cross-axis  (§  3.2,  Par.  3f).  The 
transient  response  at  the  output  of  this  network  is  proportional  to  the  integral 
in  time  of  the  mentioned  disturbance. 

Depending  upon  determination  of  parameters  of  the  object  IQ's  are  divided 
into  gyroscopes  intended  for  measurement  of:  1)  angles  of  turn  of  the  object, 
obtained  in  the  instrument  by  means  of  integration  of  angular  velocity  of  the 
object)  2)  the  sum  of  angles  of  turn  of  an  object  and  its  angular  velocities)  3) 
linear  velocity  of  an  object,  obtained  in  the  instrument  by  means  of  integration 
of  linear  acceleration  of  the  c.g.  of  the  object. 

The  integrating  gyroscope  which  determines  the  angle  of  rotation  of  an  object 
by  means  of  integration  of  the  components  of  its  angular  velocity  1b  called  a 
rate-integrating  gyro.  In  such  IO»s,  by  analogy  with  the  OT  (§  8.2,  Par.  2),  we 
normally  use  a  two-degree -of -freedom  astatic  gyroscope. 

In  distinction  from  the  OT,  for  the  IQ  there  is  no  component,  designed  for 
creation  of  a  restoring  torque,  and  the  device  for  quenching  natural  oscillations 
of  the  OT  frame  is  replaced  in  the  10  by  a  very  powerful  damper.  The  most  advanced 
instrument  of  this  type  is  the  hermetic  integrating  gyroscope  (HIG).  The  gyro¬ 
scopic  rate-integrator,  measuring  angles  of  rotation  of  an  object  can,  in  principle, 
be  used  in  the  same  cases  when,  for  a  given  purpose,  there  is  applied  a  three- 
degree-of -freedom  astatic  gyroscope  (e.g.,  as  a  DO  or  OV). 

The  integrating  gyroscope,  determining  sum  of  the  angle  of  rotation  of  an 
object  and  its  angular  velocity,  is  called  an  lntegro-dlfferentlatlng  gyroscope 
(IDO).  This  variety  of  10  also  is  based  on  use  of  a  two-degree-of -freedom  astatic 
gyroscope  and  differs  from  the  OT  only  by  the  fact  that  between  the  instrument 
.frame  end  the  damper  there  is  introduced  an  elastic  connection,  e.g.,  in  the  form 
of  a  spring.  Such  an  instrument  in  the  circuit  of  an  autopilot  permits  us  to 
directly  find,  e.g.,  the  sum  of  the  angle  and  rate  of  yaw  of  an  aircraft,  i.e., 
to  immediately  obtain  the  law  of  control  of  its  course. 

An  integrating  gyroscope  which  determines  linear  velocity  of  an  object  by 
means  of  integration  of  linear  acceleration  of  its  c.g.  is  called  a  gyroscopic 
Integrator  of  linear  accelerations.  In  an  10  of  this  type,  in  distinction  from 
the  preceding,  they  usually  apply  a  three-degree-of -freedom  gyroscope  with  its 
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c.g.  offeet  with  respect  to  the  point  of  suspension,  due  to  which  the  instrument 
becomes  sensitive  to  linear  accelerations  of  the  object.  Such  10 »■  are  used  for 
determination  of  linear  velocity  of  an  object  [58,  161,  195]. 

In  this  chapter  we  present  in  most  detail  rate-integrating  gyro,  which  have 
recently  had  wide  application,  especially  in  inertial  navigational  systems  (Chapter 
11);  more  briefly,  we  shall  consider  gyroscopic  integrators  of  linear  accelerations. 

§  9.2.  General  Characterization  and  Schematics 
of  Rate-Integrating  Gyro 

i.  Function  and  Types  of  GI»s 

The  rate -integrating  gyro  is  a  GD,  designed  for  integration  of  the  angular 
velocity  of  the  base  (object),  on  which  it  is  established,  i.e.,  for  determination 
of  the  angle  of  rotation  of  the  object.  One  distinctive  feature  of  this  IG  is 
that  it,  similarly  to  the  GI  (§  8.2,  Par.  1),  reacts  to  the  absolute  angular  veloc¬ 
ity  of  the  object,  thanks  to  which  it  determines  the  angle  of  rotation  of  the 
latter  in  inertial  space. 

There  exist  different  types  of  IG,  The  most  wide  spread  1b  the  IG  with  a 
liquid  damper,  and  also  the  floated  IG,  in  which  the  hydrostatic  suspension  simul¬ 
taneously  serves  as  the  integrating  damper.  There  also  applied  integro- 
differentiating  gyroscopes.  Let  us  give  a  general  characterization  and  schematics 
of  these  types  of  IG's. 

2.  Schematic  of  an  IG  with  Liquid  Damper. 

Basic  Relationships 

The  schematic  of  an  IG  with  a  liquid  damper  Is  shown  in  Fig.  9.1.  The  basic 
component  of  the  instrument  is  a  two-degree-of -freedom  astatic  gyroscope;  the 
gyrorotor  Is  fixed  in  a  glmbal  ring  R  (frame  of  Instrument).  For  integration  of 
the  Input  signal  we  have  the  integrating  liquid  damper  D,  sometimes  called  a 
dashpot  damper  [30].  Readings  of  the  instrument,  proportional  to  the  angle  p  of 
frame  rotation  about  axis  Orj  (0y),  are  taken  in  the  form  of  voltage  from  potenti¬ 
ometer  Pot. 

In  some  IG  schemes  on  axis  Or)  there  is  set  a  torquer  TQ  (controller  [149]), 
which  is  used,  e.g.,  to  compensate  disturbing  torques,  constant,  in  magnitude, 
acting  on  this  axis.  Another  function  of  the  torque”  during  use  of  it  in  a  floated 


196 


IQ  will  be  shown  later. 

Axes  0£t|C  (Fig.  9.1)  we  shall  consider  connected  with  the  vehicle  (ship, 
aircraft)!  axes  Ox^yz,  combined  in  the  initial  position  (where  p  «  0)  with 
are  connected  with  the  frame  of  the  instrument  and  are  Resal's  axes  (§  1.1).  Axis 
0 £  for  the  location  of  the  gyroscope  axis  in  Fig.  9.1  is  the  measuring,  input,  or 
sensitivity  axis,  since  in  this  case  the  IQ  reacts  to  component  co £  of  angle  veloc¬ 
ity  a?  of  rotation  of  the  vehicle,  and  thanks  to  presence  of  integrating  damper  D 
gives  at  the  output  angle  a  of  rotation  of  the  vehicle  about  axis  0£.  Axis 
0t)  (0y)  is  ths  output  axis,  since  angle  0  of  rotation  of  the  frame  about  it  is 
proportional,  as  we  Bhall  show  later,  to  the  integral  with  respect  to  time  of 
angular  velocity  os£,  i.e.,  to  angle  a  of  rotation  of  the  vehicle  about  axis  0£. 

Comparing  this  scheme  cf  an  IQ  with  the  scheme  of  e  QT  (Fig.  8.1),  we  see 
that  for  the  IQ  there  Is  no  spring  Sp,  provided  in  the  QT  for  creation  of  restoring 

torque  M  ,  and  the  pneumatic  damper,  used  in  a  QT  only  for  quenching  natural  os- 

sp 

c illations  of  the  instrument  frame,  is  replaced  in  the  IQ  by  a  rather  powerful 
liquid  damper,  whose  main  assignment  is  integration  of  the  input  signal.  Let  us 
note  that  the  liquid  dampei ,  in  distinction  from  the  pneumatic  one,  almost  does 
not  have  dry  friction]  Its  characteristics  are  more  stable,  and  it  creates  con¬ 
siderably  greater  damping  torque. 

Let  us  find  the  basic  relationship  for  the  considered  IQ,  establishing  the 
functional  connection  between  the  Input  oo^(t)  and  the  output  0(t).  With  turn  of 
the  vehicle  about  axis  0 £  with  angular  velocity  similarly  to  how  it  is  in  a  QT 
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(§  8.2,  Par.  2),  there  appears  gyroscopic  torque  M  ,  directed  along  axis  Otj  (Oy) 

o 

and  seeking  to  combine  the  axis  of  the  gyroscope  with  axis  0£.  The  magnitude  of 
this  torque  is  determined  by  expression  (8.2.2)  or  for  small  p,  by  relationship 

(8.2.3).  Consequently,  gyroscopic  torque  M  ,  as  well  sb  angular  velocity  co.,  is 

c>  S 

the  input  quantity. 

During  turn  of  frame  10  angle  (3  the  piston  of  the  liquid  damper  shifts  rela¬ 
tive  to  its  cylinder.  It  is  assumed  that  the  liquid  used  in  the  damper  has  great 
density,  and  the  coefficient  of  viscosity  does  not  depend  on  the  speed  of  movement. 
Consequently,  rotation  of  the  IQ  frame  is  prevented  by  torque  Md,  introduced  by 
the  damper  and  determined  by  expression  (8.2.13). 

When  deriving  the  basic  relationship,  characterizing  work  of  an  IG,  we  do 
not  take  into  account  of  the  equatorial  component  of  angular  momentum  of  the  gyro¬ 
scope,  inertia  of  the  frame,  and  also  various  disturbing  torques,  and  we  use  one  of 
the  abbreviated  equations  (1.6. 30)  of  a  gyroscope  in  D^lembert  form.  Considering 
the  second  of  the  shown  equations  in  projections  on  axis  Oy  (Fig.  5.1)  and  taking 
as  gyroscopic  torque  expression  (8.2.3),  and  as  the  external  torque  the  torque  Md, 
Introduced  by  the  damper  [see  (8.2.13) ],  we  obtain 

+  0  (9.2.1) 

or 

N*.  — *=  0, 

from  which 


l.e.,  the  velocity  £  of  rotation  of  the  instrument  frame  is  proportional  to  the 
angular  velocity  of  rotation  of  the  vehicle  about  the  measuring  axis  0£. 

Integrating  (9.2.2)  and  considering  that  in  the  initial  moment  when 
•t  -  0,  p(0)  ■  0,  we  have 

»-£•  j-kM*.  (9.2.5) 

l.e.,  the  angle  (3  of  rotation  of  the  10  frame  is  proportional  to  the  integral  with 
respect  to  time  of  angular  velocity  of  the  vehicle. 

If  by  a  we  designate  the  angle  of  vehicle  rotation  about  axis  0£|  with  angular 
velocity  -  a,  we  can  write  (9.2.3)  in  form 
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P “-7- J  «(*)*.  (9.2.4) 

•  u 

from  which,  with  initial  conditions  t  -  0,  a(0)  -  0,  we  have 


Thus,  the  angle  B  of  rotation  of  the  IG  frame  is  proportional  to  angle  a  of 
vehicle  rotation  about  the  measuring  axis  0 £  in  inertial  space.  If  axis  0£  is 
direct  along  the  vertical,  then  for  a  aircraft  angle  a  will  be  the  angle  of  yawing 
if/.  Consequently,  in  this  case  the  IG  determines  angles  of  yawing  and  turns  of  the 
aircraft  in  azimuth,  i.e.,  executes  the  same  function  as  a  DG  with  a  three-degre- 
of -freedom  astatic  gyroscope  (Chapter  5).  With  help  of  similar,  but  differently 
poisitloned  IG's,  we  can  also  determine  pitch  $  and  bank  angleB  7  of  the  aircraft. 

Expressions  (9.2.2)  and  (9.2.5)  are  valid  only  for  small  values  of  3,  which 
for  the  assigned  parameters  H  and  b  of  ths  instrument  occur,  when  angleB  a  of 
vehicle  rotation  are  small.  In  another  case  we  will  be  required  to  use  an  IG  to¬ 
gether  with  a  servo  drive,  working  the  IG  frame  into  zero  position,  similarly  to 
a  GT  with  zero  drive  of  the  frame  (§  8.2,  Par.  7). 

It  is  necessary  to  recall  that  the  considered  type  of  IG  Is  a  rather  crude 

Instrument.  In  fact,  the  minimum  angular  velocity  us.  ,  which  the  IG  can  Bense, 

^min 

as  in  the  case  of  a  GT,  is  determined  by  formula  (8.2.107),  I.e.,  depends  for  a 
given  angular  momentum  H  of  the  gyroscope  on  the  magnitude  Kget  ■  lMfr!  the 

given  moment  of  friction  on  the  axis  of  rotation  of  the  instrument  frame.  In  this 
connection  accuracy  of  an  IG  with  the  normally  applied  suspension  of  a  frame  on  ball 
bearings  turns  out  to  be  low;  such  instruments  are  not  widely  used,  since  they 
possess  larger  errors  than  a  three-degree-of-freedom  astatic  gyroscopes.  Therefore, 
more  detailed  information  on  the  theory  of  the  rate-integrating  gyroscope  will  be 
given  later  in  the  example  of  an  IG  of  float  type. 

3.  Schematic  of  an  Integro-Differentiating  Gyroscope. 

Basic  Relationships 

The  schematic  of  an  IDG  differs  from  the  IG  scheme  shown  in  Fig.  9.1  by  the 
fact  that  between  the  gimbal  ring  (frame  of  the  instrument)  and  damper  D  there  is 
an  elastic  connection.  The  latter  can  be  realized,  e.g.,  in  the  form  of  a  cylindri¬ 
cal  spring,  one  end  of  which  Is  connected  to  a  lever  (fastened  to  the  frame),  and 
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other  to  the  piston  of  the  damper* 

The  basic  relationship  for  an  IDO,  Ignoring  Inertia  of  Its  individual  parts, 
we  can  derive  as  follows  [109  ].  We  designate  by  r)  deformation  of  the  spring  due 
to  movement  of  the  plstonj  deformation  of  the  same  spring  due  to  turn  of  the  frame 
p  angle  will  be  Pig  (lg  —  length  of  the  lever.  Pig.  9.1) I  total  linear  deformation 
of  the  spring  will  be  (01  g  -  q  ).  Her*,  the^  force  developed  by  the  spring  will  be 
(pig  -  T|)c^,  where  c^  —  coefficient  of  linear  spring  force  of  the  spring.  On  the 
other  hand,  the  force  developed  by  the  damper  is  equal  to  magnitude  ar|,  where  a  — 
specific  force  of  damping  [see  (8.2,14)].  If  we  disregard  the  mass  of  the  damper 
piston,  from  the  condition  of  equality  of  forces  developed  by  the  damper  and  spring, 
we  have 

(9.2.6) 


In  the  considered  scheme  of  an  instrument  the  gyroscopic  torque  H/1X  during 

CD* 


rotation  of  the  vehicle  with  angular  velocity  o>^  is  balanced  by  torque  of  the  spring, 
equal  to  (pig  -  qjc^g,  i.e.. 


(9.2.7) 


Excluding  tj  from  (9.2.6)  and  (9.2.7),  we  have 

*■"4(2 ''"£)•  (9-2-8) 

If,  considering,  e.g.,  yawing  of  an  aircraft,  we  designate  we  can 

write  (9.2.8)  in  form 

from  which,  for  initial  conditions  t  ■  0,  0(0)  ■  0,  ^(0)  ■  0,  ^(0)  ■  0,  we  obtain 


(9.2.9) 


I.e.,  the  angle  0  of  rotation  of  the  instrument  frame  is  proportional  to  the  sum 
of  angle  f  anl  angular  velocity  $  of  yawing  of  the  aircraft. 

In  deriving  relationship  (9.2.9)  we  did  not  allow  for  inertia  of  separate 
components  of  the  IDO,  or  disturbances.  Allowance  for  these  factors  leads  to 
dynamic  errors,  which  can  be  determined  by  the  same  methods  as  for  corresponding 
error  of  a  QT  (§  8.2,  Par.  6). 


200 


4.  Schematic  of  a  Hermetic  Integrating  ayroscope 


On  GD's,  during  use  of  them  in  inertial  navigational  systems,  in  systems  of 
automation  stabilization  of  objects,  etc.,  we  place  high  demands  with  respect  to 
accuracy  of  readings  during  work  in  conditions  of  large  overloads  and  vibration, 
shock  and  other  disturbances.  Therefore,  development  in  recent  years  of  precision 
QD‘s  has  proceeded  to  lowering  the  friction  torques  in  supports  of  the  gyroscope 
suspension,  guaranteeing  of  vibration  and  shock  strength  and  resistance,  etc. 
Satisfaction  of  these  requirements  was  the  creation  of  gyroscopeB  with  floating 
suspension,  which  acquired  the  name  of  floated  gyros.  In  these  gyroscopes  due  to 
the  buoyancy  of  the  liquid  friction  torques  in  the  suspension  substantially  de¬ 
crease.  Liquid  (hydrostatic)  suspension  ensures  damping  of  oscillations  of  the 
sensor,  and  also  integration  of  the  input  signal)  on  this  feature  of  a  liquid  sus¬ 
pension  are  based  the  integrating  properties  of  the  floated  gyro.  Simultaneously, 

the  liquid  suspension  ensures  high  performance  of  the  instrument  in  conditions  of 

« 

vibration,  shock  and  other  disturbances. 

Among  the  different  types  of  floated  gyros  the  most  widely  applied  is  the 
hermetic  Integrating  gyroscopes  (HIG).  The  schematic  of  an  HIG  is  shown  in  Fig. 
9.2.  Gyrorotor  GR  fixed  in  frame  Fr,  which  Is  a  float  of  cylindrical  shape)  axis 


It  should  be  noted  that  the  idea  of  a  floated  gyro  with  two  degrees  of  freedom 
was  first  proposed  in  the  Soviet  Union  by  L.  I.  Tkachev.  In  1945  he  developed  a 
construction  of  a  floated  IG  [149],  for  which  he  was  issued  an  author's  certificate. 
In  the  United  States  the  first  developments  of  floated  gyros  were  conducted  at  the 
Massachusetts  Institute  of  Technology  under  the  leadership  of  C.  Draper  [33  ]• 
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Oy  (Oy)  of  rotation  of  the  float  Is  fixed  in  bearings  Br,  located  in  housing  A  of 
the  instrument,  which  also  has  a  cylindrical  shape.  The  gap  between  the  float  and 
the  housing,  and  also  all  free  space  inside  the  housing  is  filled  by  liquid  with 
a  high  specific  weight.  This  system  forms  a  liquid  suspension,  designated  in  Fig. 
9.2  by  letter  D.  Buoyancy  of  the  liquid  should  be  equal  to  the  weight  of  the  gyro 
unit;  bearings  Br  of  the  suspension  turn  out  to  be  practically  completely  free  from 
load;  they  are  made  in  the  form  of  Jewel  pivots  (like  these  applied  in  clockworks) 
with  a  minimum  moment  of  friction.  Liquid  in  gap  between  cylindrical  surfaces  of 
the  float  and  instrument  housing  provides  damping,  the  torque  of  which  is  strictly 
proportional  to  the  first  power  of  angle  velocity  p  of  rotation  of  the  float  [see 
(8.2.13)].  Forces  of  viscous  friction  in  the  damper  are  used  in  the  IG  for  inte¬ 
gration  with  respect  to  time  of  the  input  signal  —  the  angular  velocity  of  the 
vehicle.  Application  of  a  liquid  suspension  partially  protects  the  axis  of  sus¬ 
pension  (axis  of  rotation  of  the  float)  from  influence  on  it  of  vibration,  blows, 
etc . 

In  the  instrument  there  is  provided  automatic  control  of  temperature,  which 
is  necessary  to  maintain:  1)  constancy  of  specific  weight  of  the  liquid,  which 
should  be  close  to  the  average  specific  weight  of  the  floated  gyrounitj  2)  constancy 
of  viscosity  of  the  liquid,  and  consequently,  also  of  the  damping  factor;  3)  con¬ 
stancy  of  the  position  of  the  e.g.  of  the  float  and  of  the  center  of  pressure  of 
the  liquid  with  respect  to  the  axis  of  rotation  of  the  gyro  unit. 

Instrument  readings,  proportional  to  angle  p  of  rotation  of  the  float  about 
axis  Oqpy),  are  taken  in  the  form  of  voltage  from  an  inductive  signal  pickoff  SP, 
called  a  microsyn  [149,  181,  32].  On  other  side  of  the  axis  there  is  fixed  a 
microsyn  —  torquer  TQ.  The  latter  serves  to  apply  a  torque  to  the  axis  of  the  float, 
necessary  for  bringing  the  float  (axis  of  the  gyroscope)  to  zero  position,  to 
compensate  magnitude  of  disturbing  torques  constant  in  magnitude  (from  unbalance  of 
the  gyrounlt,  due  to  the  presence  of  leads,  etc.)  and  for  allowance  for  induced 
rotation  of  the  reference  system. 

In  a  floated  IG,  as  in  an  IG  with  a  liquid  damper  (Fig.  9.1  )>  axis  0 £  is  the 
measuring,  or  input  axis,  since  the  HIG  reacts  to  component  of  angular  velocity 
of  the  vehicle  about  this  axis;  axis  Or]  (Oy)is  the  output  axis. 

The  principle  of  action  of  the  HIG  Is  analogous  to  the  principle  of  action  of 
an  IG  with  a  liquid  damper  (Far.  1).  For  an  HIG  relationships  (9.2.2),  (9.2.3)* 


and  (9.2.5)  are  valid,  i.e.,  the  angular  velicity  fl  of  rotation  of  the  float  ia 
proportional  to  the  measured  angular  velocity  o^,  and  angle  0  is  (proportional  to 
the  angle  of  rotation  of  the  vehicle  about  axis  0£  in  inertial  space).  Since  torques 
of  friction  and  other  disturbances  to  the  axis  of  rotation  of  the  float  are 
negligible,  the  HIG  is  sensitive  to  minute  angular  velocities  of  the  vehicle,  which 
ensures  high  accuracy  of  its  readings. 

From  what  has  been  said  it  follows  that  the  HIG  permits  one  to  determine  the 
angle  of  rotation  of  a  vehicle  relative  to  one  of  the  axes  connected  with  it. 
Therefore,  it  can  be  applied  as  a  DO,  and  with  combination  of  two  instruments  — 
as  a  GV.  However,  installation  of  a  precision  IG,  rigidly  fastened  to  a  vehicle, 
is  not  always  expedient.  Most  acceptable  is  use  of  an  HIG  with  a  servo  drive; 
here,  there  is  obtained  a  one-axis  active  stabilizer;  in  the  case  of  application 
of  two  instruments  we  have  a  two-axis  active  stabilizer,  or  a  GV  of  active  type, 
and  in  the  case  of  three  HIG*b  —  a  triple-axis  stabilizer.  This  explains  the  wide 
use  of  HIG's  in  inertial  navigational  systems. 

One  should  not  completely  reject  the  possibility  of  rigid  fastening  of  an  HIG 
on  a  vehicle  and  application  of  it  without  a  servo  drive.  As  shows  C.  Draper 
[180],  often  for  control  of  vehicles  on  the  latter  they  rigidly  set  three  rate 
gyros,  which  determine  angular  deflections  of  the  vehicle  from  its  initial  orienta¬ 
tion.  As  for  inertial  navigational  systems  of  high  accuracy,  it  is  considered 
[180]  that  in  this  case  the  HIG  should  be  set  on  a  stabilized  base,  and  should  by 
used  together  with  servo  drives. 

Considering  the  possibility  of  using  an  HIG  in  contemporary  precision  GD's, 
below  we  consider  the  theory  of  it.  Here,  for  establishment  of  basic  properties  of 
the  HIG  we  shall  show  its  peculiarities  during  work  without  a  servo  drive.  Theory 
of  an  HIG  with  servo  drive  for  the  case  of  its  application  in  an  inertial  naviga¬ 
tional  system  will  be  considered  in  Chapter  11, 

§  9.3.  Hermetic  Integrating  Gyroscopes  and  Their  Application 

1.  Cutaway  of  an  HIG  and  Certain 
of  its  Features 

A  simplified  cutaway  [149]  of  an  HIO  is  shown  in  Fig.  9.3.  Gyroscope  1  is 
fixed  in  hermetic  float  2,  whose  axis  is  set  in  bearings  2,  located  in  the  hermetic - 
case  4  of  the  instrument.  Gap  5  between  the  case  and  the  float,  filled  with  liquid 
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Fig.  9.5.  Cutaway  of  an  HIO. 


In  cylindrical  section  AB  of  the  floated  gyroassembly,  will  form  together  with  the 
mentioned  components  an  Integrating  damper.  The  magnitude  of  the  gap  la  of  the 
order  of  aeveral  tenths  of  a  millimeter,  which  for  a  large  coefficient  of  viscosity 
of  the  liquid  causes  a  considerable  coefficient  of  damping.  The  necessity  of 
having  a  high  coefficient  of  damping  Is  determined  by  the  effort  to  obtain  the 
smallest  possible  time  constant  for  the  Hid,  which,  as  we  shall  show  later,  de¬ 
creases  dynamic  Instrument  errors.  On  the  axis  of  rotation  of  the  float  there  are 
fixed  signal  pickoff  6  cud  torquer  7.  The  function  of  all  the  components  of  the 
instrument  were  discussed  during  the  description  of  its  schematic  (Fig.  9.2). 

The  floated  gyrounit  should  be  carefully  balanced  by  means  of  combination  of 
its  c.g.,  with  the  center  of  pressure  and  reduction  to  sero  of  its  buoyancy.  Re¬ 
moval  of  slope  of  the  float  and  reduction  of  its  buoyancy  to  zero  are  attained  by 
bobs,  fixed  on  axis  y  on  both  sides  of  the  floated  gyrounit  (not  shown  In  Fig.  9.5). 
Balancing  of  the  float  with  respect  to  axis  x  is  produced  by  shifting  four  nuts  8, 
which  are  twisted  on  screws,  fixed  on  the  shaft  of  the  float  (In  Fig.  9.5  we  see 
only  two  screws  with  nuts). 

A  more  detailed  description  of  the  Hid,  its  separate  elements  and  constructions 
the  reader  can  find  In  the  corresponding  literature  (e.g.,  [181,  149])*  Certain 
peculiarities  of  the  HIQ,  theory  of  its  hydrostatic  suspension,  and  also  results  of 
experimental  investigations  are  considered  in  the  report  of  C.  Draper,  and  others 
[22].  In  these  works  there  are  also  numerical  values  of  parameters  of  Kid's 
(produced  by  American  firms),  which  will  be  used  later  In  examples. 

Depending  upon  the  magnitude  of  angular  momentum  H  of  the  gyroscope  HIQ's  are 
divided  into  two  groups  i  1)  comparatively  low  precision  instruments  with  small  H, 
intended  for  measurement  of  large  angular  velocities}  2)  precision  instruments 
with  large  H,  applied  in  active  stabilization  system,  where  angular  velocities  of 
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the  stabilized  platform  (on  which  the  HIQ  is  fixed)  are  small.  The  difference  in 
values  of  H  in  these  cases  is  determined  by  the  strength  of  the  bearingB  of  the 
float  during  action  on  them  of  gyroscopic  torque,  caused  by  rotation  of  the  vehicle. 

For  the  considered  instruments  angle  p  of  rotation  of  the  float  we  seek  to 
have  sufficiently  small  or  even  close  to  zero  by  using  an  HIQ  with  a  servo  drive. 
Here,  there  are  ensured t  1)  constancy  of  the  coefficient  of  viscosity  of  the 
damping  liquid;  2)  linearity  of  readings  of  the  instrument  and  insensitivity  of  it 
to  components  of  angular  velocity  of  the  vehicle  on  axes,  not  coinciding  with  the 
measuring  axis;  5)  large  range  of  measured  angular  velocity;  4)  small  magnitudes  of 
bearing  reactions  during  rotation  of  the  instrument  with  considerable  angular 
velocities. 


Fig.  9.4.  Detailed  cutaway  of  a  floated  IQ,  1)  linkage  of  assembled  gyroscope;  2) 
adjustment  of  plate  with  flex-leads;  5)  flex-lead  terminals;  4)  winding  of  electric 
heater;  5)  temperature  pickoff;  6)  float;  7)  gyrorotor;  8)  frame  of  Cardan  suspen¬ 
sion;  9)  unbalance  compensator  (lever-type);  10)  adjusting  screw  of  unbalance  com¬ 
pensator;  il)  rotor  of  torquer  and  magnetic  suspension  unit;  12)  stator  of  torquer; 
15)  support  end  of  the  float  shaft  (Journal);  14)  ball,  pressed  by  a  spring;  15) 
mounting  (installing)  flange;  16)  output  axis;  if)  bearing  of  float  suspension;  18) 
stator  of  magnetic  suspension  unit;  19)  adjusting  screw  of  compensator  of  unequal 
rigidity;  20)  compensator  of  unequal  rigidity;  21)  initial  position  of  axis  of 
angular  momentum;  22)  current  position  of  axis  of  angular  momentum!  25)  angle  of 
rotation  of  the  float;  24)  stator  of  gyromotor;  25)  input  axis;  26)  gap  of  damper; 
27)  unit  (plate)  of  flex-leads;  28)  flex-leads  for  feeding  the  gyromotor;  29)  rotor 
of  signal  pickoff  and  magnetic  suspension  unit;  50)  stator  of  signals  pickoff;  51) 
temperature  shield;  52)  instrument  case. 


Usually,  the  HIQ  is  an  instrumant  of  precision  type.  According  to  some  data 
[149]*  drift  of  an  HIQ  can  comprise  0.1  angular  minutes/minute  and  even  less.  One 
of  the  peculiarities  of  the  HIQ  is  that  it  has  high  sensitivity  and  a  large  range 
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of  measurement  of  angular  velocities. 

We  shall  give  (Fig.  9*4)  a  more  detailed  cutaway  of  an  HIG  recently  published 
[180]  (designations  of  separate  elements  of  the  Instrument  are  shown  In  the  the 
figure  caption).  Distinctive  features  of  this  diagram  are  the  presence  of  compen¬ 
sators  of  unequal  rigidity  (due  to  difference  In  the  coefficients  of  elasticity  of 
the  structure  of  the  float  In  directions  of  the  Input  axis  and  the  axis  of  sensi¬ 
tivity),  and  also  of  the  magnetic  suspension,  ensuring  centering  of  the  axis  of 
the  float. 

Let  us  note  on  the  technique  of  production,  assembly  and  adjustement  of  floated 
gyros  of  precision-type  we  present  special  requirements  [149#  181  ] . 

For  tests  of  floated  gyros  there  have  been  developed  special  equipment  and 
methods  of  experimental  Investigations  [149»  181,  148,  147]. 

2,  Dynamic  Charact eristics  of  the  Hia 

a)  Geometric  and  Kinematic  Parameters 

'  — .  ■■■■»»  ■  ■ 

Analysis  of  HIG's  starts  with  composition  of  differential  equations  and  the 
corresponding  transfer  functions.  From  comparison  of  Figs.  9,1  and  8.1  it  follows 
that  axis  0£t)C  and  Ox^yz  In  the  Investigation  of  an  HIQ  and  a  GT  are  selected 
identically.  Therefore,  geometric  and  kinematic  parameters  of  the  HIQ  and  OT  are 
also  identical  ($  8.2,  Par.  3a).  Transformation  of  axes  to  Ox^yz  is  expressed 

by  matrix  equality  (8,2.15),  where  matrix  of  this  transformation  comes  from  re¬ 
lationship,  (8.2.16)  or  (8,2.17).  Components  co^  of  angular  velocity  o>  of 

axes  connected,  for  instance,  with  a  ship,  are  determined  by  formulas 

(8.2.20)  for  (8.2.21)  end  (8,2.22),  i.e,,  an  HIQ  whose  axis  of  sensitivity  coin¬ 
cides  with  axis  0£,  will  react  to  the  angular  velocity  a>^  •  -  9  of  yawing  of  the 
ship . 

b)  Composition  of  Differential  Equations  of  an  HIG 

In  an  HIG,  like  a  GT,  we  used  an  astatic  rate  gyro.  Presence  of  like  compo¬ 
nents  in  both  instruments  permits  us  during  composition  of  differential  equations 
of  motion  of  the  HIG  to  directly  use  differential  equations  of  the  GT,  obtained 
in  §  8.2,  Par.  3b j  here,  one  should  consider  specific  differences  between  the  con¬ 
sidered  inbtruments. 
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As  the  starting  point  we  shall  use  differential  equation  (8.2.36)  of  motion 

of  the  GT  frame.  In  this  equation:  1)  equatorial  moment  of  inertia  J  of  the 

g .  e 

gyroscope,  representing  the  sum  of  tne  equatorial  moment  of  inertia  of  the  rotor, 
the  frame  (housing)  of  the  gyroscope  and  moving  parts,  one  should  replace  by  moment 
of  inertia  J  _  of  the  gyrcf-ioai  about,  its  spin  axis;  2)  due  to  the  absence  in  an 
HIG  of  an  element,  introducing  restoring  torque  in  the  instrument,  magnitude  c  one 
should  take  equal  to  zero;  3)  in  the  right  part  it  is  necessary  to  introduce  torque 
applied  by  the  torquer  (Fig.  9.1)  about  the  spin  axis  of  the  float.  In 
accordance  with  this,  using  (3.2.36)  we  find  the  differential  equation  of  the  HIG 
in  form* 


J m  r  p  —  «f  j  bi  —  //  (••>.  cos  ?  —  01.  sin  ?)  f-  Mt  „  + 

+  M, 


(9.3.1) 


where 


6, 


moment  of  inertia  of  gyrofloat  about  its  spin  axis; 

angle,  angular  velocity  and  engular  acceleration  of  rotation  of  the 
gyrofloat  about  axis  0q  (Fig.  9.2); 


b  —  damping  factor  of  integrating  damper; 


D 


9 


component  of  angular  acceleration  of  the  vehicle  on  axis  Or, 
(disturbing  angular  acceleration); 


^  —  component  of  angular  velocity  of  the  vehicle  on  the  axis  of  sensi¬ 
tivity  of  the  instrument; 


0) 


5 


component  of  angular  velocity  of  the  vehicle  on  axis  0$  (disturbing 
angular  velocity); 


H  —  angular  momentum  of  the  gyroscope; 


M  —  torque  applied  by  the  torquer; 
tq 

M^r  —  friction  torque  in  the  float  axis; 
f(t)  —  other  disturbing  torques. 


*Ws  can  write  the  exact  differential  equation  of  motion  of  an  HIG,  considering 
the  corresponding  equation  for  a  GT,  given  In  the  footnote  to  p.!?2  as  follows: 

^n.  r  ( ?  “  "J  +  =  W  («>c  cos  3  -  sin  ?)  — 

/•»-.?  -  \ 

~  (•'nx  -  J ,)  [—j —  s'"  2)  +  cos  23  J  -f  Af,  „  +  +  /  (/). 

where  Jfx  —  moment  of  inertia  of  the  gyrofloat  with  respect  to  axis  Ox  (Fig.  9.2  ; 
J„p*n  —  moment  of  inertia  of  float  (without  rotor)  with  respect  to  axis  Oz . 
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Torque  constitutes  the  torque  of  residual  friction  in  bearings  of  the 
gyrofloatj  for  the  case  of  liquid  friction  Mt<r  is  determined  by  relationship 
(3. 2.34)|  during  calculation  of  dry  friction,  it  is  determined  by  (8.2.35). 

Let  us  give  the  expression  of  torque  .  For  microsyns  [149]  applied  in  a 
fl  ^ated  IG  as  torquers,  the  magnitude  of  torque  is  proportional  to  current  •'  - 
tensity  i,  of  the  control  signal  fed  to  the  torquer,  i.e., 

V»  (9.3.2) 


where  k^  —  transmission  factor  of  the  torquer. 

Let  us  find  the  expression  for  damping  factor  b  of  the  integrating  damper. 

For  this  we  designate  (Fig.  9.5): 

l  —  length  of  damper  (length  of  housing  of  gyrofloat),  cm; 

r  —  radius  of  float  1,  cmj 

6  —  gap  between  float  and  case  of  instrument  2,  cm] 

rj  —  absolute  viscosity  of  liquid  in  the  gap  of  the  integrating  damper,  poises] 

p 

S  —  area  of  gap,  cm  j 

v  —  linear  velocity  of  a  point  on  the  surface  of  the  float,  cm/sec. 

During  determination  of  damping  factor  b  we  consider  only  the  damping  torque 
of  the  cylindrical  surface  of  the  float,  not  taking  into  account  the  damping 
torque  of  its  end  surfaces.  For  the  magnitude  of  the  damping  torque  of  the  cylindri¬ 
cal  surface  of  the  float  we  have  expression 


(9.3.3) 


Since  v  ■  r£  (P  —  angular  velocity  of  spinning  of  the  gyrofloat  about  its 
axis),  and  S  ■  2rrr  1,  instead  of  (9.3.3)  we  obtain 


*.-*?■*. 


(9.3.4) 


Comparing  (9.3.4)  with  (8.2.13),  we  find  an  expression  for  the  magnitude  of 
the  damping  factor: 

V 

(9.3.5) 


,  2r.rH 
0  «  -  T„ 


If  t)  is  expressed  in  poises,  to  find  factor  b  in  g-cm-seconds ,  instead  (9.3.5  )j 
we  nave  _ 

tBU  *  (9.3.6) 
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Fig.  9.5.  Determination  of 
the  damping  factor. 


Magnitude  b  sometimes  is  called  the  specific 

damping  torque,  since,  according  to  (8.2.13)*  b  is 

numerically  equal  to  the  torque  created  by  the  damper 

when  the  angular  velocity  of  spinning  of  the  float  is 

one  radian  per  second.  For  a  hermetic  integrating 

,4 


gyroscope  of  type  10  No.  79  of  the  Massachusetts 
Institute  of  Technology  [181,  149]  design  values  of 
magnitudes  b,  5,  q  are  the  following:  6  ■>  0.025*  cm;  q  -  6b  poisesj  b  =  20.93 
g-cm-sec . 

Disturbing  torques  f(t)  in  equation  (9.3.1)  are  caused  by:  Incomplete  balance 
of  the  gyrofloat;  flex-lead  torques;  harmful  torques,  created  by  signal  pickoff s  and 
torquers,  etc. 

Before  passing  to  further  transformation  of  equation  (9.3.1 ),  we  note  the 
following.  Often  during  the  presentation  of  HIG  theory  [181,  149]  as  the  output 
magnitude  they  consider,  not  to  angle  3  of  float  rotation,  but  the  corresponding 
voltage  Uq,  received  from  the  signal  pickoff  and  connected  with  3  by  the  linear 


dependency 


V 


•us 


kX 


(9.3.7) 


where  k^  —  transmission  factor  of  the  signal  pickoff. 

Introducing  (9.3.7)  in  (9.3.1),  we  obtain  the  equation  of  the  HIG  for  vari¬ 
able  UQ.  However,  subsequently  In  presentation  of  HIG  theory,  as  of  the  theory  of 
other  types  of  GD,  \re  shall  take  as  the  variable  angle  3  of  rotation  of  the  gyrofloe"  . 

As  has  been  shown,  the  limiting  value  of  angle  3  of  rotation  of  the  float  Is 
small.  If  we  also  take  into  account  the  fact  that  the  HIG  Is  usually  used  with  a 
servo  system.  In  equation  (9.3.1)  It  Is  possible  to  make  substitutions  cos  3  «  1, 
sin  3  «  3;  then 

Jn.  H  (•;  ~  0,=?)  +  J  n.  r»,  +  M*  „  +  M,  +  /(/)•  (9.3.3) 

Since  in  the  above-indicated  cases  co^  »  u^3,  instead  of  (9.3.8)  we  usually 
use  the  following  eauation: 


Jm.  T  k?  =  Nm.  -f  Ja  rmr  m  -{-  +  /(/). 


(9.3.9) 


Consider  a  steady  regime  of  work  of  an  HIG,  by  which  one  should  understand 
such  a  regime  In  which  3  -  const,  p?  -  0.  If  -  0,  =  f(t)  ■  for  a  steady 
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regime  we  have  expression 


H 

» 

coinciding  with  (9.2.2),  i.e.,  the  angular  velocity  of  rotation  of  the  gyrofloat 
is  proportional  to  the  angular  velocity  of  rotation  of  the  vehicle  about  the 
measuring  axis  0£  (Pig.  9.2).  Considering  -  const  (since  by  the  condition  for 
r  steady-state  regime  £  ■  const),  for  zero  initial  conditions  we  obtain 


? 


» 


0)  / 


(9.5.10) 


oc ; 


In  the  considered  case  co^t  —  angle  a  of  rotation  of  the  vehicle  about  axis 
therefore,  instead  of  (9.5.10)  we  have  expression 


P 


coinciding  with  (9.2.5).  In  other  words,  angle  £  of  rotation  of  the  gyrofloat  in 
&  steady-state  operating  conditions  of  the  instrument  is  proportional  to  angle  a 
of  vehicle  rotation.  As  will  be  shown  later,  If  tne  time  constant  of  the  HIG  1b 
sufficiently  small,  the  above-mentioned  expression  will  also  be  valid  when  o>^  / 

/  const.  Here,  Instead  of  (9.5.10)  we  obtain  formula 


[see  (  >.2.5 ) ] .  Thus,  In  general.  If  the  time  constant  of  the  HIG  Is  sufficiently 
small,  angle  (3  of  rotation  of  the  floated  gyrounit  is  proportional  to  the  time 
integral  of  angular  velocity  of  the  vehicle. 

We  make  » ertain  transformations  of  equation  (9.5.0)j  dividing  both  parts  of 
It  by  b,  we  obtain 

^  p + ? = 7-«t + -V", + t  lM.  - + +/('>]. 

We  designate 


r- 


k  «= 


(9.5.12) 

(9.5.1?) 


9-i  n 


Considering  (9.3.12)  and  (9.3.13),  we  rewrite  (9.3.11)  in  form 

r?  +  p «  k  -i-  roir  +  P  [ma  m  mt  !  /(/)].  (9.3.14 ) 

The  physical  meaning  of  the  designations  introduced  above  is  the  following: 

T  —  time  constant  of  the  Hid,  characterizing  its  transient  response;  k  —  dimen- 
sionless  transmission  factor  of  the  HIG,  characterizing  the  dependence  of  3  on 
a)r  in  steady-state  operating  conditions  for  the  instrument;  p  —  transmission 
factor  of  the  HIG  with  respect  to  torques  applied  to  the  spin  axis  of  the  float, 
characterizing  the  dependence  of  3  on  the  shown  torques  in  steady-state  conditions. 

Let  us  assume  that  the  torquer  is  turned  off  and  that  there  are  no  disturbances 
[M+q  «*  Mfr  ■  f(t)  ■  0,  ca  ■  0]j  then  we  write  equation  (9.3.14)  in  form 

rjj  +  ?  =  *<v  (9.3.1^ ) 

from  which,  for  small  time  constant  T,  even  when  a>r  /  const,  with  sufficient 
accuracy  we  have  relationship 

(9.3.16) 

which,  according  to  (9.3.13),  is  another  form  of  expression  (9.2.2). 


c )  Transfer  Functions  and  Frequency-Response  Curves  of  an  HIG 

Let  us  determine  the  transfer  function  W(s)  of  an  HIG  with  respect  to  the  use¬ 
ful  in~ut  signal,  i.e.,  to  angular  velocity  a^(t).  For  this  we  use  equation 
(9.3.15),  presenting  it  in  operational  form  ^p  « 

(Tp  f  l)p?  =  *u>t.  (9.3.17) 


Applying  to  (9.3.17)  the  Laplace  transform,  we  obtain  the  following  expres¬ 
sion  for  the  transfer  function  of  the  HIG: 


W(s) 


M»)  » 


(9.3.18) 


From  formula  (9.3.18)  it  follows  that  for  a  sufficiently  small  time  constant 
T  the  HIG  can  be  considered  an  integrating  network,  whose  transfer  function  for 
T  *  0,  according  to  (9.3.18),  we  write  in  form 


(9.3.19) 
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Taking  T  Into  account  it  Is  possible  to  consider  tue  HIQ  a  series  connection 


of  integrating  and  aperiodic  [see  (5*6.68)]  networks,  i.e.. 


W(s)r  V'(s)W”(s). 


where 


*■'(,)=  i.;  lT(s) 


I 

Ts+\’ 


(9.3.20) 


(9.3.21) 


Properties  of  an  integrating  network  were  considered  in  the  example  of  an 
astatic  gyroscope  with  three  degrees  of  freedom  (§  5.2,  Par.  jb)j  properties  of  an 
aperiodic  network  were  studied  in  the  example  of  the  same  astatic  gyroscope,  but 
with  a  system  of  proportional  correction  ($  5.6,  Par.  5d).  During  influence  on 
the  HIQ  of  input  angular  velocity  o^(t),  e.g.,  in  the  form  of  a  unit  step  function 
[1]  (2.5.107),  its  transient  response  (3 ( t )  is  the  superposition  of  the  motion  of 
gyrofloat  by  aperiodic  law  (aperiodic  network)  and  motion  of  the  gyrounit  propor¬ 
tional  to  the  integral  of  the  input.  Here,  the  smaller  the  time  constant  T,  the 
faster  the  shown  aperiodic  motion  and  the  more  the  HIQ  approximates  an  ideal  inte¬ 
grating  network. 

Example  9.1:  Determine  time  constant  T  and  transmission  factor  k  of  an  HIG 

of  type  10  No.  79  of  the  Massachusetts  Institute  of  Technology  and  also  angular 

velocity  (3  of  rotation  of  the  gyrofloat  for  the  following  initial  data  [181,  149] 1 

moment  of  inertia  of  the  gyrofloat  with  respect  to  its  spin  axis  J  „  -  O.O56 

6  • 1 

p 

.  -  ’  -sec  ; damping  factor  of  the  integrating  damper  b  -  20.59  g-cm-secj  angular 
momentum  of  gyroscope  H  -  10.19  g-cm-secj  constant  value  of  measured  angular  veloc¬ 
ity  of  object  co ^  ■  0.5  deg/sec. 

Solution  It  By  formula  (9.3.12)  we  find  time  constant  Ti 


0,036 

30,39 


=*0,001 766  sec. 


2.  According  to  (9. 3*13)  we  determine  transmission  factor  k: 


k  — 


* 


10,19 

90,39 


-  0.4998  a  0,5. 


5.  Using  (9.3.16),  we  find  angular  velocity  $  of  rotation  of  the 


gyrofloat  In  steady-state  conditions : 


From  example  9.1  It  follows  that  the  time  constant  of  the  HIQ  is  minute 
(experimentally  measured  value  of  it  comprises  [181,  149]  T  -  0.0027  sec);  this 
indicates  fast  flow  of  the  transient  response,  characterizing  aperiodic  motion  of 
the  gyrofloat. 

Let  us  find  the  frequency  characteristics  of  the  HIQ,  considering  it  first 
as  an  ideal  Integrating  network.  Then  for  the  gain-phase  response  of  the  HIG  we 
have  formula  (3,2.88) 


i r  (/«.)« 


(9.3.22) 


Amplitude  A(cd),  phase  cp(o>),  real  P(o>)  and  imaginary  Q(co)  frequency  characteris¬ 
tics  of  the  HIQ,  by  analogy  with  (3.2.89)  and  (3.2.90)#  will  be  determined  by  re¬ 
lationships 


=  4'  ?(->  =  — (9-3-25> 

P  (<«)  =  0;  (9.3.24) 


The  gain-phase  characteristic  W(Joj)  of  an  ideal  floated  IQ  will  be  determined 
by  the  same  curve  as  for  an  Integrating  network  (Fig.  3.8). 

Let  us  now  determine  the  frequency-response  curve  of  a  real  HIG,  taking  into 
account  its  time  constant  T.  Comparing  (9.3.15)  with  (3.2.  f),  for  a(o>)  ...  d(o>) 
in  accordance  with  (3.2.38),  we  obtain 

a(u»)  =  A;  b  (w)  =  0;  c  (»»)  =  —  7V;  d(  «)-=«#.  (9.3.25) 


Substituting  (9.3.25)  in  (3.2.37)#  we  find  the  gain-phase  response  of  the  HIGs 


*</«)  = 


Introducing  (9.2.25)  in  (3.2.41),  we  obtain  an  expression  for  frequency- 
response  curves  A(o>),  «p(co),  P(o>),  Q(oj): 


(9.3.26) 


#4(w)  =  — -j=t-  ...  ;  ?(<u)  =  arctg— j— 

•  Ki  +  r»«’  r- 

P(«)  - — — ;  =  - I - 

'  '  I  +  v '  '  «  1  +  T*-* 


(9.3.27) 


If  in  (9.3.27)  we  set  T  -  0,  we  obtain  formulas  (9.3.23)  and  (9.2.24)  for 
’r^quer.cy-response  curves  of  an  ideal  HIG. 


£13 


,  Ml  j  A_1  Irs^tM.  .  «Ih4|La 


Fig.  9.6.  Gain-phase  charac¬ 
teristic  of  an  HIG. 


Example  9.2i  Calculate  and  construct  the 
graph  of  the  gain-phase  characteristics  W(Joi)  of 
a  HIG  for  the  initial  data  of  example  9.1  and  with 
change  of  co  from  0  to  oo. 

Solution:  Since,  according  to  (3.2.40) 

W(jo>)  «  P(u>)  +  jQ(cu) ,  by  formula,  (9.2.37)  we 
calculate  points  of  curve  W(jo>)  by  their  coordi¬ 
nates  P(o>)  and  Q(cd).  The  graph  of  the  gain-phase 
characteristic  W(Jo>)  of  the  HIG  is  constructed  in 
Fig.  9.6. 

From  Fig.  9.6  it  follows  that  the  graph  of 
the  gain-phase  characteristic  W(Jcs)  of  the  HIG 
practically  haB  the  same  form  as  curve  W(Jcd)  for 
an  integrating  network  (Fig.  3.8). 

Knowning  the  gain-phase  response  W(Jaj)  of  the 
HIG,  by  formula  (2.3.105)  we  can  find  impulse 
(weighting)  transfer  function  of  the  HIG, 


‘*M-r  i^(W^  (9-%28) 

which  characterizes  the  transient  response  during  application  to  the  HIG  of  a  unit 
impulse  function,  or  delta  function  5(t  -  tQ). 

During  investigation  of  HIG  errors  in  dynamics  it  is  necessary  to  know  also 
the  transfer  function  of  the  HIG  with  respect  to  disturbances.  To  determine  this 
transfer  function,  which  we  henceforth  shall  designate  by  Y(s),  we  use  equation 
(9.2.14),  considering  In  it  ■  f(t)  -  Oj  then  we  have 

Tp  +  p  =  kw:  +  rJ>n  +  ?Mr.  (9.3.29) 

i.e,,  as  the  disturbances  we  consider  component  of  angular  acceleration  of  the 
vehicle  along  axis  Oq  (Fig.  9.2)  and  the  residual  friction  torque  Mfr  in  the 
bearings  of  the  float. 

For  axes  (Fig.  9.2)  we  take  ship  axes  Oxyz  (Fig.  2.2).  The  axis  of 

sensitivity  of  the  HIG  coincides  with  axis  0£,  and  it  will  react  to  angular 
velocity  cp  of  yawing  of  the  shipj  in  fact,  according  to  (8.2.21  )»  ^  ~  £(f). 
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Then,  the  disturbing  angular  acceleration  <x>  ,  if  we  consider  (8.2.22),  is  equal 

••  .  u 

to  angular  acceleration  0,  of  rolling  of  the  ship,  i.e.,  cd  *  e.  Let  us  assume 
that  in  the  axis  of  suspension  of  the  gyrofloat  there  is  liquid  friction,  deter¬ 
mined  by  formula  (9.2.24).  Considering  what  has  been  said  and  (8.2.24),  we  rewrite 
(9.3.29)  as  follows: 


T$  -f  ?  *=  *«»;  +  T*  —  r.ltfi. 


(9.3.30) 


Designating 


T  =  —  k  =  * 

I  +  *  1  1  +  fnt  * 

we  have 

T'iP  4*  £  *=  A|*».  -f  Tfi. 


(9.3.31) 


(9.3.32) 


Presence  in  the  right  part  of  this  equation  of  disturbance  T ^6  causes  error 
in  the  HIG  reading.  Since  u^(t)  is  the  useful  signal,  then  for  error  we 
obtain  the  following  differential  equation  1 


+  ei  *=  Tfi. 


(9.3.33) 


We  rewrite  it  in  operational  form: 

(TiP+  l)pe,  =  7^0.  (9.3. 3*0 


Applying  the  Laplace  transform  to  (9.3-34),  we  obtain  an  expression  of  trans¬ 
fer  function  Y(a)  of  the  HIG  with  respect  to  the  disturbance  of  rolling: 


Y(s)  = 


«1  («) 

•(*) 


Txs 

Tts  +  l  ' 


(9.3.35) 


2.  Transient  Responses  of  the  HIG 

Let  us  consider  behavior  of  an  HIG  in  a  transient  response  for  a  certain  typi¬ 
cal  disturbance,  for  which  we  take  a  unit  step  input  (§  2.2#  Far.  2<3).  The  first 
question  appearing  here  concerns  stability  of  the  HIG.  H  is  simplest  of  all  to 
Judge  stability  of  an  hig  by  lbs  gain-phase  response  W(Jcd''  (Fig.  9.6),  from  which 
it  follows  that  the  HIG  is  stable  for  any  positive  coefficients  of  the  corresponding 
characteristic  equation. 

Subsequently  we  shall  be  interested  in  change  of  the  angle  rotation  of  the 
gyrofloat  in  the  transient,  caused  by  a  typical  influence  in  the  form  of  an  abrupt 
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change  of  the  input  value  per  unit  and  for  zero  initial  conditions,  i.e.,  for  a 
unit  step  input  [1]  [eee  (2.3.107)].  Function  3h(t),  which  characterizes  change 
of  3  at  the  HIO  output  for  the  shown  conditions,  is  a  transient  function  and  is 
determined  by  relationship  (2.3.108). 

Planning  to  find  function  3^(t)  of  the  HIG  for  application  to  it  of  unit  step 
input  o^(t)  ■  [1]  with  zero  initial  conditions,  we  use  equation  (9.5.15).  which  we 
rewrite  in  form 

m.  (9.3.56) 

We  designate  the  angular  velocity  $  of  rotation  of  the  gyrofloat  by  ft: 

(9.3.37) 

Then 

T&  +  Q  =  k[\  1.  (9.3.38) 

From  (9.3.38)  it  follows  that  if  as  the  output  we  consider  ft  -  3#  with  re¬ 
spect  to  ft  the  HIG  is  an  aperiodic  network  with  transfer  function 

W  (s)  =  ~ (9.3.39) 

'  '•  •.<*)  Ti  + 1 


and  gain-phase  response 


HP  (/«.)  = 


k 

Tfr+\  ’ 


(9.3.40) 


The  frequency-response  curve  of  the  HIG,  as  for  an  aperiodic  unit,  will  be 
determined  by  relationships  (5.6.71)  and  (5.0.72).  The  gain-phase  characteristic 
for  this  case  is  presented  in  Fig.  5.16.  The  curve  begins  (for  o>  -  0)  on  the  real 
axis  a  distance  k  from  the  origin  of  coordinates;  with  increase  of  cd  the  modulus 
of  W(Ja>)  decreases;  when  co  «  cd  the  phase  shifts  -90°.  During  application  to  the 
HIG  of  a  periodic  input  o^(t)  angular  velocity  ft(t)  -  3(t)  of  rotation  of  the  float 
will  change  by  a  periodic  law  of  the  same  frequency  as  co^(t);  with  a  frequency  of 
oscillations  close  to  zero,  ft(t)  should  not  have  a  phase  shift;  with  a  frequency 
near  infinity,  ft(t)  will  lag  in  phase  an  angle  approaching  90°. 

Using  (9.3.38),  one  can  determine  the  transient  function  ft^(t)  of  angular 
velocity  ft  -  3.  A  particular  solution  of  this  equation  will  be 


(9.3.41) 
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it  characterizes  angular  velocity  of  rotation  of  the  float  in  steady-state  condi¬ 
tions,  i.e.,  [see  (9.5.15)1 

(9.3.42) 

what  coincides  with  (9.2.2)  for  o^(t)  -  [1], 

According  to  (9.5.58)>  the  transient  function  il^(t)  -  £h(t)  for  a  steP 

input  and  for  zero  initial  conditions  [when  t  -  0,  0^(0)  -  0.1],  will  be 

e,(„-*(,_r^.  (9-J-45) 

Example  9.5 >  Calculate  and  construct  transient  function  ^(t)  of  the  angular 
velocity  of  rotation  of  the  gyrofloat  for  parameters  of  the  instrument,  given  in 
example  9.1. 

Solution  It  By  formula  (9. 5. ^5)  for  different  values  of  t  we  determine  values 
of  and  then  construct  graph  ^(t)  (Fig.  9.7). 

2.  Using  relationship  (6.3.10),  we  determine  the  setting  time  tse+ 
of  angular  velocity  fi(t)  -  p(t)  with  accuracy  of  99#r 

ly  =  4fiT  «=  4,6  0,001766  -  0.008124  sec  . 


I  1- 

0 

Fig.  9.7.  Unit  step  response  fl.(t)  for  a  unit  step 
input . 

From  example  9.5  and  Fig.  9.7  it  follows  that  the  unit  step  response  ^(t) 
changes  by  aperiodic  lawj  setting  time  t  proportional  to  time  constant  T  of  the 
HICr,  is  minute.  On  conclusion  of  the  transient  response  the  set  value  of  angular 
velocity  n(t)  -  0(t)  of  rotation  of  the  float  is  proportional  to  the  input. 


*<>17 


To  determine  the  unit  step  response  Ph(t)  we  use  equation  (9.5.36).  Inte¬ 
grating  It  once  for  during  zero  initial  conditions,  we  obtain 

+  (9.3.44) 

Since  T  is  small,  the  unit  step  response  0^(t)  of  an  ideal  HIO  will  be, 
approximately 

(9.3.45) 

i.e.,  the  same  as  for  an  ideal  integrating  network  (Fig.  9.8),  and  consequently,  the 
angle  0  of  rotation  of  the  float  for  an  Input  in  the  form  of  a  unit  Btep  input  [1] 
will  be  equal  to  the  integral  of  this  influence,  and  it  increases  proportionally  to 
time  t. 


Fig.  9,8.  Unit  step  responses  0^(t)  of  an  ideal  in¬ 
tegrating  network  and  0h(t)  of  an  HIG. 


Let  us  find  the  unit  step  response  Ph(t)  of  the  HIG  taking  into  account  its 
time  corn  nt  T.  For  this  we  find  the  physical  meaning  of  [1]  t,  in  the  right  part 
cf  equation  (9.3.44).  Since  in  the  considered  case  [1]  is  the  unit  value  of  angular 
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velocity  a>£  of  rotation  of  tne  vehicle  about  the  measuring  axis  (Fig.  9.2)  of 
the  HIG,  [1]  t  is  the  current  value  of  angle  a  of  rotation  of  the  vehicle  about 
axis  0£  per  unit  angular  velocity  of  its  rotation. 

Designating 

l!]*~a(0.  (9.3.46) 


we  rewrite  (9.3.44)  in  form 

^  (0.  (9.3.47) 

from  which,  for  zero  Initial  conditions  [t  -  0,  a(0)  3(0)  =  0],  we  have 

(9.3.48) 


Pa (0  *=  ~  t  T,f  a  (r)eT  d\. 

•  U 


Integrating  the  right  side  (9.3.48)  in  parts,  we  obtain 


M0  =  *[«  (0-  !’(•)'"  r  *1 


O.J.1!?) 


Consequently,  angle  3  of  rotation  of  the  float  is  proportional  to  angle  a  of 

/ 

rotation  of  the  vehiciej  T  di  characterizes  methodical  Instrument 

o 

error  In  dynamics.  For  its  decrease  It  Is  Imoortant  that  time  constant  T  be 

sufficiently  small  and  the  value  of  a  not  be  too  large.  In  the  considered  case 
• 

a  *  ■=  [l]j  therefore,  performing  Integration  in  (9.3.49)  and  considering 

(9.3.46),  we  obtain  the  expression  for  the  unit  step  response  3h(t)  of  the  HIG 
taking  into  account  time  constant  T  in  the  form 


ft(/)=*IU  {/-r 


(9.3.50) 


For  a  minute  T  formula  (9.3.50)  becomes  expression  (9.3.45 ),  characterizing 
the  unit  step  response  3^(t)  of  an  ideal  integrating  network. 

Example  9.4 1  Calculate  and  construct  the  unit  step  response  3h(t)  of  an  HIG 
for  parameters  of  the  Instrument,  given  in  example  9.1. 

Solution;  By  formula  (9.3.50)  for  different  values  of  time  t  we  determine 
angle  3  of  float  rotation,  and  then  construct  the  graph  of  unit  step  response  3h(t) 
(Fig.  9.8). 
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From  comparison  of  £h(t)  and  £^(t)  (Fig.  9.8)  it  follows  that  thanks  to  the 

smallness  of  time  constant  T  the  HIG  differs  little  from  an  ideal  integrating  net- 
# 

work.  In  this  connection  performance  indices  of  the  HIG  are  the  same  as  for  inte¬ 
grating  networks  [107], 

Formula  (9.3.50)  for  the  unit  step  response  Ph(t)  of  a  HIG  is  valid  during 
influence  on  the  instrument  of  angular  velocity  of  the  vehicle  in  the  form  of  a 
unit  step  function.  It  is  possible  to  consider  the  characteristic  of  the  transient 
response  of  an  HIG  for  a  constant  (but  not  equal  to  unity)  value  of  angular  veloc¬ 
ity  of  the  vehicle.  Then  the  expression  for  the  transient  response  of  the  gyro- 
float  during  influence  on  the  instrument  of  angular  velocity  «  const  is  obtained 
by  multiplication  of  the  right  side  of  (9.3.50)  by  o^t 


Fig.  9.9.  Transient  response  of  an  HIG  for  non¬ 
zero  Initial  conditions. 

Function  P(t)  has  the  same  form  aB  the  unit  step  response  3h(t)  shown  In 
Fig.  9.8. 

Above  we  considered  the  transients  response  of  an  HIG  for  zero  initial  condi¬ 
tions.  It  is  interesting  to  find  the  influence  on  a  transient  response  of  an  HIG 


Let  us  note  that  curve  3h(t)  has  an  asymptote,  whose  equation  is  obtained, 

if  in  (9.3.50)  we  set  t  -*•  coj  then  p^(t)  ■  k  [1]  (t  -  T).  This  asymptote  is  shown 

in  Fig.  9.8  by  the  dotted  linej  it  cuts  off  on  the  axis  of  abscissas  a  segment  equal 
to  time  constant  T.  This  circumstance  can  be  used  when  determining  T  by  the  curve 
of  the  transient  response,  obtained  experimentally  [149]. 
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of  non-zero  Initial  conditona.  As  an  example  let  us  consider  free  motion  (a^  -  0) 
of  the  gyrofloat,  if  in  initial  moment  where  t  -  0  it  had  deflection  3(0)  =  30 
and  initial  angular  velocity  0(0)  -  (3Q.  Then,  instead  of  (9.3.15),  we  have 
equation 

+  (9.3.52) 


which  we  shall  integrate  for  the  above-indicated  initial  conditions;  we  obtain 

+  (9.3.53) 

Transient  response  0(t),  determined  by  relationship  (9.3.53)*  is  shown  in 
Fig.  9.9. 

Example  9.5:  Determine  the  steady-state  value  of  the  angle  3  of  rotation  of 
the  gyrofloat  whose  parameters  are  given  in  example  9.1*  if  in  the  initial  moment 
t  -  C  the  angle  of  deflection  of  axis  of  the  gyroscope  0Q  ■  0.1°,  and  to  the  float 
there  is  imparted  an  initial  angular  velocity  0O  -  20  deg/Bee . 

Solutions  By  formula  (9.3.53)  for  steady-state  conditions  upon  completion  of 
the  transient  response  vre  have 

J « ?•  +  $.7 «=  0. ! -H 20 -0,001 766-  0.135°. 

From  example  9.5  it  follows  that  the  biggest  error  is  intorduced  by  initial 
deflection  3Q  of  the  gyroscope  axisj  influence  of  Initial  angular  velocity  0Q  for 
a  small  time  constant  T  is  immaterial. 

4.  Instrument  Errors  of  the  HIS 

We  present  HIG's,  applied  in  precision  GD's,  very  high  requirements  with  re¬ 
spect  to  accuracy  of  their  readings.  Therefore,  the  subsequent  account  is  con¬ 
nected  with  questions  of  accuracy  of  these  instruments. 

First,  we  shall  consider  instrument  error  of  a  HIG,  caused  by  imperfection 
of  its  construction,  deviations  of  characteristics  of  its  components  from  their 
rated  values,  imprecisions  of  manufacture,  assembly,  etc.  Instrument  errors, 
like  other  ones,  can  be  systematic  and  random  (§  2.4,  Par.  2).  Systematic  errors 
in  principle  can  be  compensated  by  means  of  application,  e.g.,  of  corresponding 
correcting  torques  (with  the  help  of  a  torquer),  magnitudes  of  which  are  selected 


and  introduced  on  the  basis  of  experimental  research  of  the  Instrument  under 


t J~~ - 


conditions,  close  to  real.  As  for  random  errors,  in  principle  it  is  impossible 
to  compensate  them.  Therefore,  during  investigation,  design  and  manufacture  of 
such  gyroscopes  most  important  is  lowering  of  the  random  components  of  errors 
to  practically  acceptable  magnitudes. 

In  connection  with  the  specific  peculiarities  of  HIG's  (caused  mainly  by 
application  of  a  hydrostatic  suspension)  during  theoretical  calculations  of  its 
instrument  errors  there  arise  considerable  difficulties.  Therefore,  for  revealing 
this  kind  of  error  we  usually  use  experimental  methods. 

Let  us  give  the  characteristic  of  disturbing  torques  and  of  HIG  instrument 
errors  caused  by  them.  During  use  in  real  conditions  an  HIG  may  be  influenced  by 
the  following  disturbing  torques  r 

1)  moments  of  the  force  of  gravity  and  inertia  during  shifting  of  the  float 

e.gj 

2)  torques  of  hydrostatic  pressure,  appearing  with  unbalance  of  the  gyrofloat 
and  during  change  of  the  specific  weight  of  the  liquid; 

3)  torques  of  residual  friction  In  suspension  bearings  and  also  torques  of 
viscous  friction  due  to  arbitrary  motion  of  the  liquid; 

4)  torques,  caused  by  elastic  strains  of  the  gyrofloat; 

5)  torques,  caused  by  variation  of  parameters  of  the  HIG,  e.g.,  of  the  angular 
momentum  of  the  gyroscope,  the  damping  factor  of  the  liquid,  its  temperature,  etc.; 

6)  torques,  caused  by  flex-leadB  and  also  by  signal  pickoffs  and  torquers,  etc.; 
These  and  other  disturbances  lead  to  the  appearance  of  HIG  instrument  errors, 

to  wh^ch  it  is  possible  to  relate  the  following; 

1)  error  due  to  unbalance  of  the  gyrofloat; 

2)  errors  caused  by  elastic  strains  of  components  of  the  gyrofloat; 

3)  errors  caused  by  torques  of  different  forces  of  friction; 

4)  errors  caused  by  variations  of  HIG  parameters; 

5)  errors  of  the  signal  pickoff  and  the  torquer;  errors  due  to  imperfections 
of  flex-leads,  etc. 

Unable  to  consider  in  detail  all  the  above-indicated  errors,  we  limited  our- 
selve  to  certain  brief  remarks. 

Friction  torques,  as  in  the  case  of  a  GT  (§  8.2,  par.  5) ,  limit  angular 
velocity  of  the  vehicle,  received  by  the  instrument.  In  connection  with  this  the 

minimum  vehicular  angular  velocity  ay  to  which  the  HT1  reacts  is  determined  by 

nmin 
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formula  (8.2.107) 


•e 

C»tln  H 


where  K  ,  —  magnitude  of  the  friction  torque  on  the  axis  of  rotation  of  the  gyro- 
set  float; 

H  -  angular  momentum  of  the  gyroscope. 

Let  us  find  the  influence  of  friction  torques  on  operation  of  an  HIG.  We 

use  equation  (9.3.14),  considering  in  it  id  -  0,  M.  -  f(t)  -  0; 

t}  Lq 

then 


=  pMt. 


(9.3.54) 


Taking  into  account  for  the  residual  dry  friction  torque  in  the  bearings  ex¬ 
pression  (8.2.35)  and  formula  (9.3.13 ),  we  have 


rp+p«ju.--^5ign* 


According  to  (2.3.75),  we  rewrite  (9.3.55)  in  form 

-  Ky 


(9.3.55) 


(9.3.56) 


If  we  disregard  time  constant  T,  for  cu.  >  u>-  in  the  first  approximation 

'•min 

*  r 

the  angle  0  of  rotation  of  the  float  will  be  determined  by  the  relationship  [lor 

0(0)  -  0] 

(9.3.57) 


«•»<(')* -r-~Ky/. 

The  first  component  of  this  formula  is  the  useful  output  [see  (9.2.2)];  the 

fr 

second  component  is  error  e  of  the  HIG  due  to  friction 

•’  =  T  KJ- 


fr 


(9.3.58) 

To  decrease  e'1"1'  it  is  desirable  to  have  a  magnitude  of  Kset  of  friction 
torque  on  the  axis  of  rotation  of  the  float  as  small  as  possible  and  as  large  as 
possible  a  coelf icient  of  damping  b. 

Pr» 

Example  9.6;  Determine  error  e  of  an  HIG  due  to  friction  in  the  axis  of 
rotation  of  the  float  for  an  instrument  with  the  parameters  given  in  example  9.1; 
the  magnitude  of  the  residual  friction  torque  in  the  bearings  Kae+.  -  0.1  g-cm;  the 


# 

In  formula  (9.3.57)  t  is  the  interval  of  time  during  which  co.  does  not 
change  sign.  ^ 


223 


•w»*r 


time,  during  which  angular  velocity  of  rotation  of  the  vehicle  does  not  change 
sign,  comprises  t  -  5  sec. 

Solution:  By  formula  (9.3.58)  find  error  efrt 

•r“  -J— 0,1  5  =  0,02452  rad  -  1.405° 

9  30,39 

From  example  9.6  it  follows  that  error  e  Is  substantial;  therefore,  quantity 
K  t  should  be  smaller  than  assumed  in  the  given  example. 

f  r 

It  is  necessary  to  note  that  In  distinction  from  an  HIG,  for  which  error  e 
grows  In  time,  for  a  GT  analogous  error  when  K0et  ■  const  remains  constant  [see 
(8.2.106)]. 

Friction  torques  during  oscillations  of  the  vehicle  also  cause  forced  oscilla¬ 
tions  of  the  float,  which  usually  are  very  Insignificant. 

Let  us  consider  instrument  errors  of  an  HIG,  caused  by  changes  of  its  basic 
parameters;  among  these  parameters  are:  angular  momentum  of  the  gyroscope;  damping 
factor;  temperature  of  the  liquid,  with  change  of  which  in  turn  the  specific  gravity 
of  the  liquid,  its  viscosity,  the  location  of  the  c.g.  of  the  gyrofloat.  and  the 
center  of  pressure  with  respect  to  the  axis  of  rotation  of  the  float  change;  elec¬ 
trical  parameters  of  the  signal  plekoff  and  the  torquer,  etc. 

As  an  example  consider  instrument  error  of  the  HIG  due  to  change  of  angular 
momentum  H  of  the  gyroscope  and  of  damping  factor  b  of  the  liquid  with  respect  to 
their  design  values.  Let  us  assume  that  angular  velocity  of  the  vehicle  u>^  - 
»■  const  and  in  steady-state  conditions  upon  completion  of  the  transient  response 
angle  6  of  rotation  of  the  float  1b  determined  by  relationship  (9.3.10) 


Change  of  quantities  H  and  b  with  respect  to  their  design  valueB  will  cause 
change  of  angle  0,  i.e.,  error  of  the  instrument.  Let  us  designate  true  (design) 
values  of  H  and  b  by  HQ  and  bQ;  to  them  there  corresponds  angle  of  rotation  of 
the  float  equal  to 

(9.3.59) 

Assume  that  in  the  prepared  instrument  these  parameters  differ  from  their 
design  values  by  5H  and  5b,  and  comprise,  respectively, 

H~H9  +  W,  b  =  b9  +  Zb,  (9.3.60) 
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(9.3.61) 


where  angle  P  differs  from  the  design  value  PQ  by 


which  represents  error  of  the  HIG  due  to  changes  of  the  shown  parameters  of  the 
instrument . 

By  the  same  method  we  used  during  determination  of  analogous  instrument  error 
of  a  OT  (§  8.2,  Par.  5)  for  epftr  in  the  given  case,  by  analogy  with  (8.2.112),  we 
find  relationship 

=  Jb-iH  +  Jh-ib.  (9.3.62) 

dHt  dbt 

For  partial  derivatives,  according  to  (9.3.59)#  we  have 


=  — "lo./. 

*  “ 


(9.3.63) 


Substituting  (9.3.63)  in  (9.3.62),  we  find 


(9.' 4.64) 


Thus,  for  determination  of  epar  it  is  necessary  to  know  the  change  5H,  5b  of 
parameters  of  the  HIO,  which  should  be  established  experimentally. 

Other  forms  of  instrument  error  of  an  HIG  can  be  determined  by  the  same  methods 
as  were  expounded  in  §  5.5  in  reference  to  calculation  of  instrument  errors  of  an 
astatic  gyroscope  with  three  degrees  of  freedom. 


5.  Dynamic  Errors  of  an  HIG 

Among  dynamic  errors  of  an  HIG,  characterizing  its  accuracy  in  real  operating 
conditions  during  continuous  change  of  the  measured  parameter  and  varying  external 
disturbances,  it  is  possible  to  list  the  same  errors  as  belong  to  GT's  and  were 
considered  in  §  8.2,  Par.  6a.  We  turn  to  a  brief  analysis  of  these  errors. 

a)  Dynamics  of  an  HIG  During  Harmonic  Disturbances 

Here  we  consider  the  case  when  the  input  Bignal  changes  by  harmonic  lew. 

Here,  disturbances  are  not  considered,  since  they  are  considered  subsequently  as 
random  functions  of  time. 

We  use  equation  (9.3.15)  of  motion  of  the  gyrofloat,  in  which  the  input  vari¬ 
able  is  the  angular  velocity  o^(t)  of  rotation  of  the  vehicle  about  the  measuring 
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axis  0£  (Fig.  9.2),  or  equation  (9. 3. ^7),  in  which  the  input  variable  represents 
the  angle  a(t)  of  rotation  of  the  vehicle  about  the  same  axia  0£.  Solution  of  the 
latter  equation  is  determined  by  expression  (9*3. ^9)>  characterizing  forced  motion 
of  the  gyrofloat.  This  expression,  replacing  a(t)  by  co^(t),  we  can  write  in  form 


i 

P,(/)  =  Aa  —  ^  dr.. 


(9.3.65) 


The  first  composed  of  this  formula  characterizes  the  angle  0^  -  k a  of  rotation 
of  the  float,  proportional  to  angle  a  of  vehicle  rotation,  i.e.,  0^  is  the  useful 
output  variable.  The  second  component  is  the  methodical  error  e  ,  of  the  instru¬ 


ment  in  dynamics: 


t 

*» - *J-C< 


(9.5.66) 


This  error  depends  on  the  character  of  angular  velocity  o^(t)  of  the  vehicle 
and  on  time  constant  T  of  the  Hid.  In  the  considered  case  is  the  dynamic 

error  of  the  HIO  during  measurement  by  it  of  the  angle  of  rotation  of  the  vehicle 
a(t).  In  the  terminology  of  A.  N.  Krylov  [67]  edyn  is  the  dynamic  correction 
(§  8.2,  Par.  6b).  To  decrease  dynamic  error  it  is  neceBBary  that  time  constant  T 
be  small  and  that  angular  velocity  cu^(t)  of  the  vehicle  not  be  too  great. 

It  is  most  simple  to  investigate  the  dynamics  of  an  HIO  in  that  particular. 


but  frequently  encountered  case,  when  o(t)  varies  by  harmonic  law 

«(/)  — 

where  a^  —  peak  value  of  the  angle  of  rotation  of  the  vehicle j 
co  —  frequency  of  its  change. 

Substituting  (9.3.67)  in  (9.3«^7),  we  obtain 

T$  +  ?  »  Aflcsinw/. 


(9.3.67) 


(9.3.68) 


Considering  the  initial  conditions  null,  we  limit  our  consideration  to  forced 
oscillations  Pfor('t)  of  the  gyrofloat. 

By  analogy  with  (8.2.126)  0for(t)  will  be  determined  by  relationship 


h  (0  “  acA  (<u)  si  n  (to*  +  ? 


(9.3.69) 


where  A(cu)  and  cp(co)  are  amplitude  and  phase  frequency  characteristics  of  the  HIO. 
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From  (9.3.69)  it  follows  that  forced  oscillations  of  the  HIG,  caused  by  a 
harmonic  disturbance  a(t^  are  also  a  harmonic  function  of  time,  differing  from 
the  disturbance  in  amplitude  and  phase,  but  Slaving  the  same  frequency  id,  as  the 
same  disturbance. 

Since,  according  to  (9.3. 47) ,  the  KIG  with  respect  to  input  variable  a(t) 
can  be  considered  an  aperiodic  network,  for  it  the  frequency  characteristics  A(o>) 
and  qp(o>),  by  analogy  with  (5.6.71),  will  be  determined  by  relationships 

=  9(u»)«=—  arc tg7V  (9.3.70) 


According  to  (9.5.69)  the  amplitude  of  forced  oscillations  of  the  HIG  will  be 


p*  -  a. A  (u>)  = . 

1  Vi-r  rV 


(9. 3. 71) 


If  the  input  variable  a(t)  acts  on  the  HIG  statically,  i.e.,  has  constant  value 
a^,  the  corresponding  angle  of  float  rotation,  according  to  (9.2.5)  and  (9.3.13 )> 
is 


(9.3.72) 

Q0 

Pfor 

Ratio  — ,  designated  X,  is 

»-i?-  1  (9.3.73) 

*  V  I  +  T'.*  ' 

Variable  X  is  in  the  considered  case  the  coefficient  of  dynamicity  (§  8.2, 

Far.  6b).  From  (9.3.73)  it  follows  that  to  decrease  dynamic  distortions  of  HIG 
readings  in  amplitude  the  coefficient  of  dynamicity  X  in  the  range  of  frequencies 
in  which  the  frequency  to  of  oscillations  of  the  vehicle  might  be,  should  be 
sufficiently  close  to  unity.  Therefore,  time  constant  T  of  the  HIG  should  be  a6 
small  as  possible. 

Example  9.7 *  Calculate  and  construct  the  graph  of  the  coefficient  of  dyanmic- 
ity  X,  for  the  HIG  whose  parameters  are  given  in  example  9.1. 

Solution.!  By  formula  (9.3.73)  for  different  co  we  determine  the  value  of 
coefficient  X,  and  then  construct  the  graph  of  X(o>)  (Fig.  9.10). 

From  Fig.  9.10  it  follows  that  for  a  substantial  region  of  frequencies  cd 
coefficient  X  practically  does  no-c  differ  from  unity. 

For  dynamic  error  of  the  HIG  during  change  of  a(t)  by  harmonic  law  we  have 


•M—j-MO 


(9.3.7*) 
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Fig.  9.10.  Graph  of  X(co). 


or,  considering  (9.3.67)  and  (9.3.69)/ 

•a  Sinoi/  — 

* 

-^(w)  sin  [«/  +  ,(«#)].  (9.3.75) 

k 

By  analogy  with  (8.2.138)  and  (8.2.159)#  we  have 
the  following  expressions  for  errors  in  amplitude  and 


phase i 


a,-  Hi.  A  (a,] 

*  k 


fl  _4M|  100%  -  ft  -  -7=1 - d  100%; 

I  »  J  [  yd  +  j-vJ 


A?  *=>  9(U))- 


(9.3.76) 

(9.3.77) 


Example  9.8*  For  the  HIO  with  the  parameters  given  in  example  9.1,  determine 
the  characteristics  of  forced  oscillations  of  the  gyrofloat  under  the  action  on 
the  instrument  of  oscillations  of  the  vehicle,  varying  by  harmonic  law 

i(()B<i;iln  o >t, 

where  a^  «  5°,  co  -  2»l/sec.  ' 

Solution  it  By  formula  (9.3.73)  we  determine  the  coefficient  of  dynamicity  X: 


V I  +  rV  Y I  +  0,001766*. 2* 


0.999937 


2.  According  to  (9.3.71)#  considering  (9.3.73)#  we  calculate  the 
value  of  amplitude  h°Qr  of  forced  oscillations  of  the  gyrofloat  j 

f,  =  77=====  -  «;*>.  -  3-0,5.0,9999937  «  1.499991°. 

V  j  +  r  V 

3.  Using  (9.3.70)#  we  find  the  angle  of  phase  shift  <p(m) 

t«  »(•)“-  r*  «  -  0,001766  2  =  -0,003532;  7(u»)  =  -0°12', 

4.  According  to  (9.3.72)  we  determined  angle  p  of  rotation  of  the 
float  without  dynamic  distortion: 

=  30,5  -  1.5°. 

5.  By  formula  (9.3.76)  we  find  dynamic  error  of  the  HIO  in  amplitude 


•5"  f1"  l00%  “f 1  ~1T—  1  =1  100*  -0. 

I  r  1  +  T  -  J  [  V\  +0,001766*  2*  J 


00063$,, 


From  example  9.8  it  follows  that  due  to  the  smallness  of  time  constant  T 
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dynamic  distortions  of  HIG  readings  during  change  of  the  input  variable  by  harmonic 
law  are  minute. 

b )  Dynamics  of  an  HIG  During  Random  Actions 

Characteristics  of  the  input  signal.  As  we  shown  [see  (9.3.15)]*  the  input 
variable  for  an  HIG  is  angular  velocity  a^(t)  of  the  vehicle.  If  we  use  the 
modified  equation  (9.3.47)  of  the  HIG*  as  the  input  variable  it  is  possible  to  con¬ 
sider  angle  a(t)  of  rotation  of  the  vehicle.  Most  frequently  u)r(t),  a(t),  and  also 
disturbances  caused  by  residual  friction  in  the  axis  of  rotation  of  the  gyrofloat 
and  components  of  angular  velocity  of  the  vehicle  along  axes,  not  coinciding  with 
the  measuring  axis  of  instrument,  are  random  functions  of  time.  Here,  both  HIG 
readings  3(t)  and  also  its  error  e(t)  in  dynamics  are  also  random  functions  of 
time,  determined  by  the  corresponding  probability  characteristics. 

First,  we  shall  consider  reaction  of  the  instrument  on  to  random  input  u).(t) 
or  a(t)j  disturbances  we  consider  absent.  The  Hig  with  the  location  of  axes  shown 
in  Fig.  9.1*  and  installed  on  a  ship  will  measure  the  angle  of  yawing  of  V.  ■?  latter 
(§  9.3*  Far.  2a).  Considering  (8.2.140),  we  have 

*c(0  “  —  <*(/)  =—?(/),  (9.3.78) 

where  cp(t)  —  the  angle  of  yawing  of  the  ship. 

Substituting  (9.3.78)  in  equation  (9.3.47),  we  obtain 

rp  +  P=-A?(0.  (9.3.79) 

As  it  is  known,  cp(t)  is  a  normal  stationary  random  function  of  time  with  e 
mathematical  expectation  equal  to  zero  (§  2.1,  Par.  3a).  Its  correlation  function 
K^(t)  is  determined  by  formula  (8.2.142),  and  spectral  density  S^(cd)  is  found  by 
relationship  (8.2.144). 

Example  9.9t  Construct  the  curve  of  the  spectral  density  S^(o))  of  the  angle 
of  yawing  of  a  ship  for  the  initial  data  (given  in  example  4.8):  A  -  D  [cp  ]  *= 

=  0.6695*10“^j  n  ■  O.OJ  1/secj  X  -  0.21  1/sec. 

Solution:  By  formula  (8.2.144),  considering  (8.2.145),  we  calculate  ordinates 
of  S  (<n)  for  different  values  of  oo.  The  curve  S  (o>)  is  shown  in  Fig.  9.11  (solid 

Cp  7  cp ' 

line ) . 

Characteristics  of  the  output  signal.  Let  us  turn  to  determination  of 
probability  characteristics  of  random  function  0(t)  at  the  HIG  output.  In 
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accordance  with  (9.3.47),  P(t)  is  also  a  normal  stationary  random  function  of  time 
The  mathematical  expectation  F  upon  completion  of  the  transient  response,  con¬ 
sidering  that  cp(t )  -  0  [see  (2.1.34)],  will  also  be  equal  to  zero: 


p  =  0.  (9.3.80) 

We  determine  the  spectral  density  Sp(cu) 
of  random  function  P(t).  By  analogy  with 
(4.6.47),  we  have 


s.  (ui)  =  i  07  (/„)  j?Sf(w),  (9.3.81) 

where  W(ja>)  —  gain-phase  response  of  the  HIG 
determined,  according  to  equation  (9.3.47),  by 
relationship 


IP  {jut) 


I  +  Tjm 


(9.3.62) 


Substituting  (9.3.82)  and  (8,2.144)  in 
(9.3.81),  we  obtain 


S,H 


2  Ati 


1  +  rv 


1  i 


*4  4  2a  *  +  ft4 


.  (9.3.83) 


Example  9.10:  Construct  the  graph  of  spectral  density  Sp(o>)  of  random  func¬ 
tion  P(t)  of  the  angle  of  rotation  of  the  gyrofloat  in  conditions  of  irregular 
yawing  of  a  ship  for  the  initial  data  of  examples  9,1  and  9.9. 

Solution:  By  formula  (9.3.83)*  considering  (8.2.145),  we  calculate  ordinal ec 
of  S^(cn)  for  different  values  of  co.  The  graph  of  curve  Sp(co)  is  shown  in  Fig. 
9.12. 


From  Fig.  9.12  it  is  clear  that  the  spectrum  S^(o))  of  angles  of  turns  of 
the  '.v rofl oat  is  similar  to  spectrum  S  (oj)  of  angles  of  yawing  of  the  ship  (Fig, 
9.11).  In  order  to  find  how  closely  these  curves  coincide,  we  find  the  output 
spectrum  of  the  HIG  in  the  scale  of  the  angle  of  rotation  of  the  ship.  For  this 

A 

using  (9.2.5)  (for  a  ■  cp)  and  (9.3.13)*  we  construct  in  Fig.  9.11  curve  — ^  S^(cd) 

k 

(shown  in  the  figure  in  the  form  of  a  dotted  line).  It  is  clear  that  curves 

s„(^)  —5  Sft(oo)  practically  coincide.  This  is  explained  by  the  fact  that  [see 

v  k  p 

("'.2.144)  and  (9.3.83)]  the  square  of  the  modulus  of  the  transfer  function  of  the 
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gyrofloat.  We  use  a  formula  of  type  (2.1.41); 


HIG  |W(jco)|2  -  - in  the 

1  +  T  co 

region  of  essential  values  of  fre¬ 
quencies  of  spectrum  S^(a))  of  the 
input  signal  is  practically  con¬ 
stant,  and  the  coefficient  of  dy- 

1 

namicity  \  -  -  differs 

J  o  6 

y  1  +  T  cty 

little  from  unity,  and  consequently, 
the  HIG  reproduces  a  random  input 
signal  well. 

We  determine  dispersion  '  [:'] 
of  the  angle  of  rotation  of  the 
considering  (9.5.85)>  we  obtain 


(9.5.94) 


We  designate 


B  =  ik’Anb* 


(9.5.35) 


and  rewrite  (9.5.84)  in  the  form  of  integral 


I 


pi  t 

'  o» 


(9.5.86) 


analogous  (6.5.21).  Then  for  !~[0],  considering  (6.5.27)  and  comparing  (9.5.35) 
with  (6.5.22),  we  obtain  finally  (A  -  D  [<p]): 


D  - D[z\.  (9.5.37) 

x*r*  +  (i 

For  the  mean  quadratic  value  a ^  of  the  angle  of  rotation  of  the  gyroflost  we 

have 

«}=l/0m.  (9.5.38) 

Example  9.11:  Calculate  the  mean  quadratic  value  o^  of  the  angle  of  rotation 
of  the  gyrofloat  during  measurement  by  it  of  the  angle  of  yawing  of  a  ship  for 
initial  data  of  examples  9.1  and  9 . 9 1  determine  the  limiting  value  p  of  angle 
5,  assuming  that  the  probability  Qz  that  the  current  angle  f3  will  exceed  limit  f3  , 
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should  not  be  more  than  0.1# « 

Solution  1;  By  formula  (9.3.87)  we  find  D[f3]j 

D|?J»  0,0001672. 

2.  According  to  (9.3.88)  we  calculate 


=  Vd\}\  x=  K  0,0001672  =  0  ,01293  radians  =  0°44  '  . 

For  Q  =  0.1#  by  Table  1  (§  4.6,  Far.  10)  we  determine  z  -  3.3; 
z 

by  analogy  with  (4.6.87),  we  calculate  Pm  (for  "F  -  0): 

=  3,3-0,01293  -  0,04267  rad  ians  =  ?°oy  t 

Dynamic  error  of  reproduction  of  the  input  signal.  Let  us  find  the  dynamic 
error  of  an  HIG  during  measurement  by  it  of  the  angle  of  rotation  of  the  vehicle 
representing  a  random  function  of  time.  Dynamic  error  e(t)  of  the  HIG,  by  analogy 
with  the  corresponding  error  of  a  GT  (§  8.2,  par.  6b),  is  determined  by  the  dif- 
ference  between  useful  input  signal  a(t)  and  quantity  ^  P(t)  at,  the  output  [see 
(8.2.161)]: 

~-P(0.  (9.3.89) 

where  for  production  to  find  the  complete  formula  the  angle  cp  ( t )  of  yawing  of  the 
ship  is  designated  a(t). 

By  analogy  with  (8.2.162),  for  the  mathematical  expectation  of  error  e(t) 
we  have 

•'(0-0.  (9.3.90) 

Let  us  find  dispersion  D[e].  We  first  find  spectral  density  Se(u>)  of  error 
e(t).  By  the  same  method  by  which  we  obtained  the  corresponding  expression  S£(gd) 
for  a  gyrotachometer  [see  (8.2.168)],  we  find 

S,  OH* S».  (9.3.91) 


where  the  transfer  function  of  error  W£(s)  is  determined  by  general  expression 
(8.2.169). 


Substituting  formula  (9.3.82)  in  (8.2.169),  we  have 


r.</.) 


* 

I  +  Tjm 


'  T /u> 

l  +  7>* 


(9.3.92) 


O'lV 


Introducing  relationEhip  (9.3.92)  in  (9.3.91)#  and  formula 
S  ,(ai)  ■  S  (a>),  we  obtain 


St  (w)  «= 


T1**  2An 

i  +  rV  R 


6* 

*»4  +  2aJ*  +  b* 


(8.2.144)  for 


(9.3.93) 


For  dispersion  D[e]  we  have 


D(»|*=  J  St(u>)d» 


or,  considering  (9.3.93)# 


dm-  f  — *: _ 

Ji  +  rV  r*  -4 +  «***  +  *« 


We  designate 


flj  ~  4r*i4u6* 

and  rewrite  (9.3.95)  in  the  form  of  integral 

D(«J=~  f  - ! - ^ - du, 

**  J  1  +  r*«*  «*  +  2aw*  +  ft4 


(9.3.94) 


(9.3.95) 


(9.3.96) 


(9.3.97) 


analogous  to  expression  (6,5.36).  Then  for  r[e],  considering  (6.5.40)  and  com 
paring  (9.3.96)  with  (6.5.37),  we  finally  obtain  (A  ■  D  [<p ] ) 


Dl«J 


1*TV(I  4-|»T)* 


^l?l- 


(9.3.98) 


For  the  mean  quadratic  value  of  dynamic  error  of  the  HIG  we  have 


*  -  V dm. 


(9.3.99) 


Example  9,1 2 1  Calculate  the  mean  quadratic  value  ag  of  dynamic  error  of  an 
HIG  during  measurement  by  It  of  the  angle  of  yawing  of  a  snip,  which  is  a  random 
function  of  time,  for  the  initial  data  of  examples  9.1  and  9.9.  Determine  also 
the  limiting  value  e^  of  HIG  error,  considering  that  the  probability  Q  that  the 
current  value  e  of  error  will  exceed  limit  em»  should  not  be  more  than  0,1$. 

Solution  lj  By  formula  (9.3.98)  we  find  p [e  ]  i 

0{«|  =  0,09395- 10-’. 

2.  According  to  (9.3.99)  we  calculate  o£ 

«.=  V D\t\  =  Vr0^09393. 10”®  =  0,9693  10"5  radians  =  1.9'  *. 
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e  -  0) : 


3.  By  the  sane  method  as  In  example  9.11,  we  determine  em  (for 


%-m,  =  3,3-0,9693. 10-5  ^  3. 199  !0-'J  radians  -  6.5“. 


From  example  9.12  It  follows  that  dynamic  error  of  the  HIG  during  measurement 
by  it  of  the  angle  of  rotation  of  a  vehicle,  which  is  a  function  of  time,  is 
minute . 

During  solution  of  certain  problems  in  estimating  accuracy  of  an  HIO  we  may 
need  to  find  for  the  same  conditions  the  mean  value  of  phase  shifts  of  the  output 
variable  p(t)  with  respect  to  input  variable  a(t).  The  probability  characteristic 
of  these  phase  shifts,  or,  more  exactly,  the  lag  time  of  the  HIG  is  cross- 
correlation  function  Ka  ^(t)  of  the  input  and  output  signals. 

This  characteristic  is  determined  by  the  same  method  as  the  corresponding 
cross -correlation  function  K  ,(t)  [see  (8.2.182)]  during  investigation  of  the 

C0^  I  p 

same  question  in  reference  to  a  GT  (§  8.2,  par.  6b). 

Dynamic  error  due  to  disturbances.  Let  ub  find  a  method  of  determining  dy¬ 
namic  errors  of  an  HIG,  caused  by  residual  friction  torques  Mfr  in  bearings  of  the 
float*  and  by  the  Influence  of  component  of  angular  acceleration  of  the  vehicle 
about  axis  Oq  of  rotation  of  the  gyrofloat  (Fig.  9.2).  In  the  case  of  installa¬ 
tion  of  the  HIG  on  a  ship  for  determination  of  the  angle  of  yawing  the  differential 
equation  of  the  gyrofloat,  taking  into  account  the  shown  disturbances,  appearing 
during  rolling.  Is  determined  by  relationship  (9.3.32).  We  also  obtained  equation 
(9.3.33)  of  HIG  error  caused  by  these  disturbances.  The  transfer  function  of  the 
HIG  Y( 8 )  with  respect  to  disturbances  of  rolling  is  determined  by  relationship 

(9.3.35).  Consequently,  the  Bpectral  density  S  (o>)  of  dynamic  error  e  (t)  from 

el  1 

disturbance  of  rolling  will  be 


- 1  y  u-)]’s,  m. 


(9.3.100) 


where  the  gain-phase  response  Y(jcu)  is  found  by  replacement  in  (9.3.35) 

of  s  by  ,)co: 


K(/«) 


T>b 


Til*  +  • 


(9.3.101) 


*See  footnote  on  p.  161. 


Substituting  in  (9.5.100)  formula  (9. 5. 101)  and  relationship  (9. 2.192)  for  the 
the  spectral  density  S0(cu)  of  the  angle  of  rolling  of  the  ship,  we  have 


r, 
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S  (in)  =  - 

“  i  +  rW 


2  A 


#1 


-f-  2ojiu^  -f-  bj 

For  dispersion  n[e^]  of  error  e^(t)  we  have 

D  [*i]  =  ( 2 * *  5.,  (“) du' 

or,  considering  (9.5.102),  we  obtain  integral 

rM 


(9.5.102) 


(9.5.105) 


»w-  ^ 

J  I  t  m*  f-  2ar*  bj 


(9.5.104) 


which  is  calculated  by  the  method,  repeatedly  applied  in  the  preceding  chapters. 

As  a  result  we  obtain  the  following  final  formula  (A2  ■  D  [0]): 

(9.5.105) 


TM 


D(:.J  =  —  - D[0l. 

JW+O  +  H.r,)*  M 


For  the  mean  quadratic  value  a  of  dynamic  error  cf  the  HIO  we  have 

el 


fl  ts 

h 


I^N- 


(9.5.106) 


Example  9.15 1  Calculate  the  mean  quadratic  value  a  of  dynamic  error  e,  (t) 

E1  1 

of  an  HIO,  caused  by  residual  friction  in  the  axiB  of  rotation  of  the  gyrofloat 
and  angular  accelerated  of  induced  motion  of  rolling  of  the  ship  about  this  axis, 
for  the  initial  data  of  examples  9.1  and  7.10.  Determine  also  the  limiting  value 
e^,  of  the  HIO  error  assuming  that  the  probability  Qz  that  the  current  value 
of  error  will  exceed  limit  e^,  should  not  be  more  than  O.l^j  the  coefficient  of 
liquid  friction  in  the  axis  of  rotation  of  the  float  n^  -  0.3  g-cm-sec. 

Solution  1:  By  formula  (9.5.15)  we  find  coefficient  pi 


20.39 


=  0,04904 


g-cm-sec* 


2.  According  to  (9.5.51)  we  determine  T^t 

T,  -  — - —  - °’?91766 - =  0,001740  sec  • 

l  +  P*i  I  +  0,04904  0.3 

5.  Using  relationship  (9.5.105)*  we  calculate  r>  [  e-i  J  * 


D|«j|  *=  2,0516- 10~ • . 
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4. 


By  formula  (9.3.106)  we  determine  ag 


t 

1 


■=  V  2,0516  tO-8  -  1,4323- I0-4  radians 


0.5'. 


5.  By  the  same  method  as  in  example  9.H,  we  calculate  the  limiting 
value  elm  of  dynamic  error  of  the  HIO  (for  ■  0)r 


i|.  =  »,i-3.30,5  1.65'. 


From  example  9.13  It  follows  that  dynamic  error  e^_(t)  of  the  HIG  is  greater 
than  error  e(t)  (see,  e.g.,  9.12). 

When  estimating  dynamic  errors  of  the  HIG  we  started  from  a  differential 

equation  (9.3.9)  with  constant  coefficients.  It  was  obtained  from  the  more 

general  equation  (9.3.8)#  which  contains  variable  component  of  angular  velocity 

* 

of  the  vehicle  along  axis  0£  (Pig.  9*1) •  Considering  disturbances  co  n  “  °'  Mfr  - 
-  f(t)  -  0,  since  the  influence  of  them  was  considered  earlier,  we  rewrite  equation 
(9.3.8)  with  the  torquer  turned  off  (M^^  ■  0)  in  form 

J,  ,'i  +  #  =  «[»,</)  —,(/)?].  (9.5.107) 

where  the  input  angular  velocity  o^(t)  and  the  disturbing  angular  velocity  o)^(t) 
are  normally  random  functions  of  time.  We  divide  both  parts  of  equation  (9.3.107) 
by  b  and  consider  designations  (9.3.12)  and  (9.2.1^);  then,  instead  of  (9.2.107), 
we  obtain 


(9.5.108) 


We  have  differential  equation  with  variable  coefficients,  close  in  form  to 
the  equation  (4.6.100)  of  oscillations  of  a  physical  pendulum  during  Irregular 
rolling  of  a  ship.  Since,  usually,  angles  P  of  turn  of  the  gyrofloat  are  very 
small,  dispersion  D  [cu^(t)p]  «  D  [u^(t)j  and  for  integration  of  (9.3.108)  we  can 
apply  the  same  method  of  successive  approximations  as  was  used  during  investigation 
of  equation  (4.6.100).  The  solution  of  this  problem  for  conditions  when  o^(t) 
and  o)^(t)  are  periodic  functions  of  time  is  found  in  [103.1],  In  these  works 
it  is  shown  that  with  the  accepted  conditions  the  gyrofloat,  besides  oscillatory 
motions,  has  systematic  drift,  proportional  to  time.  It  follows  from  this  that 
in  an  HIG  it  1b  very  important  to  eliminate  the  disturbing  influence  of  component 
a)^(t)  of  angular  velocity  of  the  vehicle.  For  this,  according  to  (9.3.108),  angles 
of  rotation  of  float  should  be  close  to  zero,  which  is  usually  attained  in  practice 
by  means  of  application  of  an  HIO  with  servo  drive. 
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If  we  use  equation  (9.5.107),  in  which  we  consider  a  component  of  the  second 

order  of  smallness,  then  we  should  definitize  it.  For  this,  using  Euler's  equations 

* 

(1.4.1),  we  obtain  the  exact  differential  equation  of  motion  of  the  HIG: 

‘  —  +  =  H  (*"c cos ?  — “i sin?)  — 

-  »l"  2?  +  V:«» 2?)  +  Mt  .  J.  +/(/). 


Considering  -  0,  ■  M.  r  «  f(t)  -  0  and  limiting  ourselves  to  calculation 

of  components  of  the  second  order  of  smallness,  we  obtain 


O  +  tf  =  wh  w  -  -» <o  ?]  -  -  A)  n  (0  (o 


Above  we  considered  certain  basic  questions  of  the  theory  of  Just  HIG's.  The 
theory  of  HIG's  in  case  of  application  with  a  servo  drive,  for  Instance,  for  stabili¬ 
zation  of  a  platform,  is  expounded  in  Chapter  li. 


6.  Application  of  HIG's 


e )  General  Remarks 

Two-degree-of -freedom  floated  gyros  have  essential  advantages  over  astatic 
gyroscopes  in  a  Cardan  suspension,  usually  applied.  Basic  advantages  of  two-degree- 
of-freedom  floated  gyros  are:  1)  high  accuracy;  2)  small  susceptibility  to  vibra¬ 
tion,  shock  and  other  disturbances;  5)  possibility  of  use  for  solving  a  broad  class 
of  problems,  usually  entrusted  to  GD'b.  In  this  connection  two-degree-of-f reedom 
floated  gyroscopes  have  in  recent  years  begun  to  be  applied  in  the  following  types 
of  precision  GD'b i 

1)  in  gyrotachometers  for  determination  of  components  of  angular  velocity  of 
a  vehicle; 

2)  in  rate-integrating  gyroscopes  for  determination  of  angles  of  turn  of  a 
vehicle  about  its  axes. 

5)  in  gyroscopic  integrators  of  linear  acceleration  for  determination  of  com¬ 
ponents  of  linear  velocity  of  a  vehicle; 

4)  as  sensers  systems  of  active  gyroscopic  stabilization  for  direct 


# 


See  footnote  on  p.207. 


23 7 


stabilization  for  direct  stabilization  of  individual  instruments  and  devices,  and 

also  in  DG's,  GV's,  azimuth-horizon  gyros  of  active  type  and  inertial  navigational 

* 

systems . 

The  gyrotachometer,  in  which  they  use  a  two-degree-of-f reedom  floated  gyro, 
differs  from  the  HIG  by  the  fact  that  it  has  a  special  component,  usually  in  the 
form  of  an  elastic  torsion  rod,  which  creates  a  restoring  torque.  Another  difference 
of  this  gyrotachometer,  called  by  a  floated  differentiating  gyroscope  (FDG)  1b  that 
it  requires  a  smaller  damping  torque,  and  consequently,  lower  viscosity  of  the 
liquid  than  an  HIG,  since  in  an  FDG  this  torque  serves  only  to  quench  natural  os¬ 
cillations  of  the  gyrofloat.  Schemes  of  such  FDG's  and  specifications  are  given, 
e.g.,  in  the  works  of  G.A.  Slomyanskly  [1-49 ]  and  C.  Draper  [181],  There  exist  FDG's 
for  which  restoring  torque  is  created  by  an  electrical  device  with  application  of 
proportional  electrical  feedback.  Such  an  FDG  constitutes  a  GT  with  forced  return 
to  zero  and  it  is  usually  called  [149]  a  feedback  FDG.  The  principle  of  action  of 
such  a  GT  was  presented  in  §  8.2,  par.  7  (Fig.  8.14).  Theory  of  FDG's,  not  dif¬ 
fering  in  principle  from  theories  of  a  usual  gyrotachometer  (§8.2),  is  presented  in 
detail  in  the  two  works  mentioned. 

Application  of  a  two-degree-of -freedom  floated  gyro  as  an  IG  and  the  theory 
of  this  device  were  considered  earlier. 

The  floated  gyro  is  also  used  in  the  gyroscopic  integrator  of  linear  accelera¬ 
tions  of  a  vehicle;  here  the  Instrument  reacts  to  the  moment  of  forces  of  inertia 
during  accelerations  of  a  vehicle  due  to  displacement  of  the  c.g.,  of  the  gyrofloar 
with  respect  to  its  axis  of  rotation.  The  principle  of  action  of  such  a  gyroscopic 
integrator  is  considered  in  the  next  section. 

Let  us  turn  to  analysis  of  the  application  of  a  two-degree-of-f reedom  floated 
gyro  (HIG)  as  the  sensor  of  a  system  of  active  gyroscopic,  stabilization. 

b )  Application  of  an  HIG  in  a  System  of  Active  Gyroscopic  Stabilization 

Preliminary  remark.  The  HIG  is  basically  applied  in  systems  of  active  gyro¬ 
scopic  stabilization.  This  Instrument  permits  us  here  in  principle  to  solve  the 
same  problems  as  during  use  of  an  active  GS  based  on  astatic  gyroscopes  with  three 


* 

Possibilities  of  using  of  two-degree-of-f reedom  floated  gyros  are  not  to 
those  enumerated. 
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degrees  of  freedom  (§  7.6,  Par.  l).  Indeed,  application  of  an  HIG  in  systems  of 
active  gyroscopic  stabilization  allows  us:  1)  to  realize  devices,  ensuring  direct 
stabilization  of  individual  components  and  Instruments;  2)  to  create  DG's,  GV's 
and  azimuth-horizon  gyros  of  active  type;  3)  to  realize  stabilization  with  respect 
to  three  axes  of  platforms  for  use  of  them  in  inertial  navigational  systems,  etc. 

In  all  these  cases  the  HIG  is  applied  with  a  servo  drive.  Therefore,  we  shall 
consider  the  principle  of  construction  of  a  scheme  of  Joint  work  of  an  HIG  and  a 
servo  drive;  the  theory  of  such  systems  Is  presented  in  Chapter  11.  First,  let 
us  note  that  application  of  an  HIG  with  a  servo  drive  allows  us  to  obtain  a  one- 
axis  active  GS,  l.e.,  lets  us  stabilize  a  platform  relative  to  one  axis.  To  pro¬ 
duce  a  two-axis  GS,  i.e,,  a  platform,  stabilized  relative  to  two  axes,  it  is 
necessary  to  have  two  HIG's  with  the  corresponding  servo  drives.  Finally,  for 
creation  of  a  triple-axis  GS,  providing  a  platform  stabilized  relative  to  three 
axes,  there  are  applied  three  HIG's  with  servo  drives. 

It  is  necessary  to  note  that  a  GS  using  floated  IG's  aB  compared  to  an  active 
GS  using  a  free  astatic  gyroscopes  has  one  peculiarity.  In  the  latter  external 
disturbing  torques  are  compensated  not  only  by  the  torque  of  the  stabilizing  motor, 
but  also  gyroscopic  torques,  created  by  the  free  gyroscopes.  In  a  GS  using  floated 
IG's  stabilization  is  carried  out  only  by  the  torque  of  the  stabilizing  motor.  In 
this  relation  the  considered  type  of  GS,  in  general,  more  closely  approximates  a 
readout-type  GS  (see  §  10.1).  However,  since  in  the  GS  using  floated  IG's  the 
latter  are  connected  with  the  stabilizer  mechanically,  and  not  through  servo  sys¬ 
tems  (as  in  readout-type  GS's),  we  will  arbitrarily  list  GS's  using  floated  IG's 
with  active  GS's. 

Stabilization  of  a  single-axis  platform  relative  to  Inertial  space.  Let  us 
consider  first,  how  an  HIG  is  used  in  a  one-axis  active  GS  for  stabilization  of 
some  platform  relative  to  one  axis.  In  order  to  relate  this  question  to  the  earlier 
analysed  case  of  application  of  an  HIG  for  determination  of  the  angle  of  yawing  of 
a  ship  In  heading,  we  shall  consider  stabilization  of  a  one-axis  platform  in  bearing. 
The  axis  of  stabilization  of  such  a  platform  is  directed  along  the  vertical,  and 
we  obtain  a  scheme  of  an  active  GS,  analogous  to  the  scheme  of  a  DG  of  active  type 
(§7.6,  j-ar.  2a),  but  using  an  HIG. 

In  Fig.  9.1?  we  give  the  schematic  of  a  one-axis  active  GS  and  HIG.  On  plat¬ 
form  P,  stabilized  in  azimuth,  there  is  fixed  an  HIG,  whose  schematic  was  shown  in 
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Fig.  9.2  (see  also  Fig.  9.5).  The 
basic  element  of  the  system  is  a  gyro- 
float  rotating  about  axis  Ot)  (Oy) 
relative  to  the  instrument  housing, 
which  is  rigidly  connected  with  plat¬ 
form  P.  Between  the  cylindrical 
surfaces  of  the  gyrounit  and  the 
housing  of  the  HIG  is  liquid.  This 
system  will  form  a  float  suspension, 
also  fulfilling  the  role  of  inte¬ 
grating  damper  D.  Angle  0  of  rota¬ 
tion  of  the  float  is  fixed  by  signal 
pickoff  SP,  which  through  amplifier 
Amp  controls  stabilizing  motor  SM, 
connected  through  gear  transmission  with  platform  P.  Motor  SM  serves  for  direct 
stabilization  of  platform  P  in  azimuth. 

On  the  other  end  of  the  axis  Oq  (Oy)  of  rotation  of  the  float  is  fixed  torquer 
TQ,  which  applies  to  the  HIG  torques  for  initial  drive  of  the  gyroscope  axis  to 
zero  position  (0  «  0),  and  also  for  realization  (if  necessary)  of  an  assigned  law 
of  motion  of  the  platform  in  azimuth. 

Subsequently  by  azimuth  stabilization  of  platform  P  we  shall  mean  retention  of 
it  in  a  constant  position  with  respect  to  inertial  space  or  to  another  coordinate 
system,  moving  in  an  assigned  manner  relative  to  the  latter. 

Let  us  first  consider  azimuth  stabilization  of  platform  P  relative  to  inertial 
space,  upon  realization  of  which  the  platform  will  not  accomplish  turns  about  axis 
0 £,  Axis  0£  is  the  sensitive,  or  input  axis  (§  9.2,  Par;  4)  of  the  floatec  IG, 
and  axis  Ot)  (Oy)  is  the  output  axis.  The  principle  of  work  of  the  system  consists 
in  the  given  case  of  the  following. 

We  assume  that  the  base  or  object  on  which  the  GS  is  fixed  turns  about  axis 
0 £  (Fig.  9.15)  angle  a  (relative  to  a  direction  fixed  in  inertial  space)  with 
velocity  «  a.  Together  with  the  base  platform  P  will  start  to  rotate.  Ac¬ 
cording  to  the  known  principle  of  action  of  the  integrating  gyroscope  (§  9*2, 

Par.  2)  here  there  appears  a  gyroscopic  torque,  directed  along  axis  0q  (Oy)  and 
causing  rotation  of  the  gyrofloat  about  this  axis  angle  0,  which  is  proportional 
to  the  integral  in  time  of  [see  (9.2.5)]  or  angle  a  [see  (9.2.5)].  Voltage 


Fig.  9.15.  Schematic  of  a  one-axis  GS  with 
an  HIG  (axis  of  stabilization  is  vertical). 
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proportional  to  angle  p,  is  transmitted  by  signal  pickoff  SP  through  amplifier  Amp 
to  stabilizing  motor  SM.  The  latter  starts  to  turn  platform  P  about  axis  0£  with 
angular  velocity  of  adjustment  coa(1j  -  and  turns  the  platform  angle  a  in  a 
direction  opposite  its  initial  rotation  together  with  the  base.  Here  the  gyro- 
float  will  return  to  the  initial  position,  at  which  angle  P  ■  0,  and  the  servo  drive 
will  be  turned  off.  Actually,  the  servo  drive  works  continuously  and  thanks  to  this 
platform  P  preserves  constant  azimuth  orientation  relative  to  inertial  space  or, 
more  exactly,  will  be  deflected  at  small  angle,  determined  by  the  threshold  of 
sensitivity  of  the  IQ  and  servo  drive.  Here,  angle  p  will  remain  sufficiently 
small.  Such  operating  conditions  of  the  considered  system  we  call  conditions  of 
geometric  stabilization. 

A  process  analogous  to  the  considered  one  will  also  occur  in  the  case  of  a 
fixed  base  of  the  QS  or  object,  but  with  action  on  the  platform  of  a  certain  dis¬ 
turbing  torque  with  respect  to  axis  0£.  Under  the  influence  of  this  torque  the 
platform  will  start  to  rotate  about  axis  0£  with  a  certain  angular  velocity 
and  the  floated  HIQ,  similarly  to  the  preceding  case,  will  turn  on  the  servo 
drive.  The  latter  will  apply  to  axis  0'  a  torque,  equal  in  magnitude,  but  directed 
directed  opposite  the  disturbing  one,  and  will  turn  the  platform  with  angular 
velocity  o>adj  -  -cu^  in  a  direction  the  opposite  of  the  direction  of  its  rotation 
under  the  influence  of  the  disturbing  torque. 

Thus,  application  of  an  HIQ  together  with  a  servo  drive  effects  stabilization, 
l.e.,  constant  orientation  of  the  platform  relative  to  inertial  space.  Here,  the 
gyroscope  axis  will  be  near  the  zero  position  (f3  -  0),  which  ensures  the  most  favor¬ 
able  conditions  of  work  of  the  HIQ.  Let  us  note  that  in  the  considered  scheme  the 
floated  gyro  doeB  not  carry  any  load  in  stabilization  of  the  platform,  but  is  only 
the  sensor  of  the  active  stabilization  system. 

Application  of  an  HIQ  with  servo  drive  permitB  ensuring  of  high  accuracy  of 
devices  of  gyroscopic  stabilization.  ThUB,  according  to  C,  Draper  [180],  it  is 
not  of  any  special  complexity  to  ensure  accuracy  of  stabilization  of  1  angular 
minute.  One  may  assume  that  creation  of  devices  of  active  gyroscopic  stabiliza¬ 
tion  with  a  two-degree-of-freedom  integrating  gyroscope  with  servo  drive  is  more 
promising  for  guaranteeing  high  accuracy  of  stabilization  than  gyrostabilizers 
with  a  three-degree-of-freedom  astatic  gyroscope.  However,  very  great  technical 
difficulties,  appearing  during  creation  of  hermetic  integrating  gyroscopes,  still 


limit  their  wide  application. 

Stabilization  of  a  single-axle  platform  with  respect  to  coordinates  system, 
moving  in  an  assigned  manner  with  respect  to  inertial  space.  Let  ub  consider  how 
we  realize  another  form  of  platform  stabilization,  i.e.,  stabilization  in  some 
coordinate  system,  accomplishing  assigned  motion  relative  to  inertial  space.  We 
assume  that  the  coordinate  system  rotates  about  the  vertical  0£  (Fig.  9.1?)  with 
assigned  angular  velocity  a>asB(‘t)  relative  to  inertial  space.  It  is  required  to 
carry  out  constant  azimuth  orientation  of  platform  P  in  the  assigned  coordinate 
system,  i.e,  the  platform  should  rotate  together  with  this  coordinate  system  about 
axis  OC  with  angular  velocity  ajasfl(t)  relative  to  inertial  space. 

The  operating  principle  of  the  system  consists  in  this  case  of  the  following. 

For  rotation  of  the  platform  with  angular  velocity  oi  (t)  to  the  torquer  TQ  there 
should  be  sent  a  control  signal,  proportional  to  H(t).  The  torquer  will  apply 
to  spin  axis  Oq  (Oy)of  the  gyrofloat  torque  .  The  magnitude  of  this  torque, 
according  to  (9.3.2),  is  proportional  to  current  intensity  i  of  the  control  signal, 
i.e.,  in  the  considered  case  to  angular  velocity  (t).  Under  the  action  of  torque 
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M.  the  gyrofloat  will  turn  about  axis  Orj  (Oy)e  certain  angle  p.  Voltage,  pro- 
portional  to  angle  p,  is  transmitted  by  signal  pickoff  SP  through  amplifier  Amp 
to  stabilizing  motor  SM.  The  latter,  trying  to  form  the  axis  of  the  gyroscope  to 
its  Initial  position  (p  -  0),  will  start  to  turn  the  platform  about  axis  0^  with 
angular  velocity  in  a  direction,  coinciding  with  rotation  of  the  considered 

coordinate  system  with  angular  velocity  cuaB6(t)»  Rotation  of  platform  P  together 
with  the  HIG  with  angular  velocity  will  cause  a  gyroscopic  torque  Mg,  directed 

along  axis  0T)(0y)  in  a  direction  opposite  torque  M^.  When  u>adj  becomes  equal  in 
magnitude  to  a>aB8(coadj  *  “ass^'  the  8yr0BC°Plc  torque  will  balance  torque  Mtq,  the 

float  will  come  to  a  position,  close  to  zero  (p  »  0),  and  stabilized  platform  P 
will  turn  continuously  together  with  the  HIG  around  axis  0£  with  the  assigned 
angular  velocity  oo___(t)  relative  to  Inertial  space. 

In  the  considered  case  we  have  the  following  relationships.  By  analogy  with 
(8.2.5),  for  the  gyroscopic  torque  M  caused  by  rotation  of  the  platform  we  have 

C> 


Afr  =  //waTp  =-  Hwt. 


(9.3.109) 


Torque  ,  applied  by 
that  the  gyrofloat  does  not 


the  torquer,  is  determined  by  formula  (9.3.2).  So 
spin  about  Its  axis,  by  analogy  with  (9.2.1),  this 


«.  =  {/sin?  4- « 

Then,  according  to  (9.3.111)*  current  1  introduced  to  torquer  TQ  (Fig.  9.13) 
by  the  control  signal,  should  be  proportional  to  angular  velocity  u^  i.e., 

"^"(£/sin?  +  'T*87)'  (9.3.H3) 

With  realization  of  the  shown  correction  platform  P  will  preserve  with  re¬ 
spect  to  the  meridional  plane  an  assigned  initial  angle  aQ,  and  relative  to 
inertial  space  it  will  turn  at  angle  a,  determined,  by  virtue  of  (9.3.112)  and 
(9.3.113)*  by  following  relationship: 

dx.  (9.3.114) 

Examples  of  application  of  HIG^  is  devices  of  active  gyroscopic  stabilization. 

Let  us  consider  the  scheme  of  a  single-axis  QS  with  an  HIG,  in  which  the  platform 
should  be  stabilized  in  horizontal  position  relative  to  one  axis.  Such  a  scheme 
is  shown  in  Fig.  9.14.  On  stabilized  platform  P  is  fixed  the  HIG,  whose  schematic 
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was  shown  in  Fig.  9.2.  The  HIG  is  located  here  so  that  the  gyroscope  axis  in  its 
initial  position  (when  0  -  0)  Is  combined  with  vertical  0£,  which  is  perpendicular 
to  the  plane  of  the  drawing]  Input  axis  0£  Is  horizontal  and  is  directed  along  the 
spin  axis  of  platform  Pj  output  axis  0t]  (0y)  is  also  horizontal.  By  analogy  with 
what  we  considered  earlier,  during  rotation  of  platform  P  about  axis  0£  the  HIG 
through  signal  pickoff  SP  and  amplifier  Amp  will  turn  on  stabilizing  motor  SM, 
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which  will  turn  the  platform  in  the  opposite  direction]  as  a  result  the  platform 
will  maintain  constant  position  relative  to  inertial  space*  In  this  case  the  sys¬ 
tem  works  in  conditions  of  geometric  stabilization. 

Let  us  consider  how  combination  of  platform  P  with  the  horizontal  plane  is 
ensured.  For  simplicity  assume  that  axis  0?  of  the  platform  is  directed  along  the 
meridional  line,  about  which  the  plane  of  the  horizon  revolves  with  angular  veloc¬ 
ity  U  cos  <p  [see  (1.2.21)].  For  realization  of  turn  of  platform  P  about  axiB  0£ 
wi+h  angular  velocity  U  cos  cp  following  the  plane  of  the  horizon  i'c  is  necessary 
to  Introduce  to  the  torquer  TQ  a  control  signal,  current  1  of  which  should  be  pro¬ 
portional  to  angular  velocity  U  cos  qp.  Then  the  scheme  shown  in  Fig.  9*1J^will  op¬ 
erate  in  a  regime  of  spatial  integration  and  the  platform  will  turn  angle  iu  COS  ?  </: 

relative  to  inertial  space.  However,  with  such  a  method  of  stabilization  the 

platform  nevertheless  does  not  possess  selectivity  ("directional  force")  with  re¬ 
spect  to  the  plane  of  the  horizon,  i.e.,  does  not  itself  end  up  in  horizontal 
position,  if  any  disturbing  torques  drive  it  from  the  horizontal  plane.  In  order 
to  slave  the  platform  to  the  horizontal  and  create  In  it  selectivity  relative  to 
this  plane,  it  Is  necessary  to  use  a  system  of  pendulous  correction,  analogous  to 
the  correction  system  in  a  OV  (Chapter  6)  with  a  three-degree-of-f reedom  astatic 
gyro.  For  this  on  platform  P  there  is  installed  a  physical  pendulum  (accelero¬ 
meter)  Pend,  whose  plane  of  oscillation  coincides  with  vertical  plane  the 

pendulum  is  connected  to  torquer  TQ  of  the  gyrofloat  .  Upon  deflection  of  the 
platform  from  the  horizontal  plane  from  the  pendulum  a  signal  proceeds  to  the 

torquer,  which  will  start  to  turn  the  gyrofloat  thanks  to  which  the  Bervo  drive  is 

turned  on  and  the  stabilizing  motor  SM  will  return  the  platform  to  horizontal 
position;  then,  the  control  signal  from  the  pendulum  will  be  turned  off. 

In  the  considered  case  the  stabilization  system  also  works  In  a  regime  of 
spatial  integration,  where  it  Is  completely  self-contained,  since  it  Is  not 
necessary  to  introduce  to  the  torquer  a  control  signal,  proportional  to  angular 
velocity  U  cos  cp,  as  this  took  place  without  the  correcting  pendulum. 

Let  us  give  as  a  second  example  the  scheme  of  a  double-axis  GS  (with  an  HIG) 
in  which  the  platform  should  be  stabilized  in  the  horizontal  plane  relative  to  two 
axes.  Such  a  schematic  of  a  double-axis  GS  or  GV  of  active  type  is  shown  in  Fig. 
9.1o.  Here,  platform  P  it  Installed  in  the  outer  gimbal  ring  R  and  plays  the  role 
of  inner  ring.  On  the  platform  are  two  hermetic  integrating  gyros  HIG^  and  HIGg. 
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Fig.  9.15.  Schematic  of  a  double-axle  OS  and  HIO. 

The  measuring  axis  of  HIO^  coincides  with  the  spin  axis  0£  of  the  ring,  and  the 
measuring  axis  of  HI 02  coincides  with  spin  axis  Or}  of  the  platform.  Thus,  the 
scheme  in  Fig.  9.15  is,  as  it  were,  a  combination  of  two  identical  schemes,  such 
as  depicted  in  Fig.  9.14. 

The  principle  of  action  of  a  double-axis  03  1b  the  same  as  for  a  Bingle-axiB 
OS;  therefore,  we  will  not  stop  to  describe  it.  Let  us  note  only  that  the  presence 
in  the  system  of  pendulous  correction  for  two  axes  ensures  automatic  work  of  the 
system  (without  external  information)  in  a  regime  of  spatial  Integration,  and  this 
permits  holding  the  platform  in  a  horizontal  plane. 

On  an  HIO  base  it  is  possible  also  to  stabilize  a  platform  relative  to  three 
mutually-perpendicular  axes.  Such  triple-axis  active  OS's  have  found  wide  appli¬ 
cation  in  inertial  navigational  systems  (Chapter  11);  the  schematic  of  a  triple¬ 
axis  OS  with  an  HIO  is  given,  e.g,,  in  [149]. 
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condition  should  be  satisfied: 


Mt  +  Af a  (9.?.no) 

substituting  here  (9.3.109)  and  (9.3.2)  we  obtain 

Hu>t  *»  kj, 

whence 

(9.3.1H) 

*4 

Consequently,  feeding  torquer  TQ  of  the  floated  IQ  current  i,  proportional 
to  angular  velocity  a>  ,  the  servo  drive  will  turn  platform  P  with  the  assigned 

S.B  B 

angular  velocity  with  respect  to  inertial  space.  Here,  angle  a  of  platform  ro¬ 
tation,  according  to  (9.3.111)  and  inasmuch  as  a  -  co  ,  will  be  determined  by 
relationship 

«  -  «•  +  («,(•)*•  id'-  (9.3.H2) 

where  aQ  —  the  value  of  angle  a  for  t  -  0. 

From  expression  (9. 3.112)  it  follows  that  angle  a  is  proportional  to  the  in¬ 
tegral  with  respect  to  time  of  the  input  variable  —  current  1,  fed  to  the  torquer 
by  the  control  signal,  which  in  turn  is  proportional  to  the  assigned  angular  veloc¬ 
ity  a)  (t)  of  rotation  of  the  platform  relative  to  inertial  space.  In  this  con- 
nection  the  considered  operating  conditions  of  the  system  are  called  conditions  of 
integration  [149,  l80j* 

Thus,  application  of  an  HIQ  with  servo  drive  with  introduction  of  the  corre¬ 
sponding  control  signals  permits  stabilization,  i.e.,  constant  orientation  of 
the  platform  in  a  system  of  coordinates,  accomplishing  any  assigned  motion  with 
respect  to  Inertial  space. 

Let  us  consider  an  example  which  will  explain  what  has  been  said.  Earlier 
we  already  reported  that  the  scheme  in  Fig.  9.13  ie  in  essence  a  DQ  of  active  type. 
If  It  is  required  that  the  axis  of  the  gyroscope  or  platform  keep,  e.g.,  constant 

orientation  in  azimuth  relative  to  the  plane  of  the  meridian  for  this  it  is 

necessary  to  carry  out  rotation  of  the  axis  of  the  gyroscope  (platform)  about  the 

vertical  0£  with  respect  to  inertial  space  with  angular  velocity  u^,  determined 
by  relationship  (1.2.25) 


§  9.4.  Gyroscopic  Integrators  of  Linear  Accelerations 

1,  Function  and  Types  of  Gyroscopic  Integrators 
of  Linear  Accelerations 

As  was  shown  in  §  9.1*  one  variety  of  IG  is  the  gyroscopic  integrator  of  linear 
accelerations  of  a  vehicle.  It  is  usually  called  [161]  a  gyroscopic  Integrator  or 
gyrolntegrator;  the  latter  designation  we  shall  UBe  henceforth. 

The  gyrolntegrator  is  a  GD,  intended  for  determination  of  the  component  of 
lin-ar  velocity  of  the  c.g.  ,  of  an  object  along  an  assigned  direction.  In  it  there 
is  applied  an  unbalanced  gyroscope,  sensitive  to  accelerations  of  the  object.  The 
moment  of  corresponding  forces  of  inertia  of  forward  motion  of  the  latter  causes  pre¬ 
cession  of  the  gyroscope,  the  angular  velocity  of  which  is  proportional  to  the  shown 
moment,  i.e.,  to  the  magnitude  of  acceleration  of  translational  motion  of  the  object. 
Consequently,  the  magnitude  of  the  actual  angle  of  precession  will  be  proportional  to 
the  corresponding  composing  of  linear  velocity  of  the  object,  which  Justifies  the 
accepted  designation  of  the  instrument. 

One  feature  of  the  gyrolntegrator  is  that  it  measures,  in  general,  the  projection 
of  , absolute  linear  velocity  of  an  object  on  vhe  axis  of  sensitivity  of  the  instrument. 
The  gyrolntegrator,  as  also  the  accelerometer,  reacts  to  apparent  acceleration  of  the 
object,  i.e.,  to  the  difference  between  absolute  linear  acceleration  of  the  object  and 
gravitational  acceleration,  which  leads  to  corresponding  distortions  of  readings  cf 
the  instrument.  In  connection  with  what  has  been  said  A.  Yu.  Ishlinskiy  [50] 

-g. 

Accelerations  measured  by  an  accelerometer  are  discussed  in  detail  in  §  11.6, 

Par.  2b. 


considers  it  useful  to  call  such  accelerometers  newtonmeters . 

There  exist  various  types  of  gyrointegrators,  in  which  there  are  applied 
three-  and  two-degree-of -freedom  gyroscopes.  As  it  is  known  [JO,  180,  161],  most 
videly  used  are  the  following  types  of  instruments: 

1)  a  gyrointegrator  with  a  three-degree-of-freedom  unbalanced  gyroscope  of 
tyropendulum  type; 

2)  a  gyrointegrator  in  which  there  is  applied  a  three-degree-of-freedom 
gyroscope  with  additional  mass  and  compensating  loads; 

?)  a  gyrointegrator  in  which  there  is  used  an  unbalanced  two-degree-of-f reedom 
gyroscope  with  float  suspension. 

By  analogy  with  gyrotachometers  (§  8.2,  Far.  1)  it  is  possible  to  distinguish: 
a)  gyrointegrators  of  direct  readings,  for  which  the  measured  linear  velocity  of  the 
object  is  fixed  in  the  form  of  the  angle  of  rotation  of  the  outer  gimbal  ring  rela¬ 
tive  to  its  initial  position;  b)  gyrointegrators  with  feedback  or  "zero  drive,"  for 
wnich  measurement  of  linear  velocity  of  an  object  is  carried  out  by  means  of  com¬ 
pensation  of  the  moment  of  forces  of  inertia  (caused  by  forward  motion  of  the  object) 
by  a  certain  artificially  created  torque,  which  ensures  retention  of  the  gyroscope 
axis  near  the  zero  position. 

We  shall  give  schematics  of  gyrointegrators,  we  shall  consider  principles  of 
their  action,  and  we  shall  derive  their  basic  relationships. 

2„  Gyrointegrator  of  Linear  Accelerations  of  Gyropendulum  Type 
a )  Schematic.  Basic  Relationships 

The  schematic  of  a  gyrointegrator  of  linear  accelerations  of  gyropendulum  type 
[161,  lib,  58]  is  shown  in  Fig.  9.16.  The  basic  component  of  the  instrument  is  an 
unbalanced  (heavy)  gyroscope.  The  gyrorotor  is  fixed  in  gyrohousing  (inner  ring)  Gh; 
the  rotor  and  gyrohousing  are  statically  unbalanced  with  respect  to  the  axis  O'x' 
of  oscillation  in  the  outer  ring  (frame)  R.  With  respect  to  spin  axis  Or,  (Oy)of  the 
frame  the  system  is  completely  balanced.  The  distance  of  c.g.,  0  of  the  gyro¬ 
housing  from  its  spin  axis  O'x'  is  equal  to  1,  To  increase  accuracy  of  work  of  the 
.gyrointegrator  axis  Oz  of  the  gyroscope  should  remain  perpendicular  to  the  axis 
O’,  y '  of  frame  R.  For  this  we  have  a  correction  system,  consisting  of  signal 
pickoff  SP  (fixed  on  the  spin  axis  O'x*  of  the  gyrohousing)  and  stabilizing  motor 
SM,  controlled  by  it,  which  is  connected  by  gear  transmission  with  the  instrument 


fra:  e. 
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Pig.  9.16.  Schematic  of  a  gyrointegrator  of 
linear  accelerations  of  gyropendulum  type. 


In  Fig.  9.16  the  signal  pickoff  is  in  the  form  of  a  contact  attachment.  In 
this  case  the  torque,  applied  by  the  stabilizing  motor  to  axis  Oq  (Oy),  has  a  con¬ 
tact  (relay)  responsej  this  creates  a  natural  oscillating  conditions  of  motion  of 
the  gyroscope,  in  which  the  center  position  of  axis  Oz  is  perpendicular  to  axis 
Or)  (Oy),  and,  consequently,  all  disturbing  torques  acting  effective  on  this  axis 
are  compensated.  Natural  oscillations  should  be  with  great  frequency  and  small 
amplitude.  The  presence  of  natural  oscillations  leads  also  to  lowering  of  the 
friction  torques  in  axes  of  the  suspension.  In  principle  there  is  also  possible  a 
linear  law  of  control  of  the  stabilizing  motorj  for  this  as  the  signal  pickoff  it 
is  possible  to  apply,  e.g.,  an  inductive  pickoff,  which  control  the  motor  through 
an  amplifier  (not  shown  in  Fig.  9.16). 

Let  us  designate  the  angle  of  rotation  of  gyrohousing  about  axis  O'x'  with 
respect  to  frame  Fr  by  0,  the  angle  of  notation  of  frame  Fr  about  axis  Oq  (Oy)by  a. 
Readings  of  the  gyrointegrator  (magnitude  of  linear  velocity  of  the  object),  pro¬ 
portional  to  angle  a,  are  received  in  the  form  of  voltage  from  potentiometer  Pot. 

Axes  0£q£  we  consider  connected  with  the  vehicle  (ship,  aircraft);  axes  Oxyz, 
combined  in  Initial  position  (when  a  ■  0  -  0)  with  axes  0£q{|,  are  connected  with  the 
gyrohousingj  axes  Oxyz  are  in  this  case  Resal's  axes  (§  1.1).  Euler's  angles  a  and 
0,  determining  the  position  of  axis  Oz  of  the  gyroscope  relative  to  0 £q£,  can  be 
selected  Just  as  for  the  gyrovertical  (Fig.  1.6).  Axis  Oq  is  the  measuring,  input 
axis,  or  the  axis  of  sensitivity,  since  the  gyrointegrator  reacts  to  component  w 
linear  acceleration  V  of  the  vehicle  on  this  axis.  Axis  Oq  can  also  be  considered 
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the  output  axis,  since  angle  a  of  rotation  of  frame  Pr  about  It  Is  proportional, 
as  will  be  shown,  to  the  Integral  In  time  of  linear  acceleration  w,  i.e.,  component 
v  of  linear  velocity  of  the  vehicle  along  axis  Ot). 

Let  us  derive  the  basic  relationship  for  the  considered  gyrointegrator,  estab¬ 
lishing  the  functional  connection  between  input  variable  w(t)  and  output  variable 
a(t).  For  this  we  use  a  modified  gyrointegrator  schematic,  shown  in  Fig,  9.17. 

Here  it  is  conditionally  shown  that  gyrohousing  Oh  has  static  instability  with  re- 

# 

spect  to  its  spin  axis  Ox  due  to  the  presence  of  an  additional  load  with  mass  m, 
fixed  distance  i  from  the  point  of  suspension  0.  So  that  here  the  system  is 
balanced  with  respect  to  axis  Or}  (Oy)  which  in  reality  is  carried  cut  in  the  gyro¬ 
integrator  (Fig,  9.16),  we  add  to  frame  Fr  another  load  with  mass  m^  at  distance 
from  axis  0T](0y).  The  condition  of  balance  of  the  Bystem  with  respect  to  axis 
Otj  (by)  will  be  expressed  by  relationship 

«/  — (9.4.1) 

Let  us  assume  that  axis  Or)  (Oy)  is  directed  along  the  longitudinal  axis  of  a 
vehicle,  which  moves  in  a  direction,  parallel  to  this  axis,  with  acceleration  w. 

The  magnitude  of  the  corresponding  force  of  inertia  I  will  be 

=  (9.4.2) 


# 

Considering  a  real  scheme  of  an  instrument  (Fig.  9.16),  by  m  one  should 
understand  the  mass  of  the  rotor  and  gyrohousing,  i.e.,  the  mass  of  the  gyromotor. 
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where  k  —  transmission  factor  of  the  gyrointegrator. 

From  (9.4.6)  it  follows  that  the  angular  velocity  of  rotation  of  the  instru¬ 
ment  frame  is  proportional  to  the  linear  acceleration  of  the  vehicle.  Integrating 
(9.4.6)  and  assuming  that  in  the  initial  moment,  when  t  ■  0,  a(0)  -  0,  we  have 

(9.4.7) 

i.e.,  the  angle  of  rotation  of  the  gyrointegrator  frame  is  proportional  to  the 
integral  in  time  of  linear  acceleration  of  the  vehicle.  Designating  by  v  the 
component  of  linear  velocity  of  the  vehicle  along  axis  Or],  we  rewrite  (9.4.7)  for 
initial  conditions  t  ■  0,  v(0)  ■  0  in  form 

jmikv.  (9.4.8) 

Consequently,  the  angle  a  of  rotation  of  the  Instrument  frame  is  proportional 
to  linear  velocity  v  of  the  vehicle;  here  the  proportionality  factor  is  the  trans¬ 
mission  factor  k  of  the  gyrointegrator,  the  dimensionality  of  which,  according  to 
(9.4.5),  will  be  [k]  ■  sec/cm. 

Let  us  note  that  during  motion  of  the  vehicle,  and  consequently  also  of  mass 
m^  with  acceleration  w  there  appears  a  force  of  Inertia  1^,  equal  in  magnitude  to 
m^w.  However,  it  does  not  affect  rotation  of  the  frame  about  axis  0q(0y),  but  causes 
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only  additional  load  in  the  supports  of  this  axis. 

Expressions  (9.4.6)  and  (9.4.8)  are  approximate,  since  in  them  we  do  not  con¬ 
sider  inertial  terms,  and  also  we  do  not  take  into  account  friction  torques  in  the 
suspension  axes  and  the  torque  of  the  stabilizing  motor.  Let  us  first  consider  the 
influence  of  these  torques  on  operation  of  the  gyrointegrator,  limiting  ourselves 
to  the  framework  of  precession  theory.  Torque  Mg  m  of  the  stabilizing  motor  with 
respect  to  axis  Orj  (Oy)  (if  we  assume  for  simplicity  a  linear  characteristic  of 
correction),  by  analogy  with  (2.3.2),  is  determined  by  formula 


MtM — S}.  (9.4.9) 

Considering  friction  in  the  suspension  axes  liquid,  according  to  (2.3.72), 

for  friction  torques  in  axes  Orj  (Oy)  and  Ox  we  have  expressions 

Af,„  «=— n,a;  Mu  =  nj  (9.4.10) 

Considering  (9.4.3),  (9.4.9)  and  (9.4.10),  we  can  express  total  torques  with 
respect  to  axes  Ox  and  Or)  (Oy)  by  relationships 


Mm  «=  mfa  +  /ijjj; 

(9.4.11) 

—  n^. 

(9.4.12) 

We  introduce  (9.4.11)  and  (9.4.12)  in  equations  of  precession  (1.6.8)  i 


a  ■=  —  -f- JSl  rf;  a  — _ £_  9 _ j 

*  «P  P  H?  W  ' 


(9. "1.13) 


Eliminating  from  (9.4.13)  variable  p,  we  obtain  for  a  the  following  equation: 

•  4.  %'a  mm  k'w  +  (9.4.14) 


where 


*' - 5 — :  »-4;  *' 


1  +  J*1*L 
H* 


H 


1  + 

H* 


(9.4.15) 


4. 

We  correct  an  inaccuracy  in  Part  I  of  this  work.  In  (5.5.29)  by  P  one  should 
understand  the  weight  of  the  outer  ring,  and  by  1 ^  displacement  or  its  c.g.  ,  along 

axis  OK  (Fig.  3.2).  Moment  Z^P  of  un^)alance  the  outer  ring  with  respect  to 


axis  0x^  is  quenched  by  reaction  of  the  bearings  of  this  ring.  Therefore,  during 

calculation  of  azimuth  drift  of  a  gyroscope  due  to  static  unbalance  one  should  not 
consider  component  i^P, 


k  -  [see  (9.4.5 )]j  h  -  specific  velocity  of  correction  [see  (2.3.5)]. 

We  integrate  equation  (9.4.14)  once  with  respect  to  time  for  zero  initial 
conditions 


«  +  «'a  ~A'*r4-  ki'v. 


(9.4.16) 


The  integral  of  this  equation  for  initial  conditions  t  -  0,  a(0)  -  0  will  be 


(9.4.17) 


Performing  partial  integration  and  considering  initial  conditions  t  ■  0,  v(0) 

i 

0,  a( 0)  -  ■*  0,  we  obtain 


•  “  *'  [»-«'•  +  («')*/ j r'v-"d%  (9.4.18) 

t 

where  s  ■  /  vdt  is  the  oath  passed  by  the  vehicle. 

0 

Analyzing  formula  (9.4.15),  we  note  that  h  »  S/H  is  usually  small  (see  example 
nlnp 

6.1);  since  — «  1#  then  also  is  small.  Therefore, in  (9.4.18)  it  is  possible 
YT 

p 

to  disregard  terms  which  contain  as  a  factor  (x‘)  .  Then,  instead  of  (9.4.18),  we 
obtain 


•  ■ •k'ip — *'s)  -f  k*’s. 


(9.4.19) 


With  accuracy  accepted  by  us  we  can  replace  relationships  (9.4.15)  by  the 
following  ones: 

A' as*  (9.4.20) 


Considering  (9.4.20),  we  rewrite  (9.4.19)  in  form 


tmkvfl  *i2L|.  (9.4.21) 

\  H*  )  H  * 

Comparing  (9.4.21)  with  (9.4.8),  we  see  that  friction  in  the  bearings  of  the 
gyrointegrator  introduces  systematic  errors  in  readings  of  the  instrument.  Error 

nln2 

from  component  kv  in  a  real  instrument  is  usually  minute  j  error  caused  by 

n 

nln2 

km  ~=W=  s,  will  grow  with  increase  of  distance  s,  traveled  by  the  vehicle. 

IT 
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Therefore,  in  such  instruments  they  seek  to  substantially  decrease  friction  in  the 

i 

suspension,  to  decrease  the  specific  velocity  of  correction  x  and  to  increase 
angular  momentum  H  of  the  gyroscope. 

Besides  the  shown  ones,  there  can  appear  other  systematic  errors,  for  in¬ 
stance  due  to  rotation  of  the  vehicle,  rotation  of  the  earth,  etc. 

I 

,  b )  Equations  of  Motion  of  a  Gyrointegrator  Taking  into  Inertial  Terms 

Above  during  composition  of  equations  of  motion  of  a  gyrointegrator  we  started 
from  precession  theory,  i.e.,  disregarded  inertial  terms  of  the  equations.  When 
writing  equations  of  a  gyrointegrator  taking  into  account  inertial  terms  one  should 
consider  that  the  position  of  axis  Oz  of  the  gyroscope  is  determined  by  the  same 
angles  a  and  0  as  for  a  gyrovertical  {Fig.  1.6).  Therefore,  by  analogy  with  equa¬ 
tions  (6. 5.49)  of  the  gyrovertical,  considering  also  liquid  friction  torques  in  the 
suspension  axes,  we  write  equations  of  a  gyrointegrator  in  form 


Jr  jf-Hi  +  nj—M, 
*f  H}  + 


(9.4.22) 


Here:  J  —  total  moment  of  inertia  of  rotor  and  inner  ring  (gyrohousing) 
with  respect  to  axis  O'x*  (Fig.  9.16),  which  instead  of  (5.2.4)  is  determined  by 
relationship 


K  +  J,.  .  +  mP 


(9.4.25) 


(m  —  mass  of  rotor  and  inner  ring)j  J  —  total  moment  of  inertia  of  rotor  and 

inner  and  outer  gimbal  rings,  determined  by  a  relationship  of  type  (5.2.5). 

We  consider  the  moment  of  fore  ?s  of  Inertia  of  translational  motion  of  the 

vehicle  moment  M„  [see  (9.4.5)].  For  moment  M  we  take  torque  M  ,  applied  by 
x  v  '  amr»  n  s.m 

stabilizing  motor  SM  (Fig.  9.16)  to  axis  0q(0y).  Taking  in^o  account  what  was 
said  we  rewrite  equations  (9.4.22)  in  form 


—  Hi  +  n£  *=—  mtu) 
Jrf  +  +  V  *=  * 


(9.4.24) 


If  we  assume  that  the  stabilizing  motor  is  turned  off, 
obtain  equations 


JT.  $  —  r\$  =- mhv 

+  «,*  “  0 


instead  of 


(9.4.24)  we 

(9.4.25) 
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which  differ  from  the  equations  of  motion  of  a  gyrovertical  (6.3.5?)  only  by  the 
presence  in  the  right  part  of  the  first  equation  of  the  moment  miw  of  forces  of 
inertia  of  translational  motion  of  the  vehicle* 

Equations  (9.4.25)  characterize  the  following  motions  of  the  gyrointegrator : 
i)  basic  precessional  motion  of  the  outer  gimbal  ring,  determined  by  relationship 
(9.4,8)  or  for  w  ■<  const  by  expression  a  -  kwt,  which  can  be  obtained  from  the 

z  ii 

first  equation  of  (9.4.25),  if  in  it  we  reject  inertial  term  J  $  and  do  not  con- 

g#e 

sider  moment  of  friction  in  the  spin  axis  of  the  inner  gimbal  ringj  2)  basic 
precessional  motion  of  the  inner  ring,  determined  for  w  -  const  by  expression 
nl 

p  -  -tjpkwt,  which  is  obtained  from  equation*  (9.4.25),  if  in  them  we  leject  iner- 

■> 

tial  terms  and  not  to  consider  small  moment  ngP  of  forces  of  friction  in  the  spin 
axis  of  the  inner  gimbal  ring;  3)  attenuating  nutation  oscillations  of  the  gyroscope 
axis,  determined  by  expressions  of  type  (6.3.57).  Relationships  given  in  paragraphs 
1  and  2  are  valid  for  zero  initial  conditions. 

Wc  shall  give  certain  considerations  about  analysis  of  motion  of  a  gyrointe¬ 
grator  taking  into  account  torque  Ms  m,  applied  by  the  stajilizing  motor.  For  a 
relay  (contact)  characteristic  of  correction  (Fig.  2.l8e)  torque  Mfi  m  is  determined 
by  relationship  (2.3.I7) 

(9.4.25) 


where  f.__(P)  —  a  nonlinear  function,  expressed  by  a  formula  of  type  (2.3.18). 
amp 

Substituting  (9.4.26)  in  (9.4.24),  we  have 


Jr.  }  ~  +  *1$  -  —  mlw 

+  +  V  —  i,/,& 


(9.4.27) 


Being  interested  in  motion  of  the  gyrointegrator  in  coordinate  B,  we  obtain 
when  w  -  const  for  B  the  following  equation  in  operational  form  (p  ■  ^-) : 


l' 


.V1  + 


(Jr.  +  J,f  i)  P '  +  («,«,  +  "')  P\  ?  ~ 

- HLJ,Q)  —  rt,Sl/ci'p 


(9.4.28) 


analogous  to  the  second  equation  of  system  (6.3.61), 

If  moment  mlw  of  forces  of  inertia  of  translational  motion  of  the  vehicle  is 
equal  to  zero,  equation  (9.4.28)  will  take  form 


\Jr  .V’  +  (A.  +  J'Si)  P1  +  («.«i  T  P[  ? 


(9.4.29) 
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analogous  to  the  equation  (6.2.62)  of  motion  of  a  gyrovertical  with  a  relay  char¬ 
acteristic  of  correction.  Investigation  of  equation  (9. ^.29)  can  be  carried  out 
by  the  same  method  of  harmonic  linearization  of  nonlinearities  which  we  used  in 
§  6.2,  par.  2<*  during  analysis  of  equation  (6.2.62)  of  a  gyrovertical.  Solution 
of  an  analogous  problem  in  reference  to  a  gyrointegrator  is  given  in  the  book,  of 
Ye.  P.  Popov  and  I.  P.  Pal'tov  [115].  On  the  basis  of  what  was  presented  in 
§  6.2,  Par.  2d  it  follows  that  the  gyrointegrator  will  accomplish  natural  oscillating 
motions,  the  frequency  of  which,  determined  by  formula  (6.2.76),  is  equal  to  the 
frequency  of  nutation  oscillations  of  a  free  gyroscope.  Amplitude  of  these  natural, 
oscillations  is  determined  by  a  relationship  of  type  (6.2.78). 

From  formulas  (6.2.76)  and  (6.2.78)  it  follows  that  to  obtain  natural  oscilla¬ 
tions  with  high  frequency  and  small  amplitude  (which  is  of  essential  Importance  for 
increasing  accuracy  of  the  gyrointegrator)  it  is  useful  to  [115  ]t  increase  angular 
momentum  of  the  gyroscope ;  decrease  moments  of  inertia  of  rings  of  the  Cardan  sus¬ 
pension;  increase  damping  (coefficients  n^  and  n2  of  viscous  friction)  j  as  far  as 
possible  decrease  the  torque  of  the  stabilizing  motor.  In  order  to  satisfy  the  last 
requirement  it  is  necessary  to  decrease  moments  of  forces  of  friction  in  the  sus¬ 
pension  axes,  and  also  instability  (unbalance)  of  the  system  with  respect  to  axis 
Or]  (Cy)  (Fig.  9.16). 

Above  we  analysed  the  question  of  natural  oscillations  of  a  gyrointegrator  with 
equality  to  zero  of  the  moment  of  forces  of  Inertia  of  translational  motion  of  the 
vehicle.  This  question.,  taking  into  account  this  moment,  when  the  equation  of 
motion  of  the  gyrointegrator  is  determined  by  relationship  (9. 4.28),  is  considered 
in  the  above-indicated  book  [115].  Referring  those  interested  in  a  detailed  solu¬ 
tion  of  this  problem  to  that  book,  we  indicate  the  following.  In  the  presence  of 
disturbance  miw  the  gyrointegrator  also  accomplishes  natural  oscillations,  whose 
frequency  is  determined  by  the  same  relationship  (6.2.76)  as  in  the  absence  of  an 
external  disturbance.  Moment  miw  affects  the  amplitude  of  natural  oscillations, 
and  also  causes  displacement  of  the  center  of  oscillations,  which  leads  to  addi¬ 
tional  errors  of  readings  of  the  gyrointegrator.  The  limiting  value  of  moment  miw, 
permissible  during  use  of  the  instrument,  is  determined  by  the  possibility  of  a 
break  in  natural  oscillations.  From  what  was  said  above  it  follows  that  in  examining 
the  theory  of  the  gyrointegrator,  and  also  questions  connected  with  selection  of 
parameters,  it  is  necessary  to  use  complete  equations  of  motion,  considering  also 
Inertial  terms. 


256 


c )  Application  of  Gyrolntegrator 


It  Is  possible  to  Indicate  examples  of  application  of  the  gyrolntegrator  on 
vehicles  having  considerable  accelerations  with  comparatively  small  time  of  motion. 
Such  a  gyrolntegrator  wsb  used  in  the  German  ballistic  rockets  of  V-2  type.  The 

schematic  of  it  is  analogous  to  the 
diagram  given  in  Fig.  9.16.  The  instru¬ 
ment  had  to  determine  the  component  of 
of  linear  velocity  of  the  rocket  along 
its  longitudinal  axis  and  automatically 
to  send  a  cut-off  signal  to  the  motor 
upon  achievement  by  the  rocket  of  the 
assigned  design  speed.  The  latter  was 
set  before  launching  on  a  special  me¬ 
chanism  for  routing  the  command  signals 
for  turning  off  the  rocket  engine. 

The  principle  of  action  of  this  integrator  does  not  differ  from  that  considered 
earlier.  Diagrams  of  the  instrument  and  its  description  can  be  found  in  a  number  of 
books  and  articles  (see,  e.g.,  [58,  7,  161,  195#  19^  >  205]).  Referring  those  who 
wish  to  become  acquainted  with  the  instrument  in  detail  to  this  literature,  we  note 
only  one  of  its  peculiarities,  connected  with  the  curvilinear  nature  of  the  path 
of  the  c.g.,  of  the  V-2  on  its  powered-flight  section  [161,  7],  For  this  we  first 
find  the  expression  for  the  component  of  the  apparent  force  of  gravity,  having  an 
effect  on  the  gyrolntegrator  during  curvilinear  motion  of  the  rocket. 

In  Fig.  9.18  there  are  shown  elements  o*  motion  of  the  rocket  in  the  vertical 
plane.  Tangent  0M  to  the  path  of  the  rocket  c.g.  forms  with  the  horizontal  plane 

angle  0j  the  angle  between  OM  and  the  longitudinal  axis  of  rocket  Or]  is  the  angle 

* 

of  attack  p.  On  the  gyrolntegrator  there  acti  force  of  gravity  mg  (m  —  mass  of 
rotor  and  gyrohousing) j  force  of  inertia  mw  of  translational  motion  of  the  rocket 
(w  -  longitudinal  acceleration  of  the  rocket,  directed  along  axis  0M)j  centrifugal 
force  of  inertia  caused  by  rolling  of  the  rocket  about  its  transverse  axis 


Here  for  composition  of  the  equation  of  motion  of  the  gyrolntegrator  we  use 
D'Alembert's  principle  (method  of  kinetostatics  [85]),  according  to  which  to  acting 
forces  there  are  joined  forces  of  inertia. 


Fig.  9.18.  Determining  of  apparent  ac¬ 
celeration. 
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cn  in  the  powered -flight  trajectory  (v  —  longitudinal  velocity  of  rocket).  The 
resultant  force,  acting  on  the  gyrointegrator  in  the  direction  of  longitudinal 
axis  Ot)  of  the  rocket,  will  be 

^-m[»co*p  —  td*inj>  +  f$in(0  +  p)].  (9.4.30) 

Then  the  moment  Mx  of  this  force  with  respect  to  the  spin  axis  Ox  (Pig.  9.16) 
of  the  instrument  frame  will  be 

Af*-m/[wcosp  —  tdsinp  +  *sin(0 +  p)].  (9.4.31) 

Substituting  (9.4.31)  In  (9.4.4),  we  obtain 

«  M  J5i[o;cosp  —  tdsinp  +  ^sin  (0  +  p)] 

H 

or,  considering  (9.4.5) 

«  -  *  [w cosji  —  od  sin  p  4.  ^sin  (8  -f-  &)],  (9.4.32) 

from  which,  for  initial  conditions  t  -  0,  a(0)  -  0,  we  have 

a  -  *j[wcosp  —  crislnp  +  ^sin(8  +  ,«)]  d-.  (9.4.33) 

Since  in  the  considered  case  angles  of  attack  p  are  minute,  and  angular  veloc¬ 
ity  0  is  also  small,  instead  of  (9.4.33),  we  obtain  approximately, 

oto  sinOrf?.  (9.4.34) 

Thus,  the  gyrointegrator,  in  general,  determines  linear  velocity  v  of  the 

rocket,  but  has  methodical  error  k  J  g  sin  0  d-r,  i.e.,  determines  the  apparent 

0 

velocity  of  the  rocket. 

The  considered  gyrointegrator  possesses  deficiencies,  which  are  caused 
basically  by  the  following  factors:  1)  low  sensitivity  of  the  instrument j  2)  in¬ 
fluence  on  accuracy  of  readings  of  components  of  accelerations  of  the  vehicle  on 
axes,  not  coinciding  with  the  input  axis)  3)  variations  of  parameters  of  the 
Instrument  (m,  l,  H)  from  their  design  values  j  4)  instability,  or  "drift"  of  zero; 
5)  deflections  of  the  real  character  of  the  trajectory  (for  instance,  angle  0) 
from  design,  etc. 
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3.  Other  Type*  of  (lyrointegrators  of  Linear  Accelerations 

Let  us  consider  briefly  certain  other  types  of  gyrointegrators .  In  Par.  i 
of  this  section  we  will  mention  the  gyrointegrator  in  which  there  is  applied  a 

-i 

three-degree-of-freedom  gyro  with  additional  mass  and  compensational  loads.  The 
schematic  of  such  a  gyrointegrator  [30,  109]  is  shown  in  Pig.  9.19. 

In  the  outer  ring  R  there  is  fixed  gyrohousing  Oh.  The  spin  axis  0-rj  of  ring 
R  coincides  with  the  longitudinal  axis  of  the  vehicle,  which  moves  with  velocity 
v  and  acceleration  w.  To  the  gyrohousing  at  distance  l  from  axis  Otj  there  is 
fastened  a  load,  whose  mass  is  equal  to  m.  Consequently,  the  gyrohousing  is 
statically  unbalanced  with  respect  to  its  spin  axis.  For  balancing  the  system 
with  respect  to  axi*  Or]  to  ring  R  there  are  fastened  two  compensational  loads, 
whose  mass  is  m*.  Springs  Sp,  connecting  the  gyrohousing  with  these  loads,  serve 
to  keep  the  axis  of  the  gyroscope  in  a  direction,  perpendicular  to  axis  Oq.  During 
movement  of  the  vehicle  with  acceleration  w  there  appears  force  of  Inertia  mw,  the 
moment  of  which  with  respect  to  point  0  will  be  equal  to  miw.  This  moment  causes 
precession  of  the  gyroscope  about  axis  Orj  with  angular  velocity  a,  determined,  by 
analogy  with  (9.4.4),  by  relationship 

from  which,  with  zero  initial  conditions,  we  obtain 

i.e.,  the  given  instrument  determines  linear  velocity  v  of  the  vehicle.  More 
detailed  investigations  of  this  gyrointegrator  are  carred  out  R.  Grammel  [30]. 


J^ig.  9.i9.  Schematic  of  a  gyrointegrator  with  an 
additional  mass  and  compensational  loads. 
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Let  us  consider  a  gyrolntegrator  in  which  there  is  used  an  unbalanced  two* 
degree-of-freedom  gyroscope  with  float  suspension.  This  gyrointegrator  is  described 
in  a  number  of  articles  (for  instance,  [i80,  179,  83])  by  the  name  of  floated  inte¬ 
grating  accelerometer.  Let  us  note  that  instruments  considered  by  us  earlier  are 
gyrointegrators  of  direct  readings,  but  the  floated  integrating  accelerometer  is  a 
gyrointegrator  with  feedback  or  with  "zero  drive"  (Par.  1). 

The  schematic  of  a  floated  integrating  accelerometer  (gyrointegrator  of 
linear  accelerations  with  float  suspension)  is  shown  in  Pig.  9.20.  The  basic  com¬ 
ponent  of  the  instrument  is  the  gyrofloat  OP,  fixed  in  hydrostatic  suspension  in 
the  case  of  the  instrument.  To  the  float  there  is  fastened  a  load,  whose  mass  is 
m,  thanks  to  which  the  float  is  statically  unbalanced  with  respect  to  its  spin 
axis  Ot).  On  this  axis  there  is  fixed  signal  pickoff  SP,  controlling  amplifier  Amp 
torquer  TQ.  The  latter,  through  a  gear  transmission,  is  mechanically  connected  with 
gear  Gr,  rigidly  fastened  to  the  case  of  the  instrument,  which  is  fixed  on  stabilized 
platform  P.  Angle  a  of  rotation  of  the  gyrointegrator  about  axis  0£  with  respect 

The  principle  of  action  of  the 
gyrointegrator  is  the  following.  Let  uf 
assume  that  the  vehicle  on  which  platform 
P  is  placed,  together  with  the  gyrointe¬ 
grator,  moves  with  acceleration  w  along 
axis  0£.  Here,  there  appears  force  of 
inertia  —  mw,  whose  moment  of  respect  to 
axis  Oq  will  be  mzw.  This  moment  causes 
rotation  of  the  gyrofloat  about  axis  Otj  (Oy) 
a  certain  angle  p,  as  a  consequence  of 
which  signal  pickoff  SP;  through  amplifier 
Amp,  turns  on  torquer  TQ.  The  latter 
starts  to  rotate  the  case  of  the  gyro¬ 
integrator  about  axis  0 C  with  a  certain 

angular  velocity  co,  which  causes  the  appearance  of  gyroscopic  torque  M  -  Ha>, 

6 

directed  along  axis  Orj  (Oy);  torque  M  «  Hcu  compensates  the  moment  miw  of  forces  of 

o 

Inertia  of  translational  motion  of  the  vehicle  and  thereby  returns  the  gyrofloat  to 
Its  initial  position  (fJ  »  0).  Obviously,  in  the  equilibrium  position 
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Hm  —  mtw, 


whence 


(9.4.55) 


i.e.,  angular  velocity  o>  of  rotation  of  the  gyrolntegrator  is  proportional  to  the 
linear  acceleration  of  the  vehicle.  If  by  a  we  denote  the  angle  of  rotation  of 
the  case  of  the  gyrolntegrator  about  axis  0£  with  angular  velocity  co  -  a,  then, 
according  to  (9.4.55)#  we  have  [when  a(0)  -  0) 

i 

a  -» k^w(t)dx, 

from  which,  with  zero  initial  conditions,  we  have 

Consequently,  the  angle  of  rotation  of  the  gyrolntegrator  case  about  axis  0C 
is  proportional  to  the  linear  velocity  v  of  the  vehicle. 

Merits  of  the  considered  gyrolntegrator  are  the  following. 

1.  Since  the  gyroscope  works  near  zero  position  (S  »  0),  there  is  provided  a 
wide  range  of  measurement  by  the  Instrument  of  accelerations  of  a  vehicle. 

2.  Application  in  the  instrument  of  feedback  permits  ub  to  achieve  constancy 
of  zero. 


5.  Friction  In  the  spin  axis  of  the  float  is  reduced  to  a  minimum,  which 
ensures  high  sensitivity  of  the  gyrolntegrator  to  linear  accelerations  of  the 
vehicle.  Actually,  for  any  type  of  gyrolntegrator,  and  in  general,  any  accelero¬ 
meter,  minimum  linear  acceleration  wmin  is  determined  by  the  magnitude  of  the 

least  moment  of  forces  of  inertia  miw  ,  of  translational  motion  of  the  vehicle  which 

mm 

overcomes  the  moment  of  friction  in  the  spin  axis  of  the  gryohousing  (float),  i.e., 
wmin  is  *’oun<*  from  condition 


or 


>|M»| 


(9.4.56) 


where  K  —  the  modulus  of  dry  friction  torques  in  the  axis  of  the  gyrohousing  (float), 

v 

From  formula  (9.4.56)  it  is  clear  that  to  Increase  the  sensitivity  of  the 
gyrolntegrator  one  should  decrease  dry  friction  torque  in  supports  of  the  sus¬ 
pension  and  increase  magnitude  ml,  i.e.,  increase  the  static  moment  of  the 
pendulum,  equal  to  mgi .  Since  for  a  gyrolntegrator  with  float  suspension  the 
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residual  torque  of  dry  friction  is  minute,  such  an  instrument  possesses  greater 
sensitivity  to  accelerations  than  other  types  of  gyrointegrators  and  accelerometers 
with  supports  on  ball  bearings. 

4.  Instrument  errors  due  to  deviations  of  parameter  from  their  rated  values 
appear  only  due  to  inaccuracy  of  stabilization  of  the  frequency  of  the  current 
feeding  to  the  gyr  jtor,  which  causes  corresponding  oscillations  of  angular 
momentum  H  of  the  gyroscope. 

There  are  indication  [180]  that  a  gyrointegrator  with  float  suspension  is 
promising  for  inertial  navigational  systems.  Certain  theoretical  research  of  this 
gyrointegrator  is  contained  in  article  [8j], 
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CHAPTER  10 


CERTAIN  QUESTIONS  OF  GYROSCOPIC  STABILIZATION 
Designations  Appearing  In  Cyrillic 

b  ■  for  ■  forced 
r  ■  g  -  gyroscope 
rp  -  lo  -  load 
r.s  -  g.e  -  gyroequator 
*  ■  a  ■  ship 
o  -  s  -  stabilizing 
ct  -  st  -  static 
t  -  b  ■  braking 
Br  -  AG  -  Auxiliary  Gyroscope 
rp  ■  Lo  ■  Load 

TC  ■  os  -  Gyroscopic  Stabilizer 
ry  -  OD  -  Gyroscopic  Device 
US  -  PM  ■  Precessional  Motor 
P -  F  -  Frame 
C  -  S  -  Stand  . 

T ■  b  ■  Brake 

§  10.1.  Purpose  and  Types  of  Gyroscopic  Stabilizers 
In  systems  of  automatic  regulation  and  control  of  different  installations  and 
systems,  in  particular  for  realization  of  their  automatic  stabilization,  wide 
application  has  been  found  by  gyroscopic  methods  of  stabilization.  By  gyroscopic 
stabilization  we  understand  stabilization  of  a  system  (object)  with  the  help  of 
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gyroscopic  devices, 

Gyroscopic  stabilization  is  carried  out  by  gyroscopic  stabilizers  (GS).  One 
of  the  varieties  of  such  GS  by  the  name  of  active  GS,  or  gyroframes,  was  in  detail 
considered  in  Chapter  7.  However,  besides  activated  GS,  there  exist  also  other  types 
of  gyroscopic  stabilizers  applied  in  different  areas  of  technology. 

General  purpose  of  gyroscopic  stabilization  consists  of  automatic  stabilization 
of  separate  instruments  and  devices j  conditions  of  use  of  them  on  a  rocking  and 
maneuvering  object  (ship,  aircraft)  are  near  to  conditions  of  operation  on  land. 

In  certain  cases  there  is  provided  automatic  stabilization  not  only  of  instruments, 
devices  and  installations,  but  also  of  the  very  objects  on  which  they  are  located. 

In  accordance  with  this  a  gyroscopic  stabilizer  1b  defined  as  a  gyroscopic  device 
intended  for  retention  of  a  certain  direction  or  coordinate  system  connected  with 
the  object  in  constant  position  with  respect  to  earth  or  inertial  space. 

Depending  upon  its  purpose  we  distinguish i  1)  gyroscopic  stabilization  of 
separate  instruments,  devices  and  installations  on  oscillating  objects  (ship,  air¬ 
craft);  2)  gyroscopic  stabilization  of  the  objects  themselves.  Example  of  the  first 
of  these  varieties  is  stabilization  of  a  certain  platform  on  a  rocking  ship.  Examples 
of  the  other  variety  of  gyroscopic  stabilization  are  the  damper  of  rolling  of  a  ship 
and  the  autopilot  t  one  of  the  basic  tasks  of  which  consists  of  automatic  stabilization 
of  oscillatory  motions  of  aircraft  near  its  center  of  gravity, 

» 

We  distinguish  full  and  partial  automatic  stabilization.  The  first  stipulates 
stabilization  of  object  relative  to  all  three  axes  of  its  rotation  and  is  carried 
out  theoretically  exactly,  i.e.,  without  systematic  errors.  Thus,  for  instance, 
stabilization  on  a  rocking  ship  of  a  certain  platform  relative  to  three  axes  of  its 
rotation  (i.e,,  elimination  of  the  influence  of  rolling  and  pitching  and  yaw  of  the 
ship)  will  be  complete  if  influence  on  it  of  oscillatory  motions  of  the  ship  is 
compensated  without  any  systematic  errors.  However,  in  reality  the  platform  even 
with  full  stabilization  will  not  be  exactly  held  in  plane  of  horizon  and  in  the  given 
azimuthal  direction  due  to  errors  of  stabilization  appearing  under  actual  conditions. 

Partial  stabilization  stipulates  stabilization  of  the  object  relative  to  one 
or  two  axes  of  its  rotation;  thus  stuoilization  in  principle  is  carried  out  inaccu¬ 
rately  (roughly),  first  of  all  due  to  corresponding  systematic  errors.  Thus,  for 
instance,  damping  of  tossing  of  a  ship  usually  is  produced  only  relative  to  its 
longitudinal  axis,  but  rolling  is  not  completely  removed,  but  only  somewhat  moderated. 

According  to  the  principle  of  action,  gyroscopic  stabilizers  can  be  divided 
into  the  following  varieties: 

264 


1)  direct  aSj 

2)  active  G3,  or  gyroframesj 

3)  read-out  GS. 

Direct  gyroscopic  stabilizer  is  defined  as  a  gyroscopic  device  whose  principle 
of  action  is  based  on  direct  use  of  stabilizing  properties  of  the  astatic  gyroscope. 
Indeed  (§  1,3,  p'ar.  4),  axls  of  such  a  gyroscope  is  forced  to  change  its 
position  in  space,  then  there  appears  gyroscopic  moment  which  is  used  for  stabiliza¬ 
tion  of  the  object.  For  creation  of  stabilizing  effect  the  gyroscope  should  have 
very  large  angular  momentum. 

One  of  the  important  characteristics  of  direct  OS  is  the  presence  of  mechanical 
coupling  with  the  stabilized  objects.  Therefore,  during  the  analysis  of  such  OS  R, 
Grammel  [30]  considers  "  ...  systems  in  which  the  gyroscope  constitutes  a  consider¬ 
able  part  of  mass  of  system  and  Influences,  due  to  the  appearance  of  gyroscopic 
effects,  the  position  and  state  of  motion  of  the  system  directly,  without  any  control 
elements.  Such  gyroscopes  can  be  called  direct  stabilizers.11 

Let  us  indicate  certain  varieties  of  these  OS.  Direct  stabilization  of  position 
or  motion  of  a  body  is  most  simply  carried  out  when  the  body  itself  represents  a 
gyroscope  with  sufficiently  large  angular  momentum,*  Among  such  gyroscopes  it  is 
possible  to  include  celestial  bodies,  a  gyroscope  in  Cardan  suspension,  a  rapidly 
rotating  elongated  missile  and  others. 

Sometimes  for  direct  gyroscopic  stabilization  there  is  UBed  a  gyroscope**  which 
constitutes  only  part  of  the  system  (which  itself  is  unstable).  An  example  of  such 
a  device  is  gyroscopic  stabilizer  of  railroad  car  of  monorail  railroad.  Direct 
gyroscopic  stabilizer  can  be  used  also  for  quenching  of  oscillations  of  a  stable 
system.  Gyroscopes  of  such  kind  are  applied  in  dampers  of  rolling  of  a  ship.*** 

Direct  GS,  along  with  considerable  stabilizing  effect  and  acceptable  accuracy, 
possess  a  series  of  important  deficiencies  connected  with  large  weight  and  dimensions. 
Furthermore,  for  gyroscopes  applied  in  them  with  large  angular  momentum,  a  considerable 
time  of  acceleration  is  characteristic,  this  considerably  increases  time  of  prepara¬ 
tion  of  the  entire  gyroBtabilizer  for  operation. 

Of  the  enumerated  types  of  direct  GS,  we  will  consider  subsequently  gyroscopes 
applied  In  dampers  of  rolling  of  a  ship.  With  properties  of  objects  which  are 


*Such  a  gyroscope  sometimes  is  called  directional  [30], 

**Such  a  gyroscope  sometimes  is  called  rectifying  [30], 

***This  gyroscope  is  frequently  called  damping  [30], 
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themselves  gyroscopes  (celestial  bodies,  fast -rotating  elongated  missiles  and  others), 

It  is  possible  to  become  acquainted  in  special  literature  (see  for  instance,  [30, 

65,  20,  190]).  Analysis  of  application  of  the  other  type  of  direct  OS,  for  instance, 

in  gyroscopic  stabilizer  of  railroad  car  of  monorail  railroad,  is  given  in  a  number  of 

* 

books  on  applied  gyroscopy  (for  instance,  [30,  190,  118,  9 6,  146] 

Another  type  of  gyroscopic  stabilizers  -  active  OS,  or  gyroframe  —  was  considered 
in  Chapter  7.  Power  OS  have  certain  advantages  over  direct  OS:  for  instance  smaller 
weight  and  dimensions,  due  to  application  in  them  of  special  motors  for  creation  of 
stabilizing  torques  which  serve  for  overcoming  of  Influence  on  object  of  external 
perturbing  torques.  However,  active  OS  (gyroframe)  successfully  applied  for  direct 
stabilization  of  separate  instruments  and  installations  on  objects  cannot  be  used 
as  direct  stabilizers  of  the  objects  themselves,  for  Instance  in  dampers  of  rolling 
of  a  ship.  Therefore,  in  these  cases  there  are  applied  only  direct  OS  in  which  there 
are  used  stabilizing  properties  of  astatic  gyroscope. 

The  enumerated  two  types  of  OS  are  stabilizers  of  active  type. 

In  the  third  type  of  OS  —  read-out  gyroscopic  stabilizers  -  there  are  used 
gyroscopic  devices  of  indicated  type  (§  2.4,  par.  1)  which  are  sensing  devices 
of  stabilization  system.  The  latter  control  through  amplifiers  the  corresponding 
stabilizing  motors,  which  stabilize  the  object,  which  is  usually  installed  in  a 
Cardan  suspension. 

Thus,  read-out  gyroscopic  stabilizer  constitutes  a  system  of  automatic  control 
whose  sensing  or  pick-up  elements  are  0D  (gyroscope  devices)  of  read-out  type,  which 
control  servo  drives  carrying  out  stabilization  of  the  object. 

In  read-out  stabilizers,  QD  are  connected  with  the  stabilized  object  not 
mechanically,  but  with  help  of  servo  systems;  due  to  this  these  GD  do  not  directly 
carry  a  power  load  with  respect  to  stabilization.  In  read-out  GS  there  are  created 
certain  conveniences  for  distribution  of  elements  of  stabilizer.  Application  of 
powerful  servo  drives  makes  it  possible  to  carry  out  statilization  of  objects 
possessing  considerable  inertial  masses.  Usually  read-out  GS  have  considerably 
smaller  dimensions  and  weight  than  direct  GS  or  gyroframe .  Furthermore,  for  read¬ 
out  GS  due  to  application  of  comparatively  small  gyroscopes,  time  of  setting  the 
stabilizer  in  action  is  small,  and  p^wer  drains  are  less  than  for  other  types  of  GS. 

As  gyroscopic  elements  of  the  indicated  GS  there  are  used  gyroverticals  and  directional 


♦See  Also:  Ye.  L.  Nikolai.  Theoretical  mechanics.  Part  III,  State  United 
Scientific  and  Technical  Press  NKTP  USSR.  1959. 
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gyroscopes  of  the  indicated  type,  which  serve  fcr  determination  of  angular  deviations 
of  the  object  frcm  its  assigned  position. 

With  the  help  of  the  read-out  OS,  there  may  be,  for  instance,  carried  out 
stabilization  on  a  ship  of  a  certain  platform  relative  to  three  axes  of  its  rotation,* 
thus  there  is  eliminated  the  influence  on  it  of  rolling  and  pitching  and  yawing  of 
the  ship.  In  this  case,  sensing  devices  of  the  GS  aret  1)  gyrovertical,  which 
determines  angles  of  rolling  and  pitching  of  the  ship;  2)  directional  gyroscope, 
which  determines  angles  of  yawing  and  turning  of  the  ship.  These  angles  are  trans¬ 
mitted  with  help  of  servo  systems  to  servo  drives,  which  introduce  pitch  and  yaw 
angles  of  the  ship  for  stabilization  of  the  platform  fixed  in  a  Cardan  suspension. 

The  given  example  of  read-out  stabilization  will  be  more  specifically  considered  in 
§  10.4. 

Active  OS  (gyroframes)  were  in  detail  discussed  in  Chapter  7;  therefore,  further 
there  are  considered  only  direct  and  read-out  gyroscopic  stablizers  —  their  design, 
principles  of  operation  and  basic  relationships. 

§  10.2.  Remark  on  General  Principles  of  Gyroscopic  Stabilization 

We  will  make  several  remarks  on  certain  general  principles  of  gyroscopic 
stabilization.  As  was  shown,  as  one  of  the  means  of  stabilization  of  objects,  there 
are  applied  gyroscopic  stabilizers,  which  in  a  number  of  cases  make  it  possible  to 
improve  stability  of  system  or  make  an  unstable  system  stable. 

If  there  is  selected  a  system  of  stabilization  and  there  are  assigned  parameters 
of  the  object  and  stabilizer,  then,  by  using  criteria  known  from  theory  of  automatic 
control,  for  instance  of  Hurwitz,  Mikhaylov,  Nyquist  and  others,  it  is  possible  to 
reveal  stability  of  the  "object  +  stabilizer"  system,  and  also,  by  using  appropriate 
methods,  to  find  quality  of  system  and  its  other  characteristics.  However,  during 
development  of  GS,  before  we  become  occupied  with  investigations  of  these  questions, 
it  is  necessary  to  distinctly  show:  1)  what  influence  is  rendered,  for  instance, 
by  gyroscopic  forces,  dissipative  force  or  other  categories  of  forces  on  character 
of  motion  of  the  object;  2)  if  it  is  possible  to  provide  or  to  improve  stability  of 
motion  of  the  system  by  means  of  addition  of  some  category  of  forces  to  forces  which 
act  on  the  system  under  actual  conditions  of  operations. 

The  above  mentioned  and  other  criteria  of  stability  do  not  give  an  answer  to 
such  questions.  However,  in  mechanics  there  are  known  certain  general  principles 
of  stabilization  of  systems  which  make  it  possible  during  designing  to  correctly 
approach  the  discovery  of  the  fundamental  possibility  of  stabilization  of  the  object 
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and  to  outline  in  broad  terms  the  scheme  of  the  stabilizer.  These  principles  were 
developed  in  the  classical  works  of  Thomson  and  Tait  [205],  Further  development  of 
these  ideas  is  contained  in  a  number  of  works,  from  which  it  is  necessary  first  of 
all  to  mention  works  of  recent  years,  in  particular  those  of  D.  R.  Merkin  [90]  and 
I.  I,  Metelltsyna  [95]. 

In  them,  besides  other  questions,  there  is  considered  the  application  of  methods 
of  Thomson  and  Tait  to  nonconservative  systems,  with  which  it  is  necessary  to  deal 
in  the  appendices.  Certain  questions  of  gyroscopic  stabilization  are  considered 
by  N.  V.  Rose  [124],  Basic  principles  of  gyroscopic  stabilization,  along  with  general 
theory  of  stability  of  motion,  are  presented  in  the  monograph  of  N.  G.  Chetayev  [170]. 

Using  these  works,  we  will  give  certain  basic  principles  of  gyroscopic  stabiliza¬ 
tion.  To  those  interested  in  this  question  more  specifically,  including  the 
corresponding  mathematical  bases,  we  refer  the  mentioned  literature. 

Let  us  recall  certain  necessary  definitions.  In  the  differential  equations  of 
motion  of  different  GD  which  were  considered  in  the  preceding  chapters,  there  were 
contained  gyroscopic  torques  (gyroscopic  reaction  torques).  Such  terms  of  equations 
were  called  gyroscopic.  According  to  the  definition  of  Thomson  and  Tait  [205], 
force  are  called  gyroscopic,  if  the  sum  of  their  works  on  any  real  infinitesimal 
displacement  of  the  system  is  equal  to  zero.  Here  by  gyroscopic  force  we  understand 
gyroscopic  torque  [see  (1.5.53)].  Actually,  "force"  is  gyroscopic,  since 
[90]  its  elementary  work  on  infinitesimal  displacement  codt 


Afr  «•<//  =  vdt 


(10.2.1) 


it  identically  equal  to  zero  if  we  consider  the  known  property  of  the  vector-scalar 
product  containing  two  equal  vectors  u>. 

Gyroscopic  forces  can  be  [90]  real  forces  applied  to  the  system,  as  well  as 
simply  certain  terms  of  the  equations  of  motion;  therefore  the  term  gyroscopic 
"force"  Is  arbitrary. 

In  examining  of  gyroscopic  stabilizers  we  will  frequently  meet  with  categories 
of  forces  which  we  call  dissipative.  Among  such  forces  are  included  force  of  fluid 
drag,  which  act  on  points  of  the  system  in  the  direction  opposite  their  velocity, 
and  are  proportional  to  the  size  of  the  latter.  As  it  is  known  (see,  for  instance, 
[85] ),  generalized  drag  is  called  dissipative  if  it  satisfies  the  relationship 


(10.2.2) 
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where  q^^  -  generalized  velocity  of  system* 

<l>  -  a  certain  positive  guadratic  fora  of  velocities  q^. 

Function  <t>  is  called  dissipative  function  or  Rayleigh  dissipative  function 
[155].  If  function  $  contains  the  derivatives  of  all  velocities  q^,  then  dissipation 
is  called  total;  in  the  opposite  case  it  is  called  partial  [170], 

Subsequently  it  will  be  necessary  for  us  to  meet  also  with  the  idea  of  potential, 
conservative  and  nonconservative  forces.  We  assume  that  force  F  acting  on  a  material 
particle  is  such  that  its  projections  on  coordinate  axes  can  be  represented  as  partial 
derivatives  with  respect  to  the  corresponding  coordinates  of  a  certain  function  of 
the  coordinates  U  (x  y  z),  which  is  called  in  this  case  the  force  function,  i.e., 

,  (10.2.3) 

9m  9y  it 

Instead  of  force  function  U,  sometimes  we  consider  potential  energy  n,  connected 
with  force  function  by  the  dependence 


n — t/. 


(10.2.4) 


Then  (10.2.3)  can  be  rewritten  in  the  form 


F. 


(10.2.5) 


Thus,  if  projections  of  acting  force  T  satisfy  relationships  (10.2.5),  then 
the  field  is  called  a  potential  field;  quantity  n(x,  y,  z)  is  called  potential  energy 
of  field;  and  force  T  Is  called  potential,  or  conservative.  All  other  forces  are 
called  nonconservative . 

If  on  the  system  there  act  only  potential  forces,  then  the  law  of  conservation 
of  total  mechanical  energy  of  system  is  valid.  Among  conservative  forces  it  is 
possible,  for  instance,  to  include  gravity,  force  of  elasticity,  and  so  forth. 
Nonconservative  forces  are,  for  'instance,  forces  of  drag.  In  accordance  with  what 
was  said,  mechanical  systems  are  subdivided  into  conservative  and  nonconservative. 

During  the  analysis  of  gyroscopic  stabilizers  there  are  considered  also  forces 
of  radial  correction.  With  such  "forces,"  which  are  corrective  torques  with  propor¬ 
tional  characteristic,  we  met  during  the  study  of  motion  of  a  gyrovertical,  in  which 
there  is  used  a  three-degree-of-freedom  astatic  gyroscope  with  proportional  correction 
(§  6.3,  Par.  2b),  This  correction  was  called  radial,  since  in  the  presence 
of  it  the  axis  of  gyroscope  returns  to  initial  position  in  the  shortest  direction 
(trajectories  of  vertex  of  gyroscope  are  a  family  of  straight  lines,  passing  through 
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origin  of  coordinates;  Pig.  6.5). 

In  theorems,  pertaining  to  gyroscopic  stabilization,  sometimes  there  is  used 
the  term  degree  of  stability,  where  in  it  there  is  a  different  content  than  in  the 
same  concept  which  we  used  in  §  7 .3*  Par.  3e.  In  order  to  explain  the  meaning 
of  this  term,  we  will  assume  that  certain  conservative  system  (in  the  absence  of 
gyroscopic  and  dissipative  forces)  is  described  in  normal  coordinates  by  equations 
of  form 


qt  4- ctqt  =  0  (/=>!.  2 . n).  (10.2.6) 

each  of  which  contains  only  one  coordinate. 

If  any  number  c^  >  0,  then  motion  along  the  corresponding  coordinate}  will  be 
stable;  if  c^  <  0,  then  motion  along  this  coordinate  is  unstable.  Therefore,  numbers 
c^  are  called  (see,  for  instance,  [90])  stability  factors  of  the  system,  and  the 
number  of  negative  c^  is  called  degree  of  instability.  Subsequently  not  the  number 
of  unstable  coordinates,  but  its  evenness  will  be  significant.  Let  us  designate 
the  determinant  consisting  of  coefficients  c^  by  C  *  [c^];  then  is  possible  to 
formulate  the  following  rule  [90];  if  determinant  C  >  0,  then  number  of  negative 
stability  factors  is  even;  if  C  <  0,  then  number  of  negative  stability  factors  is 
odd. 

Let  us  give  certain  theorems  pertaining  to  gyroscopic  stabilization. 

In  the  beginning  we  will  consider  several  theorems  of  Thomson  and  Tait  [205, 
170],  which  reveal  the  influence  of  dissipative  forces  (formulations  of  theorems 
are  taken  from  different  works,  to  which  there  are  given  references): 

1)  dissipative  forces  do  not  disturb  stability; 

2)  if  equilibrium  is  stable  during  the  presence  of  potential  forces,  then  it 
becomes  asymptotically  stable  with  the  addition  of  dissipative  forces  with  total 
dissipation; 

5)  equilibrium  isolated  and  unstable  in  the  presence  of  potential  forces  cannot 
be  stabilized  by  dissipative  forces. 

One  of  the  remarkable  theorems  of  Thomson  and  Tait  pertains  to  the  possibility 
of  stabilization  of  the  position  of  equilibrium  of  a  system  by  gyroscopic  forces. 

This  theorem  states  [205,  90]i  if  instability  of  isolated  position  of  equilibrium 
of  conservative  system  has  odd  degree,  then  stabilization  of  equilibrium  by  gyro¬ 
scopic  forces  is  impossible. 

Sometimes  this  theorem  is  formulated  in  the  following  way  [29] »  gyroscopic 
stabilization  is  possible  only  for  systems  with  even  number  of  unstable  degrees  of 
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freedom. 

This  and  other  theorems  were  obtained  by  Thomson  and  Tait  from  analysis  of 
first  approximation  of  perturbation  equations  [170]#  The  given  theorem  has  important 
practical  applications,  which  will  be  discussed  further  in  examining  of  concrete 
gyroscopic  stabilizers. 

Question  about  stability  of  system  under  action  of  only  gyroscopic  forces  was 
investigated  by  D,  R.  Merkin  [9°].  He  proved  the  following  theorems  in  order  that 
position  of  equilibrium  of  a  system  on  which  there  act  only  gyroscopic  forces  be 
stable,  it  is  necessary  and  sufficient  that  determinant  composed  of  gyroscopic 
coefficients  not  be  equal  to  zero. 

In  order  to  explain  what  gyroscopic  coefficients  are,  we  will  write  expression 
of  gyroscopic  torques  contained  in  differential  equations  of  motion  of  gyroscope 
in  the  form  [90]  Hgj^q^j  here  H  is  angular  momentum  of  gyroscope,  is  generalized 
(controlling)  angular  velocity  of  axis  of  gyroscope,  g^  is  gyroscopic  coefficient. 
Thus,  for  instance,  for  equations  (1.6.1)  gyroscopic  coefficients  will  be  cos  3. 

From  the  above  theorem  it  follows  that  if  on  system  there  act  only  gyroscopic 
forces  and  it  has  odd  number  of  controlling  coordinates,  then  any  position  of  the 
system  is  always  unstable. 

As  an  example  in  which  there  can  take  place  such  motion,  it  is  possible  to  give 
the  two  degree-of-freedom  astatic  gyroscope  which  is  applied  in  the  gyrotachometer 
(Chapter  8),  if  in  it  there  are  disconnected  spring  and  damper. 

It  is  necessary  to  note  that  the  last  theorem  has  important  value  during  re¬ 
solution  of  question  about  the  possibility  of  application,  during  investigation  of 
motions  of  a  gyroscope,  of  the  so-called  simplified  (shortened)  equations  of  its 
motion  (§  1.6,  Par.  8). 

D.  R.  Merkin  [90]  proved  also  the  following  theorem  of  possiDility  of  gyroscopic 
stabilization  of  unstable  equilibrium  of  a  conservative  system:  if  to  an  unstable 
conservative  system  there  are  applied  gyroscopic  forces  satisfying  the  following 
conditions:  1)  the  determinant  composed  of  gyroscopic  coefficients  is  not  equal  to 
zero;  2)  simplified  system  is  stable;  3)  of  the  frequencies  of  the  simplified  system 
there  are  none  which  are  equal,  then  for  sufficiently  large  H  unstable  equilibrium 
of  conservative  system-will  be  stabilized  by  gyroscopic  forces. 

In  real  systems,  besides  gyroscopic  forces  there  will  act  other  dissipative 
forces.  In  connection  with  this  we  will  give  corresponding  theorems  of  Thomson 
and  Tait  [203,  90,  170]  about  stability  of  systems  during  action  on  them  of  gyro¬ 
scopic  and  dissipative  forces. 
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1.  If  motion  of  conservative  system  near  position  of  equilibrium  is  stable, 
then  upon  addition  of  arbitrary  gyroscopic  and  dissipative  forces  (the  latter  are 
not  necessarily  of  total  dissipation)  stability  of  equilibrium  is  conserved. 

2.  If  equilibrium  is  stable  for  some  potential  forces,  then  it  becomes 
asymptotically  stable  with  addition  of  arbitrary  gyroscopic  forces  and  dissipative 
forces  with  total  dissipation. 

5.  Equilibrium  which  is  unstable  under  action  of  conservative  forces  remains 
unstable  after  addition  of  any  gyroscopic  forces  and  dissipative  forces  if  the  latter 
possess  total  dissipation. 

From  the  last  theorem  it  follows  [90]  that  if  conservative  system  is  unstable 
without  gyroscopic  forces,  then  in  the  presence  of  dissipative  forces  with  total 
dissipation  it  is  not  possible  to  stabilize  it  by  any  gyroscopic  forces.  If  total 
dissipation  does  not  occur,  then  in  certain  cases  such  stabilization  can  be  carried 
out . 

The  mentioned  fact  is  formulated  by  the  following  theorem  [170], 

4.  Under  certain  conditions,  equilibrium  which  is  unstable  under  action  only 
of  potential  forces  can  be  fixed  or  stabilized  by  addition  of  suitable  gyroscopic 
forces,  if  degree;  of  instability  is  not  odd  and  there  are  not  added  dissipative 
forces  possessing  total  dissipation. 

The  question  of  the  possibility  of  gyroscopic  stabilization  in  the  presence  of 
dissipative  forces  (damping)  is  also  dealt  with  by  the  following  theorem  [205,  29]. 

5.  If  in  the  system  there  is  no  damping,  then  stabilization  of  even  number 

of  degrees  of  freedom  always  can  be  attained  with  the  help  of  sufficiently  powerful 
gyroscope;  on  the  contrary,  if  in  the  system  there  are  degrees  of  freedom  with 
damping,  then  for  possibility  of  gyroscopic  stabilization  the  system  should  have 
also  artificially  disturbed  degrees  of  freedom. 

Thus,  if  of  two  degrees  of  freedom  one  experiences  damping,  then  for  possibility 
of  gyroscopic  stabilization  the  second  degree  of  freedom  should  receive  artificial 
perturbation.  This  theorem  found  practical  application  during  realization  of 
gyroscopic  stabilization  of  railroad  car  of  monorail  railroad  [50].* 

As  was  shown  in  Theorem  of  Par.  5,  unstable  conservative  system  in  the  presence 
of  dissipative  forces  with  total  dissipation  is  impossible  to  stabilize  any 
gyroscopic  forces.  Under  actual  conditions  there  always  exist  small  dissipative 


*See  also:  Ye,  L,  Nikolai.  Theoretical  mechanics,  Part  III,  State  United 
Scientific  and  Technical  Press  NKTP  USSR,  1959. 


forces  with  total  dissipation,  as  a  consequence  of  which  gyroscopic  stabilization 
of  unstable  equilibrium  of  conservative  system  will  be  disturbed.  Therefore,  stabil¬ 
ity  existing  with  only  potential  forces,  Thomson  and  Tait  [203]  proposed  to  call 
secular,  and  stability  obtained  from  gyroscopic  stabilization  —  temporary. 

To  questions  of  gyrosxopic  stabilization  of  nonconservative  systems  there  are 
dedicated  works  of  D.  R.  Merkin  [90],  I.  I.  Metelitsyn  [95],  and  others.  Not  having 
the  possibility  to  present  theorems  obtained  in  them,  we  will  be  limited  only  to 
certain  remarks.  In  these  works,  besides  conservative,  gyroscopic  and  dissipative 
forces,  there  are  considered  accelerating  forces  [90],  the  character  of  action  of 
which  is  opposite  to  dissipative  forces,  and  forces  of  radial  correction.  Thus, 
in  them  there  are  considered  systems  of  more  complicated  structure,  and  different 
forces  acting  under  real  conditions. 

If  the  system  satisfies  the  earlier  enumerated  conditions  [1)  the  determinant, 
composed  of  gyroscopic  coefficients  is  not  equal  to  zero;  2)  simplified  system  is 
stable;  3)  of  the  frequencies  of  the  simplified  syetem  there  are  none  which  are 
equal],  then  for  sufficiently  large  H  frequencies  of  the  system  are  divided;  half 
of  them  become  very  small  (on  the  order  of  H~  ),  and  the  second  half  become  very 
large  (on  the  order  of  H).  The  first  group  of  frequencies  approximately  coincides 
with  frequencies  of  simplified  system  to  which  there  correspond  slow  precessional 
oscillations,  but  the  second  group  of  frequencies  to  which  there  correspond  fast 
nutational  oscillations,  coincides  approximately  with  frequencies  of  the  system, 
as  if  it  moved  under  action  of  only  gyroscopic  forces  (for  system  with  gyroscopes 
-  as  if  it  moved  by  inertia)  [90],  Let  us  note  that  each  group  of  frequencies  is 
calculated  independently  of  the  other. 

Thus  if  condition  of  stability  is  satisfied  and  gyroscopic  forces  are  dominating, 
then  to  oscillations  with  higher  frequencies  there  corresponds  more  intense  damping 
than  to  oscillations  with  low  frequencies. 

With  such  a  phenomenon  we  meet,  for  instance,  in  the  gyroscopic  damper  of 
rolling  of  a  ship  (§  10.3,  par..  2c)  and  in  a  gyropendulum  (§  11.4,  Par.  3c). 

The  given  theorem  makes  it  possible  in  applications  to  be  limited  by  study  of 
slow  precessional  motions  of  a  gyroscope  due  to  the  comparatively  fast  damping  of 
its  nutational  oscillations. 

Let  us  give  one  more  theorem  important  for  gyroscopic  stabilization  [90]. 

If  force  function  of  perturbed  motion  of  conservative  system  has  an  isolated 
minimum  (all  stability  factors  are  negative),  thenj 

a)  for  odd  number  of  controlling  coordinates  and  any  nonlinear  terms,  the  system 
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cannot  be  stabilized  by  any  gyroscopic,  radial-corrective,  accelerating  or  dissipative 
forces; 

b)  for  even  number  of  controlling  coordinates  and  under  the  condition  that  on 
the  system  there  act  forces  of  total  dissipation,  for  stabilization  it  is  necessary 
to  simultaneously  add  gyroscopic  and  radial-corrective  forces  (independently  of  non¬ 
linear  terms). 

In  the  example  with  the  railroad  car  of  the  monorail  railroad,  unstable  conser¬ 
vative  system  having  in  position  of  equilibrium  minimum  of  force  function  is  stabi¬ 
lized  by  addition  of  gyroscopic,  dissipative  and  accelerating  forces  without  forces 
of  radial  correction. 

With  theorems  pertaining  to  the  possibility  of  obtaining  asymptotic  stability 
of  nonconservative  systems,  it  is  possible  to  become  acquainted  in  work  [90]. 

Above  there  were  given  certain  theorems  characterizing  general  principles  of 
gyroscopic  stabilization.  Proofs  of  these  theorems  are  contained  in  the  above- 
indicated  literature. 


§  10.3.  Direct  Gyroscopic  Stabilizers 
1,  Preliminary  Remarks 

From  all  types  of  direct  gyroscopic  stabilizers  we  will  consider  only  gyroscopic 
dampers  of  rolling  of  a  ship,  which  can  serve  as  an  example  of  use  of  gyroscope 
as  a  direct  stabilizer  and  which  have  received  the  greatest  practical  application. 

We  will  analyze  fundamental  designs  of  gyroscopic  dampers,  principles  of  their  action, 
basic  relationships  and  their  behavior  in  dynamics. 

Gyroscopic  dampers,  like  other  types  of  dampers  of  rolling  of  a  ship,  in 
principle  of  operation  can  be  passive  or  active.  As  it  is  known  [5],*  passive  dampers 
are  set  in  action  due  to  energy  created  by  the  rocking  of  the  ship,  and  do  not  require 
additional  expenditure  of  power.  Work  of  active  dampers  is  carried  out  from  a 
separate  source  of  power  in  the  form  of  a  special  mechanism;  it  is  connected  with 
a  certain  expenditure  of  power  and  is  usually  controlled  by  an  automatic  control 
device.  Dampers  of  rolling  of  active  type,  especially  if  we  consider  gyroscopic 
stabilizers,  have  a  series  of  essential  advantages  over  gyroscopic  dampers  of  passive 
type.  Nevertheless,  we  in  the  beginning  will  consider  the  devices  of  passive  type  in 
order  to  reveal  their  fundamental  deficiencies  and  to  compare  them  with  dampers  of 
active  type. 


*See  Also:  A,  N.  Shmyrev,  V.  A.  Morenshll 1 dt,  S.  G,  Il'lna.  Roll  dampers  of 
vessels.  Sudpromgiz,  1961. 
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Creator  of  gyroscopic  roll  damper  of  active  type  is  usually  considered  to  be 
E.  Sperry,  who  proposed  such  a  gyroscopic  stabilizer  in  1911.  In  reality,  priority 
in  the  matter  of  development  of  the  design  and  theory  of  the  gyroscopic  roll  damper 
belongs  to  A.  N.  Krylov,  In  connection  with  this,  A.  N.  Krylov  himself  wrote  [63]: 
"In  1909  there  appeared  the  question  about  installation  of  a  gyroscopic  damper  on 
the  yacht  "Strela,"  Then  I  developed  the  detailed  theory*  of  this  instrument  and 
designs  of  it  , , .  If  the  Naval  ministry  had  appropriated  50,000  rubles  for  installa¬ 
tion  and  test  of  the  gyroscope-damper  on  the  yacht  "strela,"  we  would  be  in  this 
matter  ahead  of  Sperry." 

2.  Oyroscopic  Passive-Type  Roll  Damper  of  Ship 
a)  Fundamental  Design. 

From  the  preceding  paragraph  it  follows  that  the  gyroscope  can  serve  for  energy 
dissipation  of  a  system  which  oscillates  near  position  of  stable  equilibrium,  and 
damping  in  such  a  way  its  oscillations.  This  property  is  used  in  a  gyroscopic  roll 
damper  of  a  ship,  in  which  the  gyroscope  is  applied  for  damping  and  subsequent 
dissipation  °of  kinetic  energy  of  oscillatory  motion  of  the  ship  due  to  motion  of 
the  sea.  Actually,  gyroscopic  torque  appearing  due  to  rolling  of  the  ship  (Jointly 
with  stabilizer)  causes  oscillations  of  gyroscope  together  with  its  frame  with  re¬ 
spect  to  the  ship.  Consequently,  energy  of  waves  rocking  the  ship  will  be  con¬ 
verted  by  the  damper  into  energy  of  oscillations  of  the  frame  of  the  gyroscope.  If 
these  oscillations  are  artificially  braked,  then  there  partially  is  dissipated  energy 
of  oscillatory  motion  of  the  ship  which  leads  to  constant  damping  of  its  oscillations, 
i.e.,  to  calming  of  rolling. 

Gyroscopic  roll  damper  of  passive  type  of  a  ship  was  proposed  by  0.  Schlick  [197] 
and  subsequently  was  installed  on  several  ships  [63],  The  fundamental  diagram  of 
the  stabilizer  Is  presented  in  Fig,  10,1,  Its  basic  element  is  a  rate  gyroscope 
whose  rotor  is  fixed  in  frame  F,  suspended  in  support sj  the  latter  are  placed  in 
stands  S  rigidly  Joined  with  the  ship.  Axis  of  rotation  of  frame  is  parallel  to 
transverse  axis  of  ship.  In  the  lower  part  of  the  frame  there  1b  factened  a  load 
Lo,  due  to  which  the  frame  obtains  pendulum  properties.  For  damping  of  oscillations 
of  the  frame  relative  to  body  of  ship  there  serves  a  brake  B,  made  in  the  form  of  a 
band  brake  or  hydraulic  damper. 

For  obtaining  from  the  stabilizer  of  maximum  effect,  the  axis  of  the  gyroscope 


♦With  theory  of  gyroscopic  roll  damper  of  active  type  it  is  possible  to  become 
acquainted  in  the  book  of  A.  N.  Krylov  [65]. 
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in  position  of  equilibrium  should  be  perpendicular  to  vector  of  angular  velocity  of 

rolling,  i.e,,  to  longitudinal  axis 
of  the  ship.  Therefore,  axis  of  gyro¬ 
scope  can  be  located  vertically  (Fig. 
10.1)  or  horizontally,  parallel  to 
the  transverse  axis  of  the  ship.  0. 
Schlick  took  the  vertical  location  of 
axis  of  the  gyroscope,  for  which  for 
obtaining  of  restoring  force  of  the 
frame  there  can  be  used  the  weight  of 
load  Lo.  With  such  location  of  the 

PIS.  10.1.  Fundamental  diagram  of  gyro-  the  gyro,cope  ls  not  influanc.d 

scoplo  paaalve-type  roll  damper.  by  yawlng  of  8hlp,  and  pl..chlng  iB 

influenced  only  due  to  work  of  brakj. 

Brake  absorbs  that  energy  which  supports  the  rocking  of  the  ship  and  appears 

as  a  result  of  action  of  waves  on  the  shipi  furthermore,  the  brake  limits  swings 

of  the  frame.  Indeed  [110]  in  the  absence  of  the  brake  oscillations  of  frame  and 

ship  occur  with  phase  shift  of  90°;  between  ship  and  gyroscope  there  is  accomplished 

continuous  exchange  of  energy  without  change  of  total  sum  of  thiB  energy,  and  damping 

of  oscillations  is  not  observed.  With  brake  turned  on,  phase  shift  decreases,  and 

in  parallel  with  the  exchange  there  occurs  energy  dissipation  between  gyroscope  and 

ship,  for  Instance  in  the  case  of  a  hydraulic  damper  —  in  the  form  of  kinetic  and 

thermal  energy  of  the  liquid  used  in  braking. 

Principle  of  action  of  the  considered  damper  in  broad  terms  consists  of  the 

following.  During  rolling  of  ship  about  its  longitudinal  axis  Ox  (Fig.  10.1)  with 

angular  velocity  9,  there  appears  a  gyroscopic  torque  approximately  equal  to  - 
•  • 

=  H6  and  directed  along  the  axis  Oy  of  rotation  of  the  frame.  Since  velocity  8 

© 

has  an  oscillatory  character,  then  gyroscopic  torque  M^,  which  causes  oscillatory 

motion  of  the  frame  around  axis  Oy  ,  will  have  the  same  character.  Let  us  designate 

angular  velocity  of  rotation  of  frame  around  axis  Oy  by  During  this  motion  of 

& 

the  frame  with  the  gyroscope  there  appears  also  a  gyroscopic  torque  which  is 
approximately  equal  to  Mg  ■  Ms  ■  Hp  and  directed  along  the  axis  Ox;  this  torque  is 
transmitted  through  bearings  of  the  body  of  the  ship;  we  will  call  it  subsequently 
stabilizing  torque.  Actually,  for  the  direction  of  angular  velocity  9  of  rolling 
shown  in  Fig.  10.1,  the  ship  rolls  to  the  starboard,  i.e.,  rolling  torque  caused 
by  action  of  waves  is  directed  in  positive  direction  of  axis  Ox.  The  stabilizing 
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torque  Oy^  appearing  during  oscillatory  of  the  frame  around  Mg  is  directed  in  negative 
direction  of  axis  Ox,  i.e,,  opposite  to  the  rolling  torque;  this  leads  to  damping 
of  roll  of  the  ship.  With  more  detailed  account  of  principle  of  action  of  gyroscopic 
passive-type  roll  damper  it  is  possible  to  become  acquainted  in  special  literature 
(for  instance,  [110,  26]). 
b)  Dynamic  Characteristics, 

Equations  of  motion.  We  will  form  differential  equations  of  motion  of  considered 
dynamic  "ship  +  damper"  system.  Being  limited  to  linearized  equations  usually 
applied  during  investigation  of  gyroscopic  roll  dampers,  we  use  for  their  composition 
the  method  Kudrevich  (§  1.6,  par.  2).  For  this  we  will  construct  an  auxiliary 
drawing  (Fig.  10.2),  on  which  there  are  drawn  the  same  coordinate  axes  in  Fig.  10,1. 

Let  us  introduce  the  following  designa¬ 
te 

tions:  Jx  —  moment  of  inertia  of  mass 
f  ,  of  ship  relative  to  its  longitudinal 

A  I»  axis  Ox;  9  —  angle  of  roll  of  ship. 


y r  fi-fi  »•* 


'Dhtt-aL) 


Fig.  10.2.  For  deviation  of  equations  of 
motion  of  ship  with  roll  damper. 


taken  as  positive  during  roll  of  the 
latter  to  the  starboard;  a  —  effective 
angle  of  slope  of  wave;  b1  -  drag 
coefficient  of  water  pertaining  to 
oscillations  of  the  ship;  D  —  weight 
of  ship;  h  -  metacentric  height;  J_ 

—  moment  of  inertia  of  gyroscope 
together  with  frame  with  relative  to 


axis  Oy  of  its  rotation;  0  -  angle  of  rotation  of  frame  around  axis  Oy  ,  taken  as 
6  & 

positive  for  slope  of  axis  Oz  of  gyroscope  is  diametrical  plane  of  ship  toward  the 

o 

nose;  H  —  angular  momentum  of  gyroscope  I  Plo-  weight  of  load  fastened  to  lower  part 
of  frame  (Fig.  10.1 );  l  -  distance  from  center  of  gravity  load  to  point  0  of  sus¬ 
pension  of  gyroscope;  -  braking  torque  of  frame  during  its  rotation  around  axis 

Oy  caused  by  action  of  brake  and  friction  in  axis  of  rotation  of  frame, 
g 

Along  longitudinal  axis  of  ship  Ox  (Fig.  10,2)  there  are  located  vectors  of 

M  • 

torques:  Jx9  —  moment  of  forces  of  inertia  of  ship;  b^S  —  moment  of  drag  forces  of 
water  pertaining  to  oscillations  of  the  ship;  Dh  sin  (9  —  a)  *  (Eh  (9  —  a)  —  moment 
of  forces  of  weight  of  ship  (DhS  -  restoring  torque  or  moment  of  stability;  Dha  - 
moment  of  perturbing  action  of  waves,  or  rolling  moment);  H0  —  gyroscopic  torque. 
Relative  to  an  axis  Cty-  of  rotation  of  frame  there  act:  J  0  -  moment  of  forces 

g  o  •  e 

of  inertia  of  frame  with  gyroscope;  ?1  l  sin  0  *»  P lQl0  -  static  moment  of  load 
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fastened  to  frame}  ^  —  braking  torque j  H0  —  gyroscopic  torque. 

In  accordance  with  D’Alembert^s  principle,  sums  of  these  torques  with  respect 
to  axes  Ox  and  Oy  respectively  have  to  be  equal  to  zero;  therefore,  using  Fig.  10.2, 

o 

we  find  differential  equation  of  rolling  of  ship  about  axis  Ox 


and  differential  equation  of  oscillations  of  frame  together  with  gyroscope  about 

axis  0y_ 

g 

ji  + V?-A«,-tfO=0,  (10.3.2) 


i.e.,  the  system  of  equations  characterizing  oscillations  of  ship  (supplied  with  a 
gyroscopic  damper)  and  frame  of  damper. 


Jt.  ,»+/y?-A*T-/rt=o 


(10.5.3) 


From  these  equations  it  follows  that  action  of  gyroscope  on  ship  appears  in 
the  form  of  gyroscopic  torque  HP  directed  along  longitudinal  axis  of  ship  and  con¬ 
stituting  stabilizing  torque  M  - 

s 

Braking  torque  can  have  different  expressions  depending  upon  design  of  brake. 
Subsequently  we  will  consider,  as  this  occurs  in  roll  damperB  of  passive  type,  that 
braking  forces  act  according  to  a  definite  law  independently  of  the  character  of 
waves,  and  that  their  torque  is  determined  by  the  expression 


M, — 


(10.3.4) 


where  b2  —  braking  force  coefficient  of  oscillations  of  frame  around  axis  Oy 
Placing  (10,3.4)  in  (10,3.3),  we  will  obtain 


6* 


j,i  +  3,0  T  DM  +  Hi  Dtu  (/) 


Transfer  Functions.  For  investigation  of  behavior  of  ship  (supplied  with  damper) 
in  transient  response,  and  also  for  determination  of  forced  oscillations  of  ship 
and  frame  with  gyroscope  on  sea  swells,  it  is  necessary  to  know  their  transfer 
functions  with  respect  to  disturbance  of  waves  a(t),  which  subsequently  we  will 
designate  by  f(t).  Let  us  divide  first  equation  of  system  (10.3.5)  by  Jx,  and  the 
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1.  * .. 


ft.  *i  <  a -aw 


second  equation  by  J 
the  form 


g.e 


Then,  replacing  a(t)  by  f(t),  we  will  rewrite  (10. 3.5)  in 


«  +  f  i+^a+f 

•I  ^1  <1  *| 

*r.  •  •  V.  • 


(10.3.6) 


I 

k 


Let  us  designate 


H 


We 


-.^iaform  ratio 


in  tne  ioxxowing  way: 


(10.3.7) 


(10.3.8) 


C. 


_v_ 

t/wy,  * 


Analogously  for 


we  have 


(10.3.9) 


(10.3.10) 


where 


C. 


K 

fKVyr 


(10.3.11) 


Considering  designations  of  (10. 3. 7),  (10.3.8)  and  (10.3.10),  we  will  rewrite 
equation  (10.3.6)  in  the  form 


•  +  2t,ii,4  +  "!s+*;?”»!/(o 
P  +  Ky,?  +  <#-*;♦= o 


(10.3.12) 


From  equations  (10.3.12)  it  follows  that  n^  constitutes  frequency  of  natural 
sustained  oscillations  of  ship  with  damper  turned  off,  i.e.,  with  non- rotating  rotor 
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I 


W 


§ 

V 


-i»*  ji  <W~ 


(H  -  o,  k*  „  0): 


'-/?' 


(10.3.15) 


Then  for  period  of  the  indicated  oscillations  of  the  ship  we  have 


r.-i-2.i/  jL, 

*•  V  Oh 


(10.3,14 ) 


Analogousy  n2  is  frequency  of  natural  sustained  oscillations  of  frame  with 

I  # 

gyroscope  with  non- rotating  rotor  (H  -  0;  k2  =  0) 


*-/S- 


(10.3.15) 


Then  for  period  of  indicated  oscillations  of  frame  we  have 


(10.3.16) 


Quantities  ^  and  C2  are  relative  attenuation  factors  of  oscillations  of  ship 
and  frame  of  damper  (where  £2  constitutes  braking  coefficient). 

Let  us  write  equations  (10. 3. 12)  in  different  form;  for  this  we  introduce, 
by  analogy  with  (4.3.23),  time  constant  T^  of  ship  and  time  constant  T2  damper: 

t__L.  T  ~  —  (10.3.17) 

1  «»  ’ 

2 

Let  us  divide  first  equation  of  system  (10.3.12)  by  n^,  and  second  equation 

p 

by  n2  and  designate 


(10.3.18) 


Then,  considering  (10,3.17)  and  (10. 3.18),  in  place  of  (10. 3. 12)  we  obtain 

Tjii  +  r.,r,< +  «+*,?=/(/) )  (10. 

7$  +  V.tTj  +  3-^  =  0 


♦Quantity  can  also  be  treated  as  frequency  of  natural  sustained  oscillations  of 
frame  with  rotor  rotating  (H  f-  0),  but  for  0  =  0. 
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Let  us  rewrite  equations  (10,5.19)  in  operator  form  (p  -  4r)» 

Ut 

(ry + + 1) « + v?  =  m 

-Vs  +  (*V  +  *•?*  +  «)?  =  ° 


(10.5.20) 


For  elimination  of  variables  6  and  6  we  will  find  principal  determinant  A  of 
system  (10,5.20)  and  determinants  A q  and  A^,  obtained  from  A  by  means  of  replacement 
of  corresponding  columns  by  the  column  of  right  sides  of  equation  (10. 5. 20).  We  have 


4  _  Ty  +  K,T  |P  +  1  *,p 

-*/  ry  +  Tj-f  + 1 

-  (»>’ + K,  V  +  I)  (ry  +  2-./J,  +  1) + *,*/; 


A, 


/« 

0  iy  +  n//  + 1 

-(*y+*Vi^+l)/W: 


(10.5.21) 


(10.5.22) 


A 


I 


TV  +  *,7>  +  I 

—  ktP 


(10.5.25) 


Since  A»6  =*  A0,  A*p  =  Ap,  then  we  obtain  following  differential  equations  for 
9  and  6  in  operator  form: 


[(r;P*  +  2;,7>+  i)(7y  +  r,7>+  i)  +  *,*)p’|o  = 
-  (7>’  +  rjp  +  !)/(/) 

[(»V + r.,r,p  +  1)  (r>*  +  2-.,t>  + 1)  + 


(10.5.24) 


Applying  to  (10.5,24)  Laplace  transform,  we  find  expressions  for  transfer  func¬ 
tions 


<*Y/W“=<MS) 


*>./«-**<*) 


IM»? 

/(*) 


(10.5.25) 


in  the  form 


‘Ms)’ 


*2*  T  1 

(r?*2*  +  i)  (t]S  +  2;i7y  n  ij  * 


(10.5.26) 


*.(,)- - il! - .  (10.3.27) 

(tW + «,»•.  *  + ')  (>1*2  +  *v*  +  •)  +  *.  *»*’ 

Above  there  were  obtained  differential  equations  of  motion  of  ship  supplied  with 
gyroscopic  roll  damper  of  passive  type.  Let  us  give  differential  equation  and  trans¬ 
fer  function  of  ship  without  damper.  In  this  case,  according  to  (10,5.19),  we  have 
equation  of  rolling  of  ship  in  the  form 

T'fi  +  2;,‘r|*  -r'W  (0.  (10.5.28) 

whence  for  transfer  function  f(s)  »  <J>^(s)  we  find  expression 


(10.5.29) 


which  can  be  obtained  from  general  formula  (10.5.26)  if  in  it  we  put  parameters  of 
damper  T2  -  0,  C2  ■  0,  ki  "  k2  "  °* 
c )  Transient  Responses, 

Determination  of  transient  responses  of  "ship  +  damper"  system  is  a  very  im¬ 
portant  problem  of  the  theory  of  a  roll  damper  and  in  calculation  of  itB  basic 
parameters.  Of  the  greatest  interest  is  analysis  of  stability  of  system  and  natural 
oscillations  of  ship  with  damper.  Let  us  dwell  briefly  on  these  questions. 

First  of  all  it  is  necessary  to  find  characteristic  equation  of  system.  It  is 
easy  to  obtain  (§  7,3,  par.  2),  if  we  know  expression  of  transfer  functions 
^(fi)  or  <I>2(s)j  moreover.  In  both  cases  this  equation  is  obtained  to  be  the  same. 

If  ^(s)  is  written,  for  instance,  in  the  fora  of  (7.5.2),  then,  by  analogy  with 
(7.5.5),  characteristic  equation  of  considered  system  will  be 

/VU0.)=O,  (10.5.50) 


l.e.,  for  finding  of  this  equation  it  is  necessary  to  replace  in  (10,5.26)  s  by  X 
and  to  equate  denominator  of  transfer  function  ♦1(s)  to  zero.  Then  we  will  write 
characteristic  equation  in  the  form 


W+')(r*,l’+W  + 1) 


After  simple  transformations  we  will  obtain 


(10.5.51) 


aJ*  +  aJ  *  +  +  «»>•  +  a0  *  0, 


(10.5.52) 


.di»  _ -■ — . 
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where 


fl#«  1 

°  2(,|7'|  +  C|7\) 

°i  ->rj  +  T\  ■+  *V'J  T\Ti  +  *iki  (10.3.55) 

o,-2r,ri(:lr,  +  'nr,) 

a  «=  7*7* 

“«  '  n 


According  to  the  Hurwltz  criterion.  In  case  of  characteristic  equation  of 
fourth  degree,  necessary  and  sufficient  conditions  of  stability  are  the  following: 


«4>0;  0,  >  0;  o,  >0;  0,>O;  0o>O; 

o,  0,  0 

A|“  0,  at  0,  =  0oo*>O.  (10.3.34 ) 

0  «,  0, 


In  accordance  with  (10. 3. 33),  positivity  of  coefficients  aQ  ...  is  fulfilled. 

Let  us  note  only  the  following.  If  equation  (10,3.32)  is  divided  by  a^,  then  last 

a0 

term  of  this  equation  will  be  — .  Taking  into  account  (10.3.33),  (IO.3.17)  and 

a  1  P 

(IO.3.7),  we  have  ~  «  —  -  -  n?n2  -  ■£-  .  -y10  ■  hi.  Product  hi  should  be  positive, 

al  a4  T2T2  12  Jx  Jg.e 

i.e.,  h  and  l  have  to  have  the  same  sign.  Consequently,  load  Lo  (Fig.  10.1)  must  be 

installed  lower  than  point  0  of  gyroscope  suspension;  this  condition  is  satisfied  in 

a0 

design  of  damper.  If  frame  is  made  to  be  balanced  (l  =  0),  then  —  =0  and,  according 

a4 

to  (IO.3.32),  one  root  of  characteristic  equation  will  be  zero;  in  other  words,  posi¬ 
tion  of  equilibrium  of  frame  is  arbitrary,  and  such  a  Btabilizer  will  damp  rocking  of 
ship  not  relative  to  its  straight  position  (0  «*  0),  but  relative  to  angle  of  its 
slope  at  the  moment  of  turning  on  the  stabilizer. 

According  to  second  condition  (10.3.34),  considering  (10. 3. 33),  we  have 


2lV.+V,)[(r!  +  T>+i’> 

-2r;r;(;,r,  +  y,)  ]  -  4  ( ;,r.  >  0. 


(10.3.35) 


Let  us  note  that  during  development  of  the  damper,  it  is  attempted  to  make 
natural  frequencies  n^  of  oscillations  of  ship  and  ng  of  oscillations  of  frame  with 
gyroscope  be  equal,  since  in  this  case  resonance  between  frequency  oi  waves  and 
frequency  of  rolling  of  ship  becomes  simultaneously  resonance  between  frequency  of 
waves  and  frequency  of  oscillations  of  frame  with  gyroscope.  This  promotes 
enhancement  of  the  effect  of  damping  of  rolling  [30].  This  is  all  the  more  expedient 
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"tr- 


r ttikp  s.  ■ 


,  fV'  *  li  1  » 


■fr 


for  conditions  of  irregular  roughness  of  sea,  when  predominant  frequency  of  rolling 
oscillations  of  ship  is  its  natural  frequency  n^.  Considering  (10,5,17),  for  n^  - 
=  n2,  time  constants  of  ship  and  Tg  of  roll  damper  are  also  equal: 

T»”r*“  T'  (10.5.36) 


Putting  (10.5,56)  in  (IO.5.55),  we  have  condition 

>  o, 


(10.3.37) 


which  is  always  satisfied,  since  £j_,  C2,  011(1  ^  are  P0B^^ve  v&lu00. 

It  is  easy  to  show  that  gyroscope  would  ‘begin  to  damp  natural  oscillations  of 
ship  even  in  the  case  when  resistance  of  water  to  oscillations  of  ship  is  absent, 
i.e.,  for  ^  =  0.  Actually,  from  (10. 5. 55)  it  is  clear  that  for  =  °  coefficients 
of  characteristic  equation  are  all  positive,  and  inequality  (10. 5. 57)  is  satisfied. 
Consequently,  gyroscope  will  damp  not  only  forced,  but  also  natural  oscillations 
of  ship. 

Analysis  of  transient  response  and  basic  characteristics  of  quality  of  the 
dynamic  "ship  +  damper"  system  can  be  carried  out  by  methods  known  from  theory  of 
automatic  control,  in  particular  with  help  of  the  frequency  method  of  analysis  of 
quality  applied  during  investigation  of  transient  response  of  active  OS  (§  7.5> 

Tar.  3),  which  is  based  on  use  of  real  frequency- response  curve  of  the  system. 

Let  us  note  certain  general  properties  of  natural  oscillations  of  ship  with 
damper.  We  use  results  of  analysis  of  these  oscillations  obtained  in  the  literature 
(see,  for  instance,  [50,  20,  146,  110]). 

Characteristic  equation  of  system  is  an  equation  of  fourth  degreej  UBing  known 
relationships*  between  roots  and  coefficients  of  characteristic  equation,  it  is 
possible  approximately  to  determine  roots,  and  consequently  to  find  law  of  free 
oscillations  of  system.  Such  a  problem  of  analysis  of  natural  oscillations  of  ship 
supplied  with  gyroscopic  roll  damper  of  passive  type  is  considered  in  a  concrete 


*If  X^,  X2,  Xj,  X^  are  roots  of  equation  of  fourth  degree 

ji  o 

x  +  ax-'  +  bx  +  cx  +  d  -  0, 

then  the  mentioned  relationships  are  expressed  by  equalities  [146] 

K  «“  —  (*»  +  *,  +  *•  4- X«) 

I  ”  "f"  T  -f-  *f*  )|)j 

t*=  —  (Mi1-*  4-  *r  t  Vj*«) 


numerical  example  [146],  where  it  is  shown  that  these  oscillations  have  an  attenuating 
character.  Presence  of  gyroscope  increases  period  of  natural  oscillations  of  ship 
and  causes  more  intense  decrease  of  amplitude  of  oscillations. 

This  same  problem  was  considered  by  B.  V,  Bulgakov  [20],  According  to  (10.3,7), 
we  designate  k'  —  l/  k’ k’  «=  —  If  k'  -  0,  which  can  take  place  only  at 

V'Vg..' 

H  =  0  (i.e,,  when  damper  does  not  work),  then  k^  =  k2  =  0  and  characteristic  equations 
corresponding  to  equations  (10,3.12)  or  (10. 3. 19)  break  up  into  two  quadratic 
equations,  which  characterize  independent  oscillations  of  ship  and  frame  with  gyro- 

i 

scope.  If  k  =  cd,  which  corresponds  to  a  gyroscope  with  very  large  angular  momentum 
H,  then  osc  nations  of  system  are  separated  into  slow  (precessional )  and  fast 
(nutational).  On  the  basis  of  investigation  of  this  case  it  is  shown  [20]  that  for 
obtaining  of  the  strongest  possible  damping  of  natural  oscillations  of  the  ship, 
it  is  advantageous  to  increase  braking  coefficient  C2  of  frame  of  damper,  whereas 
unlimited  increase  of  angular  momentum  H  of  gyroscope,  even  if  it  were  possible,  is 
not  at  all  useful.  Let  us  note  that  quantity  **  =  ——  —  for  sufficiently  large 

•  KVg.e 

H  is  close  to  frequency  of  fast  nutational  oscillations  of  gyroscopic  Bystem,  and 
Plol 

quantity  — is  frequency  of  its  slow  precessional  oscillations. 

Analysis  of  natural  oscillations  of  ship  supplied  with  gyroscopic  roll  damper 
of  passive  type,  under  the  assumption  that  it  is  possible  to  disregard  resistance 
of  water  to  oscillations  of  ship,  and  for  equality  of  frequencies  n^  and  n2,  given 
alsc  In  the  book  of  R.  Grammel  [30],  Under  these  assumptions  there  are  selected 
optimum  values  of  angular  momentum  of  gyroscope  and  braking  coefficient  of  oscil¬ 
lations  of  frame  of  damper  for  the  purpose  of  obtaining  of  aperiodic  damping  of 
natural  oscillations  of  ship, 
d)  Dynamics  of  Ship  with  Roll  Damper. 

During  determination  of  efficiency  of  roll  damper,  most  important  is  calcula¬ 
tion  of  forced  oscillations  of  ship  supplied  with  damper.  Such  calculations  usually 
were  produced  for  conditions  of  regular  sea  swells  (see,  for  instance,  [30,  20,  146, 

65,  110]),  when  disturbance  f(t)  — a(t)  due  to  sea  swells  is  a  harmonic  function  of 
time.  For  determination  of  forced  oscillations  of  ship  under  these  conditions,  we 
will  use  first  equation  (10.3.24),  which  we  will  write  in  the  form 

(atp*  4-  flap*  4  fl^  -{-  a,p  4  a„)  0  -  (^p*  4  hlP  4  h0)f(l),  (10.3.38) 

where  for  coefficients  a Q,  ...  a^,  bQ,  ...  b2,  considering  (10. 3. 38),  we  have 


■'^1 » 

r 


c#  =  1;  6,  *=  1 

fl1-2(:lrl  +  ;ar1v.  ft.-2’*r« 

flj  *=  7^  4*  7j  4*  1^2  *H  ^|*2»  ^2  **  ^2 

0,  -  WJtCtT,  4-  V»): 


<*,  -  T^; 


Disturbance  f(t)  we  will  represent  in  the  form 

/(/)  *=  a^sinui/, 


(10.3.39) 


(10.3.40) 


where  aQ  -  the  biggest  angle  of  wave  slope; 
a>  —  frequency  of  wave. 

By  analogy  with  (8.2.126),  forced  oscillations  of  ship  ®f0r(t)  are  determined 
by  relationship 

••(0  “  ««^(<u)sin{u,/  4-  f  HI,  (10.3.41) 

where  A(oj)  and  <p(u>)  -  amplitude  and  phase  frequency- response  curves  of  "ship  +  damper" 

system. 

For  determination  of  A(<u)  and  <p(w)  we  will  use  general  method  presented  in 
§  3.2,  Par.  3d.  Comparing  (10.3.38)  with  (3.2.56),  for  a(co)  ...  d(cu),  considering 
(3.2.38),  we  will  obtain 


a  (*>)  *=  6U  —  b  («)  =  b ju»  1 

c  (u»)  =»  o0  —  4*  aH;  d  (w)  =  atu>  —  a,u»*  / 


(10.3.42) 


Putting  (10.3.42)  in  (3.2.41),  we  find 


*<»)  = |/- 


(0,  —  -f"  fli’"*)-’  T  (®l"'  — 


(10.3.43) 


I  («.)*=  arc  tg 


t|M  (a„  —  Ojm*  -i  0j«*)  —(6#  —  (O11')  —  avu*) 

((i  —  6jiu*)( av  —  oi"is  t  04(u*)  -j-  (at<u  — 


(10.3.44) 


Since  we  will  be  interested  only  in  amplitudes  of  forced  oscillations  of  ship, 
then,  according  to  (10.3,41),  we  will  obtain 


•J  “  (*»). 


(10.3.45) 


For  determination  of  final  expression  for  A(cjd),  we  substitute  (10. 3. 39)  in 
(10.3.43);  then 
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•  +  +  tjT,).-  it,t,  (;,r,  +!Jr,)«>|’ 


(10.J.46) 


Thus,  analysis  of  amplitudes  of  forced  oscillations  of  ship  is  reduced  to 
investigation  of  expression  of  amplitude-frequency  characteristic  A(cn)  depending 
upon  parameters  of  ship  and  damper.  Usually  during  determination  of  forced  oscil¬ 
lations  of  ship  with  damper,  ws  are  limited  to  consideration  of  a  simpler  case  [30]; 
namely,  we  do  not  consider  resistance  of  water  to  oscillations  of  ship  (£j_  =  °)  and 
consider  time  constants  of  ship  and  damper  to  be  identical  (T^  *  ■  T);  then 

(10.3.46)  can  be  rewritten  In  the  form 


AH 


<i-TV)»+4*4rV 

-(1 IT*  +  r  |2:»r« ( I  -  r^*)J2  * 


(10.3.47) 


Putting  (10.3.47)  in  (10.3.45),  we  will  obtain 


r_i/ _ o-f.y  +  ijrv _ 

•m  V  (i -<2n  +  *,*•) «•  t  rv-«i*  +  |2;,r» (i  - rw  a° 


(10.3.48) 


With  help  of  formulas  to  type  (10.3.48),  in  Fig.  10. 3  there  are  constructed 
[110]  curves  of  amplitudes  of  forced  oscillations  of  ship  supplied  with  damper. 

Along  the  axis  of  ordinates  there  is  plotted  ratio  of 
amplitude  6^or  of  oscillations  of  ship  to  its  static 


o  H5  1  0  :  • 

Period  of  natural  oiclllatloin 
wave  period 


u>r 


deviation  an,  i ,e  . , 


9  for 
a0 


,  and  along  the  axis  of 


abscissas  —  ratio  of  period  of  natural  oscillations 

of  ship  to  wave  period,  or,  which  is  the  same,  quantity 

-  =  ail.  Let  us  note  that  ratio 
n 


i-l 

«• 


(10.3.49) 


Fig.  10,3.  Curves  of  rel-  constitutes  dynamicity  coefficient  system  (§  8,2, 
ative  amplitudes  of  oscil¬ 
lations  of  ship  witn  damper.  par>  £b),  which  in  considered  case  is  equal  to  A(u>), 

i.e.,  X(co)  -  A(o>). 

In  Fig.  10.3  it  is  shown  that  for  turned  off  damper  (H  -  0),  rolling  of  ship 
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occurs  according  to  curve  I;  however,  in  reality  amplitude  of  rolling  does  not  attain 
infinitely  large  values  due  to  presence  of  resistance  of  water  to  oscillations  of 
ship,  which  in  (10,3.48)  was  not  considered  by  us.  In  this  case  (k^  -  k2  «  0,  £2  - 
=  0);  according  to  (10,3.48),  dynamicity  coefficient  will  be  determined  by  relation¬ 
ship 


•  I  -  P-*  '  (10,3.50) 

which  is  represented  by  curve  I  in  Fig,  10,3. 

When  damper  works  without  braking  (d2  -  0),  rolling  of  ship  is  determined  by 
curve  II.  Here  there  exist  two  positions  of  resonance,  of  which  one  corresponds  to 
coincidence  of  wave  period  with  period  precession  of  gyroscope,  and  the  other  with 
period  of  nutation.  It  is  clear  that  application  of  damper  without  braking  is 
harmful,  since  there  increases  probability  of  appearance  of  large  amplitudes  of 
rolling.  In  the  presence  of  braking  of  frame  of  damper,  oscillations  of  ship  follow 
curve  III,  which  shows  that  amplitude  of  rolling  under  these  conditions  nowhere 
attains  large  magnitude.  The  most  favorable  is  section  between  intersection  points 
cf  curves  I  and  II.  Outside  this  section  amplitude  of  rolling  of  ship  even  some¬ 
what  is  increased.  Damper  works  especially  efficiently  in  the  case  when  wave  period 
is  close  to  period  of  natural  oscillations  of  ship. 

Let  us  note  that  graphs  similar  to  the  given  ones  (Bee,  for  instance,  [30,20]) 
can  be  useful  for  selection  of  optimum  values  of  angular  momentum  of  gyroscope  and 
braking  coefficient  of  frame.  In  particular,  here  increase  of  angular  momentum  of 
gyroscope  is  expedient.  Principal  disadvantages  of  gyroscopic  roll  damper  of  passive 
type,  which  are  revealed  already  from  analysis  o*’  curves  in  Fig.  10.3,  will  be 
discussed  further  on. 

Determination  of  amplitudes  of  forced  oscillations  of  ship  (supplied  with 
damper)  on  regular  sea  swells  permits  us  to  reveal  only  certain  fundamental  pecu¬ 
liarities  of  the  damper.  Effectiveness  of  its  action  should  be  calculated  for 
conditions  of  the  irregular  roughness  of  sea,  which  exists  in  reality. 

Let  us  give  certain  general  considerations  about  method  of  calculations.  For 
carrying  out  the  latter  it  is  necessary  first  of  all  to  know  probability  characteris¬ 
tics  of  disturbance  f(t)  -  a(t)  caused  by  the  waves.  Methods  of  their  determination 
for  the  general  case  of  a  three-dimensional  irregular  agitation  are  shown  by  A.  A. 
Sveshnjhov  [140,  139].  For  tentative  calculations  relative  to  two-dimensional 
irregular  agitation  it  is  necessary  to  know  spectral  density  S  (u>)  of  random  function 

CL 
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Oft)  of  angles  of  wave  slope,  and  thus  to  take  Into  account  effective  angle  of  wave 
slope  with  consideration  corresponding  reduction  coefficients  [110]. 

As  the  dynamic  characteristic  of  a  ship  with  roll  damper  there  serves  the 
amplitude-phase  characteristic  which  Is  obtained  by  means  of  replacement  In 

expression  (10.3.26)  of  s  and  Ju>: 

_ L _  (10.3.51) 

+  21, J»  ( 1  -  T-J  +  -  *,»,»’  ' 

Spectral  density  S8(a.)  of  angles  of  rolling  of  ship  with  damper  Is  determined, 
by  analogy  with  (4.6.47)  by  formula 

S,(.)=  |  *,</.)|«S»  (10.3.52) 


or,  considering  (10,3.51), 


s,  («)  - 


_ Ir’H+w-. _ rs  («,). 

i-rf-V  2;17'1/«)  ( i  -  T\J  +  2^r,/«)  - 1  * 


(10.3.53) 


For  dispersion  D  [9]  and  root -me an- square  aQ  value  of  angles  of  list  of  ship 
we  obtain  the  following  expressions  j 

0(61*3  2 


■  J  S#  (»)</«*  =» 

-  J  f  I  - _ }=&+*££ _ fs>)rfu 

J I  (i  -  t’-‘ + Vi /")  ( i  -  Ti-! + J-,i»  - 


(10. 3. 5*0 


•,=  ?  °l#l-  (10.3.55) 

Thus,  knowing  parameters  of  ship  C1,  parameters  of  gyroscope  damper  T2,  C2, 
kl,  k2,  and  also  spectral  density  3a(<s)  of  random  function  aft),  we  can  determine 

D  [0]  and  o0. 

Since  angles  of  roll  of  ship  during  operation  of  damper  also  follow  a  normal 
law,  then  it  is  very  simple  to  determine  mean  value  Eg  of  angles  of  roll,  and  also 
limiting  (in  the  probability  sense)  value  of  residual  angle  of  roll  of  the  ship,  or 
to  solve  the  problem  of  "overshoot"  of  angles  of  roll  beyond  some  given  value  (§  5.7 

ar.  2). 

In  order  to  reveal  effectiveness  of  action  of  roll  damper  on  irregular  sea 
swells,  it  is  also  necessary  to  find  probability  characteristics  of  rolling  of  ship 
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with  turned  cff  damper.  For  this  we  will  use  equation  of  rolling  of  ship  (10.3.28) 
and  its  transfer  function  (10.3.29).  Designating  angle  of  roll  of  ship  without 
damper  by  o\  by  analogy  with  (10.3.52)  we  find  expression  for  spectral  density 
Sg'(a))  of  angles  of  roll  of  ship 

S|»  «=  1 (/«.)  f  S.  M.  (10.3.56) 


whence,  considering  (10.3.29),  we  have 


$,(«“)=  - - I*  5.  H- 


(10.3.57) 


Then  for  dispersion  D[0  ]  and  root-mean-square  value  oe*  of  angles  of  roll  of 


ship,  we  will  obtain  following  expressions! 


D[6'J  *2 


f  S.,  (u»)  dm  ■=  2  PI - - -  S  (u*) 


(10.3.58) 


., -V'oie  i 


'  r  (10.3.59) 

Effectiveness  of  roll  damper  of  ship  on  irregular  sea  swells  can  be  characterized 
by  a  certain  coefficient  7,  which  is  the  ratio  of  root-mean-square  value  of  angle 
of  roll  of  ship  without  damper  to  root-mean- square  value  of  angle  of  roll  of  ship 


with  demper: 


•• 

7“  S 


(10.3.60) 


Besides  probability  characteristics  of  oscillations  of  ship,  it  is  of  interest 
to  find  probability  characteristics  of  oscillations  P(t)  of  frame  with  gyroscope 
on  irregular  sea  swells.  For  spectral  density  Sa(cd)  of  these  oscillations,  consider¬ 
ing  expression  (10.3.27)  of  the  corresponding  transfer  function  <t>2(s),  we  have 


5>(w)  “  |  (1  -r»-»  +  ViM  ( 1  -  T\ l«? + -  k{k2J  | 


(10.3.61) 


whence  for  dispersion  D  [P]  and  root-mean- square  value  of  angles  p  we  will  obtain 

following  xpressions: 


!  f  I - ^ - fj  («)<*,»; 

)  |(  1  -  r>.» + v,H  ( 1  -  Ty  +  r,r»  -  |  * 


(10.3.62) 
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e )  Evaluation  of  Damper. 

Passive-type  gyroscopic  roll  damper  of  a  ship  was  in  the  beginning  of  this 
century  installed  on  several  ships  [65,  llC]j  however,  subsequently  they  did  not 
receive  wide  use  in  practice  due  to  a  series  of  fundamental  deficiencies.  Briefly 
we  will  indicate  dome  of  them.  Usually  the  damper  is  calculated  for  resonance 
frequency,  i.e.,  for  frequency  of  natural  oscillations  of  the  ship,  and  therefore, 
for  disturbances  with  different  frequency  turns  out  to  be  little  effective,  especially 
during  irregular  motion  of  the  sea  characterized  by  a  certain  spectrum  of  frequencies. 
Constant  displacement  of  center  of  gravity  of  frame  relative  to  axis  of  its  rotation 
satisfactorily  stabilizes  rocking  of  ship  only  under  certain  conditions  of  distur¬ 
bance.  Partially  this  deficiency  is  removed  by  means  of  braking  of  the  frame; 
however .action  of  brake  responds  to  any  disturbing  influences  in  an  identical  manner, 
while  for  achievement  of  best  effect  it  is  desirable  that  braking  respond  continu¬ 
ously  to  the  changing  influence  of  the  waves.  The  latter  is  accomplished  in  roll 
dampers  of  active  type. 

Pitching  affects  operation  of  damper  insignificantly.  More  dangerous  is 
yawing  of  the  ship  on  its  course.  Investigation  of  this  question  (see,  for  instance, 
[30,  146])  shows  that  with  deviation  of  axis  of  gyroscope  from  the  vertical  and  during 
prolonged  turns  of  the  ship,  the  frame  with  gyroscope  under  the  influence  of  the 
thus  appearing  gyroscopic  moment  can  turn  about  axis  Oy  (Fig.  10.1)  to  the  horizontal 
position,  or  even  be  overturned  by  the  additional  load  upwards.  During  yawing  of 
the  ship  on  its  course,  due  to  the  perturbing  gyroscopic  moment  there  appear  lateral 
oscillations.  Removal  of  influence  of  yawing  of  ship  on  operation  of  gyroscopic 
damper  is  possible  in  principle  by  means  of  application  of  two  gyroscopes  (rotating 
in  opposite  directions),  axes  of  housings  of  which  are  mechanically  connected  by 
toothed  sectors  (as  in  a  two-gyrcscope  active  GS,  §  J.l,  Par.  2b).  In  connection 
with  this  one  should  note  that  the  idea  of  active  gyroscopic  frame  came  into  gyro¬ 
scopic  technology  from  corresponding  two-gyroscope  devices  applied  in  ship  roll 
dampers  and  stabilizers  of  railroad  car  of  monorail  railroad  [30], 

These  and  other  deficiencies  of  a  passive-type  gyroscopic  roll  damper  of  a 
ship  led  to  the  fact  that  further  development  of  gyroscopic  roll  stabilizers  went 
in  direction  of  creation  of  devices  of  active  type, 

3.  Gyroscopic  Roll  Damper  of  Ship  of  Active  Type 

a)  Easlc  Des  i£n. 

Basic  distinction  of  gyroscopic  roll  damper  of  ship  of  active  type  from  damper 
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of  passive  type  is  that  precession  of  frame  and  gyroscope  is  not  a  consequence  of 
perturbing  action  of  waves,  but  is  created  artificially  with  help  of  a  so-called 
precessional  motor,  which  is  controlled  from  special  auxiliary  gyroscope  reacting 
to  rolling  of  the  ship.  Due  to  precessional  motion  of  frame  with  gyroscope  there 
is  created  gyroscopic  (stabilizing)  moment,  which  is  directed  along  longitudinal 
axis  of  ship  opposite  to  rolling  moment  of  waves.  Due  to  automatic  control  of 
operation  of  stabilizer,  the  active  damper  considerably  better  reacts  to  variable 
conditions  of  disturbance  and  does  not  have  the  majority  of  the  deficiencies  of  the 
passive  damper.  The  biggest  effect  from  damper  of  active  type  can  be  obtained  if 
as  the  manipulated  variable  we  use  not  angle  or  angular  velocity  of  rolling  of  ship, 
but  angle  of  wave  slope  a(t)  or  its  derivative;  however,  measurement  of  these 
parameters  directly  on  ship  is  connected  with  large  difficulties  [30]. 

Of  all  active-type  gyroscopic  roll  dampers  of  a  ship  the  most  well  known  are 
gyrostabilizers  of  Sperry  [202],  «'hlch  were  installed  on  a  number  of  ships  (see,  for 
instance,  [110,  3C]).  Fundamental  design  of  this  damper  is  represented  in  Fig.  10.4. 

Its  basic  element  is  an  astatic  rate 
gyroscope,  the  rotor  of  which  is  fixed 
in  frame  F,  suspended  in  supports; 
supports  are  placed  in  stands  S  which 
are  rigidly  Joined  to  the  ship.  Axis 
of  rotation  of  frame  is  paralle.  to 
transverse  axis  of  ship;  axis  of  gyro¬ 
scope  is  located  vertically.  Frame  F 
is  connected  through  gear  transmission 
with  precessional  motor  PM;  which  is 
controlled  from  auxiliary  gyroscope  AG. 

Fig.  10.4.  Schematic  diagram  of  active 

gyroscopic  roll  damper.  The  latter  is  an  astatic  gyroscope  with 

two  degrees  of  freedom  of  the  type  of 

a  gyrotachometer,  therefore,  it  determines  angular  velocity  0(t)  of  rolling  of  ship, 

which  is  the  control  signal  for  precessional  motor.* 

Principle  of  action  of  the  considered  damper  in  broad  terms  consists  of  the 

following;  During  rolling  of  ship  about  its  longitudinal  axis  Ox  (Fig.  10,4)  with 

•  « 

•.tK-  ■  r  v.'L  :Uy  9,  auxiliary  gyroscope  fixes  magnitude  of  6  and  transmits  it  in  the 


"As  will  b»j  shown  further  on,  in  reality,  the  torque  applied  by  the  precessional 
motor  to  the  frame  is  proportional  to  the  sum  of  §  and  9, 
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form  of  a  control  signal  to  the  precessional  motor.  The  latter  through  a  gear 
transmission  applies  to  the  frame  a  moment  which  causes  its  rotation  about  axis  Oy 

D 

with  certain  angular  velocity  6;  there  appears  a  gyroscopic  (stabilizing)  moment 

M  =  HP  directed  along  the  axis  opposite  to  rolling  moment  of  waves;  this  compensates 
s 

roll  of  ship.  Thus,  in  active  damper  there  always  appears  stabilizing  moment  directed 

opposite  to  instantaneous  rotation  of  ship  during  rolling. 

Precessional  motor  rotates  frame  of  gyroscope  in  the  same  direction  in  which  it 

would  Itself  rotate  under  the  influence  of  disturbance  of  waves  with  freedom  to  turn 

about  axis  Oy  .  But  with  such  a  possibility  precession  of  frame  could  occur  up  to 
6 

turn  of  it  by  an  angle  of  90°  relative  to  initial  position,  and  stabilizing  action 
of  damper  would  be  ceased.  It  follows  from  this  that  in  a  number  of  cases  preces¬ 
sional  motor  should  render  a  braking  influence,  lowering  rate  of  precession  of  frame 
to  the  necessary  magnitude.  For  this,  on  axis  of  rotation  of  motor  there  is  fixed 
a  brake,  which  regulates  its  operation.  With  help  of  active  damper  it  is  possible 
to  cause  artificial  rocking  of  ship.  This,  for  instance,  protects  it  from  freezing 
in  ice.  In  more  detail  the  principle  of  action  and  design  of  active  roll  damper  is 
described  in  the  special  literature  (see,  for  instance,  [110,  65]). 
b)  Dynamic  Characteristics. 

Equations  of  motion.  For  obtaining  of  equations  of  motion  of  ship  supplied 
with  active  gyroscopic  roll  damper,  we  will  use  equations  (10. 5. 5)  for  the  case 
of  a  passive  damper.  In  these  equations  we  should  set  PlQ  ~  0,  since  in  active 
damper  frame  is  balanced j  furthermore,  braking  torque  Mg  should  be  replaced  by  torque 
M,  which  precessional  motor  applies  to  axis  of  rotation  of  frame.  Then  equations 
(IO.5.5)  will  be  rewritten  in  the  form 


Jj$  -f  bfi  -f  DIA  +  Hj  »  Dln(t) 


(10.?. 63) 


Usually  it  is  considered  [50]  that  moment  M  is  proportional  to  angular  velocity 
6  of  rolling  of  ship.  However,  there  are  grounds  to  consider  [146]  that  magnitude 
of  moment  M  should  be  selected  such,  that  angular  velocity  P  precession  of  frame 
turns  out  to  be  proportional  to  angular  velocity  8  of  rolling  of  ship,  i.e.. 


(10.5.64) 


A-here  m  —  constant  coefficient. 

Then,  considering  (10,5.65)  and  (10.5.64),  we  will  obtain  following  system  of 
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equations  of  motion  of  ship  with  damper: 


M  +  DM  -f  //J  =  Dfn  (/) 


(10.3.65) 


l.e.,  three  equations  for  determination  of  variables  9(t),  6(t)  and  M(t). 

Transfer  functions.  According  to  (10. 3. 65),  for  determination  of  angle  6  of 
roll  of  ship  with  damper,  by  replacing  a(t)  by  f(t)  (Par.  2b),  we  have  equation 

J t ®  +  (&i  ■+■  mH)4  -f  Dhri  ■*  Dhf(t),  (10.3.66 ) 


from  which  it  follows  that  action  of  roll  damper  (with  the  selected  law  control  of 
the  damper)  reduces  to  artificial  increase  of  resistance  of  water  to  oscillations 
of  ship. 

Let  us  divide  (10,3.66)  by  Jx;  we  will  obtain 


f  + 


*i  +  mH  ft  +  0A 

A  1* 


(10.3.67) 


Py  analogy  with  (IO.3.7  )-(10.3.9),  we  will  designate 


„  J  __  0*  .  *1  +  *1  //  _  »v  ».  r  _  +  mH  „ 

'  a  '*  *’  ^  ■  7F5T 


(10.3.68) 


where  ik  —  frequency  of  natural  sustained  oscillations  of  ship; 

C.,  —  relative  attenuation  factor  of  oscillations  of  ship  supplied  with  damper. 
Considering  (10. 3. 68),  we  will  rewrite  equation  (10. 3. 67)  in  the  following  way: 

+n!®  -  "!/(0  (10.3.69' 

or,  by  introducing,  according  to  (IO.3.17),  time  constant  of  the  ship,  we  have 
equation 

+ 2;lyr,«  +  a  -  /(/>.  (10.3.70) 

which  differs  from  equation  (10,3.28)  of  oscillations  of  ship  without  damper  only 
in  the  magnitude  of  coefficient  .  Therefore,  transfer  function  ^(s)  of  ship 
with  damper  will  be  determined  by  formula  (10. 3. 29),  if  in  it  we  replace  ^  by  ^  : 
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I 


(10.3.71) 


i. 


r}^+«„r,n  i 


From  (10.3,71)  it  follows  that  ship  can  be  considered  an  oscillating  element 
similar  to  a  physical  pendulum  (§  4.3,  Par.  2)  or  gyrotachometer  (§  8.2,  Par.  Jc). 
Therefore,  frequency- response  characteristics  A(u>),  q>(a>),  P(u>),  Q(cu)  of  the  ship 
will  be  determined  by  formulas  (4.3.34)  and  (4.3.35),  If  In  them  we  set  k  -  lf  and 
replace  T  and  £  by  and  £^  .  Amplitude-phase  characteristic  ^(Ju))  of  the  ship 
has  the  same  form  as  for  physical  pendulum  (Fig.  4.14),  whence  it  follows  that  during 
action  on  ship  of  perturbation  f(t)  from  the  sea  waves,  which  changes  by  a  periodic 
law,  steady-state  oscillation  of  ship  will  be  periodic,  of  the  same  frequency  as 
f(t).  Absolute  value  of  ^(Jcu)  attains  maximum  for  u>  <  n^,  where  n^  —  frequency 
of  natural  oscillations  of  ship, 
c)  Transient  Responses. 

Question  of  transient  responses  of  ship  represented  as  on  oscillating  element 
Is  resolved  by  the  same  method  as  for  a  gyrotachometer  (§  8.2,  Par.  4a).  Transfer 
function  0h(t)  of  shiP  under  disturbance  of  waveB  in  the  form  of  unit  step  input 
[1]  (2.3.107)  is  determined  by  relationship  of  type  (8.2.97),  if  in  it  we  replace 
T  and  £  by  T^nd  and  also  to  set  k  -  1» 


(10.3.72) 


whence  it  follows  that  transient  funct4  :>n  of  ship  characterized  its  natural  damped 
oscillations.  Damping  of  these  oscillations  can  be  very  effective,  since,  according 

to  (10.3.68),  attenuation  factor  £.  -  ■  "  v- — —  by  means  of  selection  of  corresponding 

xd  2  V  DhJa 

value  of  angular  momentum  H  of  gyroscope  can  be  made  quite  large. 

Indices  of  quality  of  the  considered  system  are  determined  exactly  as  in  the 
case  of  a  gyrotachometer  (§  8.2,  Par.  4b ) j  thus  it  is  of  interest  to  find  optimum 
value  of  attenuation  factor  £^,  However,  for  a  ship  roll  damper  this  value  of  cid 
is  more  expediently  found  from  analysis  of  its  forced  oscillations,  considering  thus 
desirable  degree  rolling  of  ship, 
d)  Dynamics  of  Ship  with  Roll  Damper. 

For  determination  of  effectiveness  of  action  of  a  roll  damper,  most  important 
is  calculation  of  forces  oscillations  of  the  ship  supplied  with  the  damper.  Such 
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•"Ali 


V 


calculations  usually  were  produced  for  regular  sea  swells  (see,  for  Instance,  [3°, 
146,  63]),  when  disturbance  due  to  f(t)  of  the  3ea  waves  is  a  harmonic  function 
of  time  and  is  defined  by  expression  (10.3.40).  Then  forced  oscillations  of  the 
ship  with  damper,  by  analogy  with  (10.3.41),  are  determined  by  relationship 

(0  -  («*)  *Jn  M  +  ?  («*)1. 


where  aQ  —  the  biggest  angle  of  wave  slope; 

A(cu)  and  <p (co )  —  amplitude  and  phase  frequency- response  characteristics  of 
"ship  +  damper"  system. 

For  A(o))  and  9(co)  we  have  expressions  which  can  be  obtained  from  formulas 
(4.3.J4 ),  if  in  them  we  set  k  -  1,  and  replace  T  and  £  by  T.  and  £  i 

A(f») 


/  (1 


(10.3.73) 


7  i-r?*1 


(10.3.7*0 


In  the  future  we  will  be  mainly  interested  in  amplitude  0^or  of  forced  oscil¬ 
lations  of  ship,  for  which,  according  to  (10.3.41),  we  have  expression 


(10.3.75) 


or,  substituting  (10. 3. 73), 


K(  I 


(10.3.76) 


from  the  last  formula  it  follows  that  amplitude  0°or  of  forced  osclllatlon8  of  flhlp 

can  be  made  sufficiently  small  by  increasing  attenuation  factor  ^  .  The  latter 
can  be  achieved,  according  to  (10. 3. 68),  by  corresponding  increase  of  angular 
momentum  H  of  gyroscope  and  coefficient  m. 

For  finding  the  influence  of  ^  on  amplitude  0^Qr,  we  will  introduce  dynaminity 
coefficient  a  (§  8.2,  Par.  6b).  Since  static  deviation  of  ship  is  0  ^  =  a,Q,  then 
by  analogy  with  (8.2,131)  and  considering  (10,3.76),  we  have 


V  ( 1-  »v}‘ 


(10.3.77) 


If,  similarly  to  (8.2.132),  we  designate 


(10.3.78) 
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(10.3.79) 


then  (IO.5.77)  can  be  rewritten  in  the  form 


Curves  X^)  for  different  values  of  attenuation  factor  are  shown  in  Fig. 
8.7.  Such  curves  permit  us  to  substantiate  depending  upon  permissible  magnitude  of 
amplitude  of  forces  oscillations  of  ship  with  damper,  the  expedient  value  of  atten¬ 
uation  factor  and  consequently  also  optimum  values  of  angular  momentum  H  of 

gyroscope  and  coefficient  m  [see  (IO.5.68)]. 

Having  expression  (10.3.41)  for  forced  oscillations  ®for(t)  of  the  ship  [in 
which  A(u>)  and  <p(cu)  are  defined  by  formulas  (10. 3. 73)  and  (10.3.74)],  from  third 
equation  of  system  (10,3.65)  we  can  find  law  Pfor(t)  °f  forced  oscillations  of  frame 
with  gyroscope,  and  further,  according  to  second  equation  of  this  system,  law  of 
change  of  torque  M(t)  applied  by  precesslonal  motor  to  frame  with  gyroscope. 

VTe  will  give  certain  considerations  about  calculation  of  effectiveness  of  an 
active  gyroscopic  roll  damper  of  a  ship  for  irregular  disturbances.  As  the  dynamic 
characteristic  of  ship  supplied  with  roll  damper  there  serves  the  amplitude-phase 
characteristic  ^(Jcd),  which  is  obtained  by  means  of  replacement  in  (10. 3. 71)  of 
s  by  Jcut 


♦.</•) 


_ I _ 

1  -7y+*Iy7>  * 


(10.3.80) 


Spectral  density  Sg((u)  of  angles  of  roll  of  ship  with  damper  is  determined, 
by  analogy  with  (10.3.52),  by  the  formula 

s,  (*)- 1  s,  w  (10.3.81) 


or,  considering  (10.3.80),  by 


S|(«) 


(10.3.82) 


where  so(o))  is  spectral  density  of  angle  of  wave  slope. 

For  dispersion  D[0]  and  root-mean-square  og  value  of  angles  of  roll  of  ship,  we 
will  obtain  the  following  expressions  1 


Dl§|-  2  jSt  («.)</«- 

m 

1 2  r  ■  ^  s  (ut)dui', 
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(10.3.83) 


(10.3.84) 


Thus,  knowing  parameters  of  ship  and  damper  T, ,  £,  »  and  also  spectral  density 

iid 

Sa(co)  of  random  function  a(t),  we  can  determine  D[@]  and  Og.  Since  9( t)  follows  a 
normal  law,  then  further  it  is  possible  to  calculate  mean  value  Eg  of  angles  of  roll, 
and  also  limiting  [in  the  probability  sense]  value  of  residual  angle  of  roll  of  ship, 
or  to  solve  the  problem  of  "overshoot"  of  angles  of  roll  beyond  a  certain  assigned 
value  (§  5.7,  par.  2).  Effectiveness  of  action  of  roll  damper  of  ship  under  irregular 
disturbance  from  the  sea  can  be  characterized  by  coefficient  7,  determined  by  formula 
(IO.5.60),  where  og  —  root-mean- square  value  of  angle  of  roll  of  ship  with  damper, 
which  is  found  from  relationships  (10.5.84)  and  (10. 5. 85),  and  Og  —  root-mean-square 
value  of  angle  of  roll  of  ship  without  damper,  determined  from  formulas  (10.5.59) 
and  (10.5.58). 

Besides  probability  characteristics  of  oscillations  of  ship,  it  is  also  inter¬ 
esting  to  determine  probability  characteristics  of  oscillations  p(t)  of  frame  of 
damper  under  irregular  disturbance  from  the  sea.  On  the  basis  of  third  formula  of 
system  (10. 5. 65),  we  have  for  correlation  function  K^(t)  of  random  function  6(t) 
the  expression  [for  6(0)  -  0]* 

*,(<) -<!■•[*,(<) +  K,(0)|.  (10.3.85) 


Then  for  dispersion  D[6]  and  root -me an- square  of 

following  formulas « 


angles  6,  we  will  obtain 


Ol?|  —  2m*£>l6J; 


(10.5.86) 


(10.5.87) 


Let  us  find  probability  characteristics  of  torque  M(t),  which  is  applied  by 

precessional  motor  to  axis  Oy  (Fig.  10,4)  of  rotation  of  frame  with  gyroscope.  In 

& 

virtue  of  second  and  third  equations  of  system  (10. 5. 65)  we  have 


M  »*m/r  t6  —  Hb, 

whence  for  spectral  density  SM(cn)  of  random  function  M(t)  we  find 

SM  (.)  -  H'St  (.)  +  mV’  ,Sj  w  -  mill,  ,[S(V  (.)  +  S(|  («)|. 


(10.5.88) 


(10.5.89) 


'It  L  assumed  that  o(t)  and  d(0)  are  une or related  (see  [120  p.  534]), 
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where  SoA('jj)  and  HAo(cd)  are  mutual  spectral  densities,  whose  method  of  determination 

was  discussed  in  §  2.1,  par.  3e. 

e )  Appraisal  of  Damper. 

The  considered  active  roll  damper  of  a  ship  is  installed  on  a  number  of  ships 
[65,  30,  110],  In  distinction  from  passive  gyroscopic  stabilizer,  active  roll  damper 
retains  effectiveness  of  operation  for  different  frequencies  of  waves.  In  active 
damper  it  is  possible  to  apply  rotors  of  smaller  dimensions  than  in  passive.  On 
irregular  sea  swells  active  damper  acts  more  effectively.  Yawing  leads  to  different 
effectiveness  of  damper  during  right  and  left  turns  of  the  ship.  For  elimination 
of  influence  of  yawing  there  was  developed  a  stabilizer  using  two  gyroscopes,  analo¬ 
gous  to  the  one  shown  in  Par.  2e  .  Application  of  gyroscopic  roll  damper  of  active 
type,  as  experience  of  operation  has  shown  [110],  makes  it  possible  to  decrease  roll¬ 
ing  of  ship  to  several  degrees,  even  under  conditions  of  strong  disturbance. 

General  deficiencies  of  gyroscopic  roll  dampers  arei  complexity  of  design, 
large  dimensions,  difficulty  of  disposition  on  ship,  high  cost,  and  others. 

4.  Direct  Gyroscopic  Stabilization  of  a  Platform  on  a  Ship 
In  Chapter  7  there  was  considered  application  of  active  gyrostabilizers  for 
stabilization  of  a  certain  platform  on  a  ship.  Thus,  for  instance,  in  Fig.  7.28 
and  7.29  are  given  diagrams  of  two-gyroscope  and  four-gyroscope  verticals  of  active 
type,  in  which  stabilization  of  platform  relative  to  plane  of  horizon  is  carried 
out  with  help  of  stabilizing  motors,  controlled  through  amplifiers  by  signal  pickoffs 
Installed  on  axes  of  precession  of  gyroscope  housings. 

Stabilization  of  such  a  platform  on  a  ship  relative  to  plane  of  horizon  can 
be  carried  out  alBo  with  help  of  direct  gyroscopic  stabilizers.  Different  methods 
of  direct  gyroscopic  stabilization  of  bodleB  on  ship  were  shown  by  A.  N.  Krylov 
[65].  He  gave  the  theory  of  stabilization  of  a  platform  fixed  in  Cardan  suspension 
with  the  help  of  gyroscopic  stabilizer  of  Schllck  type  with  an  electromagnetic  brake. 
To  investigation  of  passive  and  active  direct  gyroscopic  stabilizers  under  conditions 
of  Irregular  rolling  of  ship  is  dedicated  article  [126], 

Above  mentioned  methods  of  direct  gyroscopic  stabilization  in  practice  are 
quite  complicated.  Therefore,  A.  N,  Krylov  [68]  indicated  a  method  of  read-out 
gyroscopic  stabilization  of  a  platform.  Information  about  this  is  given  next. 

§  10.4.  Read-Out  Gyroscopic  Stabilizer 
1.  Fundamental  Scheme  of  Stabilizer 
As  an  example  of  a  read-out  gyroscopic  stabilization  we  will  consider 
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stabilization  of  a  platform  on  a  ship.  Let  ua  give  one  of  the  Bchemee  of  such 
stabilization,  developed  by  A.  N.  Krylov  [68], 

During  stabilization  of  some  body  on  a  ship  it  is  necessary  that  it  have  relative 
to  the  ship  all  three  degrees  of  freedom  corresponding  to  rotation.  For  this  the 
stabilized  body  A  (Fig.  10.5)  ia  installed  in  the  inner  ring  of  a  Cardan  suspension, 

which  in  turn  is  suspended  in  the  outer 
ring  C.  The  latter  is  installed  by  its 
Journals  in  Journal  bearings  D  and  E, 
which  are  rigidly  Joined  with  the  ship. 
For  retention  of  the  body  A  in  a  con¬ 
stant  position  relative  to  plane  of  ho¬ 
rizon  and  at  a  given  azimuthal  position, 
elements  of  Cardan  suspension  should 
turn  on  angles  of  yaw  qp  (Fig.  2.2), 
pitch  f  and  roll  6  of  the  ship.  Namely i 
rotation  of  body  A  (Fig.  10.5)  relative 
to  inner  ring  B  occurs  on  angle  of  yaw 
<p  about  axiB  Oz;  rotation  of  inner  ring 

B  relative  to  outer  ring  C  —  on  angle  of  pitch  v  about  axis  Oyj  rotation  of  outer 
ring  C  relative  to  ship  —  on  angle  of  roll  9  about  axis  Ox.  During  continuous  intro¬ 
duction  of  these  parameters,  body  A  will  unler  conditions  of  rolling  and  yawing  of 
the  ship  retain  constant  position  with  respect  to  plane  of  horizon  and  assigned 
azimuth.  Sensing  or  pickoff  elements  of  this  design  of  stabilizer  are  i  gyrovertical, 
whicli  determines  angles  6  and  ip,  and  directional  gyroscope,  which,  determines  angles  cp 
of  yaw  and  turn  of  the  ship.  These  angles  are  transmitted  with  the  help  of  servo 
systems  to  servo  drives,  which  introduce  angles  qp,  f  and  6  into  turning  of  the 
corresponding  elements  of  the  Cardan  suspension. 

The  considered  scheme  constitutes  a  read-out  gyroscopic  stabilizer,  since  GD 
applied  in  it  do  not  carry  out  actual  direct  stabilization  of  body  A,  but,  being 
devices  of  read-out  type,  only  control  servo  drives,  which  in  turn  provide  stabiliza¬ 
tion  of  the  body. 


2.  Dynamic  Characteristics  of  Stabilizer 
For  determination  of  dynamic  characteristics  of  system  we  will  consider  as  an 
example  operation  of  servo  drive  turning  outer  Cardan  ring  C  (Fig.  10.5)  by  the 
angle  of  roll  9.  General  block  diagram  of  roll  stabilization  system  is  shown  in 
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Fig.  10. 6j  it  is  a  typical  scheme  of  a  closed  system  of  automatic  control  [153]. 

From  the  pickoff  element  (gyro  - 
vertical)  there  proceeds  the  input 
variable  0(t)  —  angle  of  roll  of 
the  ship.  On  the  adder,  from  9( t) 
there  is  subtracted  the  output 
variable  7(t),  i.e.,  the  angle  of 
rotation  of  the  outer  Cardan  ring 
C  (Fig.  10.5)  about  axis  Ox. 
Difference  e(t)  ■  9( t)  -  7(t)  is 


1(0 


Fig.  10.6.  General  block  diagram  of  roll  sta¬ 
bilization  system. 


the  unbalance,  or  error  of  the  servo  system,  i.e.,  the  error  in  dynamics  of  stabiliza¬ 
tion  of  the  body  with  respect  to  rolling  of  the  ship. 

Unbalance  e(t)  goes  to  controller  (Fig.  10.6),  from  which  the  controller  action 
z(t),  which  is  related  by  a  definite  functional  dependence  with  e(t),  goes  to  the 
controlled  object.  Under  actual  conditions  of  operation,  to  the  system  there  will 
be  applied  certain  disturbances  f(t).  In  the  considered  case  to  body  A  (Fig.  10.5) 
where  will  be  applied  induced  inertial  torques  during  rocking  of  the  ship  (due  to 
unbalance  of  body  A),  frictional  torques  in  axis  of  rotation  of  Cardan  ring  C  and 
others.  Furthermore,  among  disturbances  it  is  possible  to  include  error  50(t)  in 
determination  by  gyrovertical  (Fig,  10.6)  of  angle  of  roll  of  ship,  which  goes  as 
interference  along  with  the  desired  signal  9( t)  to  the  input  of  the  servo  system. 

Thus,  to  the  input  of  the  servo  system  of  stabilization  there  proceeds  variable  $(t), 
which  is  equal  to 


For  expression  of  transfer  functions  of  servo  drive  of  statilization  we  will 
use  general  formulas  applied  in  theory  of  automatic  control  for  investigation  of 
servo  systems  [153]. 

Differential  equations  of  stabilization  servo  drive  will  be  represented  in  the 
following  formi 

1)  equation  of  controlled  object 

D  {p)  v  (/)  -  M  (p)/V)  r  K\p)i  (/); 

2)  equation  of  controller 


(10.4.2) 

(10.4.5) 
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jj)  equation  of  unbalance  or  error 


•(0- •</)  —  !(/); 


(10.4.4) 


here  D(p),  M(p),  K(p)  —  certain  operator  polynomials  depending  on  parameters  of 

controlled  object] 

7(t)  —  output  variable; 

f(t)  —  disturbance; 

z(t)  —  controller  action  or  output  variable  of  controller; 

R(p),  N(p)  —  operator  polynomials  depending  on  parameters  of  controller; 

0(t)  —  manipulated  variable  or  reference  input,  determining  re¬ 
quired  law  of  change  of  output  variable  7(t); 

e(t)  —  deviation  of  real  change  >(t)  of  output  variable  from  re¬ 
quired  law  of  change  0( t). 

To  equations  (10.4.2)-(10,4.4)  we  will  apply  Laplace  transform;  we  will  introduce 
designations 


rw-ihWI- («-•  +  /»;  °>0). 


(10.4.5) 


e  w -/.!•  «)i »*"•(/)«<( 


(10.4.6) 


etc . 

Considering  initial  conditions  to  be  zero,  we  find 

D (0 r (»)  -  M  -t-  K  (,) Z  (*) 

ft  (i)2  (,)-*(.)£(,) 

C(i)-e(»)-r(«) 


By  means  of  simple  transformations,  we  will  obtain 

Qls)  4-  — Hill  -  F(s) 

w  1  +  r.w  u  ^  i  +  r,(*)  w 


(10.4.7) 


(10.4.8) 


and 


£<j) 


I 

*+*•(«) 


ew- 


1  + 


£(«). 


(10.4.9) 


where 


*MKU)  . 
If  MR  (i)  * 


^(s> 


DM  * 


Designating 


♦to 


„  ♦«(«) 

M-r.w  ' 


(10.4.10) 


(10.4.11) 
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Vi*) 

i  +  r,(D* 


(10,4.12) 


Y{s)~ 


♦.(*) 


1-4>W 


I 

»+*.<*>’ 


(10.4.13) 


we  will  rewrite  (10,4.8)  and  (10,4,9)  In  the  form 

rW-»*(i)8(J)+K($)f{i); 


(10.4.14) 

(10.4.15) 


As  It  is  known  [153]* 

(10.4.16) 

Is  the  transfer  function  of  system  of  automatic  control  (SAC)  with  respect  to  manip¬ 
ulated  variable  6( t); 


Y  (i) 


IliL 

f(») 


Is  transfer  function  of  SAC  with  respect  to  disturbance  f(t)j 


•.(«) 


((•) 

•(*) 


(10.4.17) 


(10.4.18) 


is  transfer  function  of  errorj 


*.«■ 


ML 

•(«) 


(10.4.19) 


is  transfer  function  open  SAC  with  respect  to  manipulated  variable  6(t)  (element 
measuring  imbalance  e(t)  is  disconnected  from  the  output j  Fig,  10.6); 


YU) 


(10.4.20) 


—  transfer  function  of  closed  SAC  with  respect  to  disturbance  f(t) 

Thus,  for  calculation  of  error  e(t)  of  stabilization  of  the  body  A  it  is  nec¬ 
essary  to  have  transfer  function  of  the  stabilization  servo  drive,  and  also  charac¬ 
teristics  of  manipulated  variables  and  disturbances.  If  we  knowing  these  charac¬ 
teristics  of  the  read-out  stabilizer,  we  can  consider  transient  responses  occurring 
in  stabilization  servo  drive  j  we  use  for  this  general  methods  applied  in  theory  of 
automatic  control. 


3.  Method  of  Determination  of  Stabilization  Errors  in  Dynamics 
We  will  consider  manipulated  and  variables  and  disturbances  under  conditions  of 

003 


irregular  rolling  of  ship  as  normal  stationary  random  functions  of  time.  Then,  if 
the  considered  dynamic  system,  consisting  of  servo  drive  and  stabilized  object,  is 
linear,  then  stabilization  errors  also  will  be  normal  stationary  random  functions 
of  time,  for  determination  of  which  we  should  use  probability  methods. 

For  finding  of  probability  characteristics  of  stabilization  errors,  it  is 
necessary  to  know  probability  characteristics  of  manipulated  variables  and  distur¬ 
bances,  and  also  dynamic  properties  of  the  considered  system  which  are  determined 
by  its  transfer  functions. 

As  was  shown,  in  the  given  scheme  of  stabilization,  the  manipulated  variable  is 
a  random  function  8( t)  of  angles  of  roll  of  ship;  its  probability  characteristics 
were  given  in  §  2.1,  Par.  3.  Among  disturbances  one  should  include  random  function 
£6>(t),  which  characterizes  error  of  gyrovertical  in  its  determination  of  angle  of 
roll  of  ship.  Probability  characteristics  of  error  b8(t)  were  given  in  §  6.5,  Par. 

2  and  3.  Furthermore,  among  disturbances  there  are  included  variables  f(t),  which 
are  directly  applied  to  the  stabilized  body  A  and  constitute  moments  of  induced  forces 
of  inertia  during  rolling  due  to  unbalance  of  body  A,  frictional  torques  in  axis 
of  rotation  of  outer  Cardan  ring,  and  others.  Probability  characteristics  of  random 
function  f(t)  have  to  be  determined  for  concrete  conditions. 

Error  e(t)  of  system  in  dynamics  is  expressed  by  relationship  (10,4.4).  If 
considered  stabilization  system  is  linear,  then  general  expression  for  spectral 
density  3£(oj)  or  error  e(t)  will  be  the  sum  of  spectral  densities  of  components  of 
error  caused  byi  1)  reproduction  of  manipulated  variable  8(t);  2)  inte  1’ference  68(t); 
3)  disturbance  f(t).  Therefore,  before  we  find  general  expression  for  S^cs),  we  will 
consider  two  particular  cases. 

1.  Interference  66(t)  and  disturbance  f(t)  are  absent,  b8(t)  -  f(t)  **  )j  0(t)  £ 

f-  o  • 

Spectral  density  S^(cs)  of  controlled  variable  7(t)  at  output  of  system  will  be 

STW«  |*(/w)|t5|(ii>),  (10.4.21) 

where  4>( jco)  -  transfer  function  (amplitude-phase  characteristic)  of  system  with 
respect  to  manipu] ated  variable; 

Se(ui)  -  spectral  density  of  manipulated  variable  0(t). 

For  determination  of  spectral  density  S£(u))  of  error  of  reproduction  by  servo 
drive  of  desired  input  signal  8(t),  it  is  sufficient  to  replace  in  formula  (10.4,21) 

4>(  j-  )  by  transfer  function  of  error  ^(Jco);  then 

S,(») 


(10.4.22) 


A.  — 


.  Jt  * 


where,  according  to  (10,4.13), 

♦,(/«)=  1— •(/•).  (10.4.23) 

2.  Disturbance  f(t)  Is  absent,  f(t)  -  Oj  60(t)  ?  0;  9( t)  /  0.  In  this  case 

st  H  «=  1 *  (/")  |*5,  W  + 1  K,  (/<**)  1*5,,  («*)  -f 

+  (/<**)  $».  l0  H  K ,  (/«•»)  4-  O'")  $»*.  ,(u»)V'*0'uj),  (10.4.24) 

where  Y.  (Ja>)  —  transfer  function  of  system  with  respect  to  Interference 

bd(t)} 

Sbe(co)  -  spectral  density  of  interference  56(t)j 
S6  t,e(,JU)«S6g  0('jo)  -  mutual  spectral  densities. 

In  formula  (10.4.24)  asterisk  designates  complex  conjugate  quantities. 
Considering  that  desired  signal  9(t)  and  extraneous  signal  b0(t)  are  applied 
to  the  same  point  of  the  system  (to  its  input)  and  therefore 

y,(/«0  -$(/«),  (io.4.25) 


we  will  rewrite  (10,4.24)  in  the  form 

S.  (ai)  -  |  *.(H  |*S,  (.)  + 1  *  (/.)  |*S„  (»)  + 

+  *'(/«)  s,  „  (»)  4>  (/«)  f  ®,0»)SA  ,(»)*■  (/«). 


Let  us  turn  to  consideration  of  the  general  case.  On  the  system  there  act 
extraneous  signal  and  external  disturbance,  56(t)  /  0,  f(t)  j-  0;  0(t)  f-  0. 

Random  functions  60(t)  and  f(t)  we  will  consider  for  simplicity  to  be  unconnected. 
Then,  by  analogy  with  (10.4.26),  we  will  obtain 

s»  - 1  *.  </»)  fs,  (•)  + 1  ■»  (/.)  >su  (»)  + 1  y  (/•>  1,s/  w  + 

+®r(/“)s4-(»)*(/“>) +®,(ws1M(»)  + 

( 10  4  27  ) 

+ *.</»)  s,_,n  y  </») + *.(/»)  s/(  <»)  x*  (/«). 

where  Y(ja>)  —  transfer  function  of  system  with  respect  to  disturbance 

Y(t)j 

Sf(co)  —  spectral  density  of  disturbance  f(t); 

S0  f(-u)  end  Sf  g(oo)  —  mutual  spectral  densities. 

Knowing  spectral  density  S£(o)),  it  is  possible  to  calculate  dispersion  D  [e]  of 
error  e(t)  by  the  formula  1 

D(«|  —  2  (10.4.28)  l 

.vhere  S£('jd)  is  defined  by  relationship  (10.4.27). 

For  mathematical  expectation  E  of  error  e(t),  by  analogy  with  (4,6.135)  we  have  I 

30i)  I 


the  following  general  expression: 


;-*a(/»)|f  +  $(/«)  |  Vl  +  Y(j»)\J,  .  4 

•■0  •— 0  »-0  ' 

where  9,  "69,  F  are  respectively  mathematical  expectations  of  manipulated  variables 
interference  and  disturbance. 

Since  e(t)  obeys  a  normal  law,  then  it  is  very  simple  to  determine  mean  value 
E£  of  error,  and  also  to  find  its  limiting  (in  the  probability  sense)  value  effl  or 
to  solve  the  problem  of  "overshoot"  of  error  e  beyond  a  certain  assigned  value  eQ 
(§  5.7#  Par.  2). 
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CHAPTER  11 
GYROSCOPIC  NAVIGATIONAL  SYSTEMS 

Designations  Appearing  In  Cyrillic 

Subscripts  and  Abbreviations 
a  =  a  =  peak 
an  »  ac  -  accelerometer 
r  =*  g(gyr)  -  gyroscope* 
r.K  «  gc  ■  gyrocompass 
r.u  =  g.p  -  gyropendulum 

r.ui  -  g.l  -  gyrolatltude 

r.a  -  g.e  -  gyroequater 

p,  -  d  -  damping 
p  »  dr  -  drift 

m.b  -  i,v,  ■  inertial  vertical 
M3  m  sur  -  surplus 

k  -  cor  -  corrective 

M.M  «  s.p  -  simple  pendulum 

h  -  nut  -  nutational 

n  =  red  ■  reduced 

n  «  turn  ■  turn 
np  ■  sp  ■  spring 
p  -  yaw  -  yaw 

*Trans.  Ed.  Note:  Prior  to  this  point  the  Latin  letter  "g"  has  been  used  in  the 
text  in  place  of  the  Cyrillic  subscript  "T"  and  has  meant  "gyroscope."  However,  on 
page  311  in  this  chaper  the  Russian  author  has  used  the  Latin  letter  "g"  as  a  sub¬ 
script  to  designate  "gravity"  or  "gravitational":  therefore,  from  pace375  onward  "T" 
has  been  replaced  by  gyr",  and  the  subscript  "g"  should  be  read  as  "gravitational" , 
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C  -  V  -  velocity  (superscript) 
ct  -  st  -  static 
T  -  fr  -  friction 

y  -  acc  -  acceleration  (superscript) 

$.u  ■  p.p  -  physical  pendulum 
U  -  circ  *  circulation 
8  -  e  -  equatorial 

Designations  of  Materials,  Instruments,  etc. 

T  *  G  [Gyroscope] 

TB  -  GV  [Gyrovertical] 

ITK-  GHC  [Gyrohorizon  Compass] 

TK  »  GC  [Gyroscopic  Compass] 

Tk  ■  Gh  [Gyrohousing] 

I’M  «  GP  [Gyropendulum] 

rHC  *  GNS  -  [Gyroscopic  Navigational  System] 

Tc  ■  Gs  ■  [Gyrosphere] 

TC  -  GS  [  Gyrostabilizer] 

Pen-  GSP  [Gyrostabilizer  platform] 

Py ■  GD  [Gyro  Device] 
rni-  GL  [Gyrolatitude] 
riUK-  GLC  [Gyrolatitude  Compass] 

JI-  MO  [Motor] 

JIM-  TQ  [Torquer] 

Mm  I  [Integrator] 

MB*  IV  [Inertial  Vertical] 

MHC=  INS  [Inertial  Navigation  System] 

K-  H  [Housing] 

K=  C  [Cardan  Ring  (outer)] 

n-  P  [Potentiometer] 

II-  PL  [Platform] 
nB-  Vi£  [Vertical  Erector] 
lip-  Sp  [Spring] 

P -  F  [ Frame ] 

C-  SL  [Shaft] 

Cy-  AD  [Adder] 

§  11.1.  Purpose  and  Types  of  Gyroscopic 
Navigational  Systems 

For  solutiun  of  different  problems  of  sea  and  air  navigation  it  is  necessary  to 
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know:  1)  position  of  object  (ship,  aircraft),  characterized  by  latitude  <p  and 
longitude  X;  2)  parameters  of  motion  of  object:  course  K,  speed  v,  distance  passed 
over  S,  altitude  h,  and  so  forth;  3)  position  of  vertical  of  place  on  moving  object. 

For  determination  on  ship  and  on  aircraft  of  these  and  other  parameters,  there 
are  applied  various  methods,  the  main  ones  of  which  are  astronomical,  radio  naviga¬ 
tional  and  self-contained. 

Astronomical  and  radio  navigational  methods  possess  high  accuracy  and  are  widely 
used  in  the  navy  and  in  aviation;  however,  they  have  an  important  deficiency  —  they 
are  not  self-contained.  Therefore,  even  greater  application  is  being  enjoyed  by  self- 
contained  methods  of  navigation  using  different  "mechanical"  devices,  i.e.,  devices 
whose  principle  of  operation  is  based  on  laws  of  mechanics. 

Of  self-contained  navigational  systems,  a  large  place  is  occupied  by  gyroscopic 
navigational  systems  (ONS).  Of  systems  of  this  type,  the  most  widely  known  is 
gyroscopic  compass  (GC),  which  determines  direction  of  meridian  of  the  place,  and 
thereby  the  course  of  the  ship.  During  solution  of  individual  navigational  problems 
there  is  used  also  the  gyroscopic  pendulum  (GP),  for  instance  in  sextants,  for  pro¬ 
duction  in  them  of  artificial  horizon.  In  essence  application  of  GNS  was  limited  up 
to  recent  years  to  these  two  gyroscopic  devices,  i.e.,  they  were  used  basically  only 
for  determination  of  course  and  position  of  vertical  on  the  moving  object. 

However,  as  will  be  shown  further,  on  GNS  can  in  principle  solve  all  problems 
connected  with  determination  of  position  of  an  object  and  parameters  of  its  motion. 

Really,  it  is  possible  to  create  a  gyroscopic  device  making  it  possible  to  find 
latitude  of  a  place.  Such  instruments  received  the  name  of  gyrolatitudes  (GL)  or 
gyrolatltude  compasses  (GLC);  the  latter,  besides  latitude  of  the  place,  can  also 
determine  course  of  the  object.  Combination  in  one  instrument  of  gyrocompass  and 
gyrovertical  (gyrohorizon)  gives  a  system  called  gyrohorlzon  compass  (GHC).  This 
system  makes  it  possible  to  determine  course  and  position  of  vertical  on  a  moving 
object. 

In  a  number  of  articles  and  books  (for  instance,  [10,  48,  50,  117,  121,  162, 

14  2])*  there  are  considered  questions  of  creation  of  so-called  gyroinertlal 
riavigatlon  systems.  Such  systems  usually  include  a  gyrostabilized  platform,  acceler¬ 
ometers,  integrators,  computer  devices,  and  in  principle  can  determine  location  and 
parameters  of  motion  of  object,  and  also  position  of  the  vertical.  Application  of 
the  gyrohorizon  compass  in  combination  with  accelerometers,  integrators  and  computers 
also  makes  it  possible  to  obtain  inertial  navigational  system. 

Thus,  among  GNS  there  are  included:  1)  gyropendulums;  2)  gyrocompasses;  3)  gyrc- 
latitudes  and  gyrolatltude  compasses;  4)  gyrohorizon  compasses;  5)  gyroinertlal 
systems. 

*See  also:  I.  A.  Goranshteyn  and  others.  Ilnertial  navigation.  "Soviet  Radio", 
1962;  A.  A.  Yakushenkov.  Fundamentals  0f  inertial  navigation.  "Naval  Transport,  1963. 
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To  expound  theory  of  all  GNS  at  present  book  is  impossible  -  all  the  more  so 
because  to  investigations  of  gyrocompasses  and  gyropendulums  there  has  been  dedicated 
much  literature.  Therefore,  during  account  of  theory  of  GC  and  GP  we  will  give  only 
general  information,  but  will  consider  in  more  detail  questions  of  theory  of  inertial 
navigational  systems,  which  may  find  application  in  sea  and  air  navigation. 

Theoretical  foundations  of  the  different  schemes  of  other  dNS  (gyrolatitudes 
and  gyrolatitude  compasses)  we  will  not  be  given,  since  these  systems  have  still 
net  found  practical  application. 

Before  we  go  on  to  consideration  of  GNS,  we  will  dwell  on  certain  ideas  of 
Foucault,  who  pointed  out  the  possibility  of  creation  of  gyrocompasses  and  gyrolatitudes. 

§  11.2.  Foucault  Gyroscopes 

1.  Gyroscope  with  Three  Degrees  of  Freedom 

The  first  experiment  of  Foucault  was  carr'.ed  out  with  symmetric  astatic  gyroscope 
with  three  degrees  of  freedom,  fixed  in  a  Cardan  suspension  in  such  a  manner  that  on 
it,  insofar  as  possible,  there  did  not  act  perturbing  torques  (friction  and  others). 
This  experiment,  described  by  Foucault  in  his  reports  [187]  to  the  Paris  Academy  in 
1852,  had  it  as  its  purpose  to  prove  rotation  of  the  Earth.  Idea  of  experiment  was 
based  on  the  fact  that  for  an  astatic  gyroscope  on  which  do  not  act  moments  of 
external  forces  (i.e.,  a  free  gyroscope),  the  axis  of  angular  momentum  preserves  con¬ 
stant  direction  in  motionless  (inertial  space  (§  5.1,  Par.  1).  Since  In  the  exper¬ 
iment,  axis  of  rotation  of  outer  Cardan  ring  was  fixed  vertically,  and  axis  of  gyro¬ 
scope  was  fixed  horizontally,  then  visible  drift  of  the  latter  in  azimuth  had  to 
occur  eastward  with  the  vertical  component  of  angular  velocity  of  terrestrial  rotation 
U  sin  9  [see  (1.2.21)].  In  the  experiment  there  really  was  established  visible  drift 
of  axis  of  gyroscope  eastward,  but  is  magnitude  differed  from  theoretical.  Failure 
of  the  experiment  of  Foucault  was  basically  due  to  inadequate  balance  of  the  gyro¬ 
scope  and  the  presence  of  friction  in  axes  of  the  suspension  through  which  the  axis 
of  the  gyroscope  was  carried  along  by  rotation  of  the  Earth.  Later,  certain  investJ- 
gators  successfully  used  gyroscopes  for  proof  of  rotation  of  Earth  [29]. 

2.  Gyroscopes  with  Two  Degrees  of  Freedom 

a)  Foucault  Gyroscope  of  the  First  Kind 

Fundamental  scheme.  Foucault  gyroscope  of  first  kind  is  an  astatic  gyroscope 
with  two  degrees  of  freedom,  axis  of  which  can  shift  in  plane  of  horizon.  Such  a 
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gyroscope  can  be  obtained  from  a  three-degree  of  freedom  astatic  gyroscope  in  the 
following  way. 

Let  us  consider  system  of  coordinates  (Fig.  11.1);  axes  0£  and  Or)  are  located 

in  plane  of  horizon  and  axis  0^  is  directed  along  the  vertical;  axis  Orj  is  oriented 
to  the  North.  Axes  Oxyz  are  connected  with  gyroscope.  Axis  Oy  of  rotation  of  outer 
Cardan  ring  is  located  vertically.  Inner  Cardan  ring  is  rigidly  fastened  with  outer 
ring  in  a  mutually  perpendiuclar  position.  In  initial  position  axes  Oxyz  and  0£tj£ 
coincide.  With  turn  of  outer  ring  by  angle  a  and  axis  Oz  gyroscope  will  be  displaced 
in  plane  of  horizon  and  Resal  axes  will  occupy  position  Ox^yz. 

We  will  assume  that  Foucault  gyroscope  of  first  kind  is  fixed  on  base  motionless 
with  respect  to  Earth  and  axis  Oz  gyroscope  is  deflected  by  angle  a  from  direction 
Or),  i.e.,  from  plane  of  meridian.  Axes  0£r)£  participate  in  diurnal  rotation  of  Earth. 
Projections  u^,  u^,  u^.  of  induced  angular  velocity  "u  of  axes  0£t)£  determined  by 
relationships  (1.2.21) 

u.taO;  u,  —  £/cot?;  u.^U sin?.  (11.2.1) 

In  this  rotation  of  axes  0£t)£  there  will  participate  axis  Oz  of  gyroscope,  since 
it  always  remains  in  plane  of  horizon.  Due  to  this  motion  of  axis  Oz,  there  appears 
gyroscopic  moment  Tf  ,  which  is  defined  by  analogy  with  (1.3.40)  by  relationship 

o 

M'-HXU,  (11.2.2) 

where  7f  is  spin  angular  momentum  of  gyroscope. 

Motion  of  gyroscope  with  outer  Cardan  ring  will  be  influenced  only  by  component 
of  gyroscopic  torque  along  axis  0![,  which,  according  to  (11.2.2),  is  determined 
by  expression 

Mk  —  Hku%  —  (11.2.3) 

From  Fig.  11.1  we  have 

Jfs!na,~  A/^  —  //cosa.  (11.2.4) 

Putting  (11.2.1)  and  (11.2.4)  in  (11.2.3)*,  we  will  obtain 

Mk  —  —  HUco$<(  *lna,  (11,2.5) 

whence  it  follows  that  gyroscopic  torque  is  directed  in  negative  direction  of 

axis  0 C,  and  in  the  absence  of  perturbing  torques  along  this  axis  tends  to  bring 

axis  0  of  the  gyroscope  into  plane  of  meridian  0f,T).  Consequently,  Foucault  gyroscope 
z 

of  first  kind  possesses  properties  of  a  compass.  Considering  what  has  been  said, 
torque  Mg;.  is  called  directional  torque  or  directional  force  of  the  gyrocompass. 
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In  accordance  with  this,  the  component  U  cos  <p  sin  a  [see  (11.2.5)]  of  angular  velocity 
of  rotation  of  Earth  is  called  in  the  theory  of  gyrocompasses  the  useful  component  of 
angular  velocity  of  Earth's  rotation. 

The  considered  gyroscope  can  be  included  in  the  class  of  displacement  gyroscopes 
(§  2.4,  Par.  1),  since  it  possesses  selectivity  with  respect  to  plane  of  meridian 
of  a  place.  Appearance  in  the  two-degree-of -freedom  astatic  gyroscope  of  properties 
of  a  compass  is  caused  by  rotation  of  the  Earth,  i.e.,  we  have  a  purely  "mechanical" 
compass.  Let  us  note  that  "directional  force"  of  gyrocompass  [see  (11.2.5)]:  1)  is 
increased  with  increase  of  angular  momentum  H  of  gyroscope;  2)  decreases  with  increase 
of  latitude  cp  and  decrease  uf  angle  a  of  deviation  of  axis  of  gyroscope  from  plane 
of  meridian. 

The  experiment  formulated  by  Foucault  (third  experiment  of  Foucault  [187,  29]), 
with  adduction  of  axis  of  two-degree-of -freedom  gyroscope  into  plane  of  meridian 
turned  out  to  be  a  failure.  Cause  of  failure  was  insufficient  magnitude  of  "direc¬ 
tional  force"  [see  (11.2.5)]  due  to  smallness  of  angular  momentum  H  of  the  applied 
gyroscope,  and  the  considerable  frictional  torque  in  axiB  of  rotation  of  outer 
Cardan  ring. 

Equations  of  motion  and  transfer  function  of  GC.  For  composition  of  equation 
of  motion  of  Foucault  gyroscope  of  first  kind  it  is  possible  to  uBe  equations  (1.4,2) 
of  motion  of  gyroscope  with  th^ee  degrees  of  freedom.  Being  interested  in  motion 
of  outer  Cardan  ring  together  with  rotor  about  axis  Oy  (0£)  (Fig.  11.1),  we  should 


turn  to  the  second  of  these  equations 


(11.2.6) 


For  projections  p^ ,  q^,  r^  of  absolute  angular  velocity  of  Resal  axes  on  axes 


Ox^.yz  from  Fig.  11,1  we  find  expressions 


Pj.-^sina; 


or,  substituting  (11.2.1) 


p,  -  —  {/cos  9  sin  a;  sin?;  rx  =*  U  cos  ?  cos  a. 


(11.2.7) 


(11.2.8) 


Projections  p,  q,  r  of  Instantaneous  angular  velocity  of  gyroscope  on  axes 


Ox^yz,  according  to  (1.2.13),  will  be 

P-Pv  ?-?»: 

where  qp'  —  angular  velocity  of  rotation  of  rotor  relative  to  inner  ring. 
Considering  (11.2.8),  we  have 


(11.2.9) 


p  »  —  U  cos  f  sin  a;  q  «  a  -f  V  sin  ? ;  r  »  •+■  U  cos  f  cos  a. 


(11.2.10) 
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Putting  (11.2.8)  and  (11.2.10)  in 
(11.2.6),  we  find  (for  <p  =  const) 

cos*  t  sin  j  cos  *)  + 

+  //{/cos?  sina  *  Mf.  (11.2.11) 

In  the  obtained  equation  it  is 

2  2 

possible  to  disregard  term  JeU  cos  cp 
sin  a  cos  a,  which  is  small  as  compared 
to  term  HU  cos  <p  sin  a.  Then,  replacing 
Jg  by  Jg £,*  we  will  rewrite  (11.2.11) 
in  the  form 

+  HU  cos?  sina  -  M.  (11.2.12) 


kind.  It  is  necessary  to  turn  attention 

to  the  circumstance,  that  two-degree-of -freedom  Foucault  gyroscope  has  one  controlling 
coordinate,  and  therefore,  during  its  analysis  it  is  impossible  to  use  the  corres¬ 
ponding  shortened  equation  (§  1.6,  Par.  8). 

Let  us  assume  that  relative  to  an  axis  0£(y)  there  acts  damping  torque,  deter¬ 
mined  by  relationship  of  type  (2.3.353) 


(11.2.13) 


Furthermore,  let  us  assume  that  relative  to  axis  0£(y)  there  is  applied  also 
disturbance  f(t).  Then  torque  My.  will  be 

M,  -  Af,  +  /(/)  -  -  V  +  /(/).  (11.2.14) 

Since  in  properly  designed  instrument  angles  a  of  deviation  of  axis  of  gyroscope 
from  plane  of  meridian  should  be  small,  then  in  (11,2.12)  it  is  possible  to  replace 
sin  a  by  a.  Considering  what  has  been  Bald,  and  putting  in  this  equation  in  place 
of  My  the  relationship  (11.2.14),  we  will  obtain 


-f //{/cos?  •*  =  /(/)■  (11.2.15) 

Thus,  we  have  differential  equation  of  motion  of  GC  with  constant  coefficients, 
if  latitude  <p  in  a  certain  interval  of  time  is  considered  to  change  little. 

We  rewrite  (11.2.15)  in  the  form 

•  +  -J1"  •  +  -  C°>T  «  -  (11.2.16) 


♦According  to  (3.2.5),  in  Jg^.  there  are  considered  equatorial  moments  of  inertia 
of  rotor,  of  inner  ring,  and  moment  of  inertia  of  outer  ring  relative  to  axis  0£. 
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we  designate 


HU  co*f 
.  » 
*rC 


(11.2.17) 


whence  we  will  obtain  formula  for  frequency  n^  of  natural  sustained  oscillations  of 
GC  relative  to  plane  of  meridian: 


mu 


m  r  iiv  €0$  f 

"V  ~rr • 


Then  for  period  of  these  oscillations  of  GC  we  have 


T  wm  ~  •  2r  1/  /f: 

r  “  »»  *  V  HU  coif  * 


Let  us  transform  the  ratio  -a — : 


/HU  cosy 

-Jjl _ =  2 

V  Jr: 


(11.2.18) 


(11.2.19) 


(11.2.20) 


where  ^  —  relative  attenuation  factor,  determined  by  relationship 


C. 


2  Y  Jt-HUco*i 


Let  us  introduce  designation 


hm 


i 


(11.2.21) 


(11.2.22) 


Considering  (11.2.17)#  (11.2.20)  and  (11.2.22),  we  will  rewrite  equation 
(11.2.16)  in  the  following  way: 

5  +  2C(it, i  +  n*a  «*;/(/).  (11.2.25) 

Let  us  represent  (11.2.25)  in  different  form;  for  this,  by  analogy  with  (4.5,25), 
we  will  introduce  time  constant  of  gyrocompass 


T  „  _L 
T'  «» 


or,  according  to  (11.2.18), 


7- 


(11.2.24) 


(11.2.25) 


Let  us  divide  (11.2.25)  by  n^  and  designate 

*1  1  Jr: 


f'l  *■ 


(11.2.26) 


d*  yr;  HU  coif  HU  co* 7 

Considering  (11.2.4)  and  (11,2,26),  we  will  rewrite  (11.2.25)  in  the  form 

T\i  +  2;tr,i  t  *  —  (11.2.27) 
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Let  us  determine  transfer  function  of  GC  with  respect  to  disturbance  f(t).  Let 
us  represent  (11.2.23)  in  operation  fora  (p  -  : 

(p,+  2C|HjP  +  n})«-p;/(0-  (11.2.28) 

Applying  to  (11.2.28)  Laplace  transform,  we  will  obtain  following  expression  for 
transfer  function  of  GC: 


W($) 


4!> 

m 


* 


(11.2.29) 


This  formula  can  be  represented  in  different  form,  if  its  numerator  and 

2 

denominator  are  divided  by  n^  and  we  consider  designations  of  (11,2.24)  and  (11.2.26): 

rw-V}/+vl.+.  •  (11-2-50) 

Comparing  (11.2.30)  with  (4,3.26).  we  see  that  transfer  function  of  GC  has  the 
same  form  as  transfer  function  of  physical  pendulum,  i.e.,  GC  with  respect  to 
disturbance  f(t)  can  be  considered  as  an  oscillating  element.  Therefore,  all  other 
frequency-response  characteristics  of  the  GC  will  be  the  same  as  for  an  oscillating 
element,  for  instance  a  physical  pendulum  (§  4.3,  Par.  3). 

Transient  responses  of  a  GC.  From  (11.2.12)  it  follows  that  for  M  *  0, 
position  of  equilibrium  of  axis  of  GC  will  be  a  =  0  or  a  =  n.  However,  it  will  be 
stable  only  at  a  =  0.  Consequently,  in  case  of  absence  of  disturbances,  axis  of 
Foucault  gyroscope  of  first  kind  has  as  its  position  of  equilibrium  the  plane  of 
the  meridian  of  the  place. 

We  will  consider  transient  response  of  a  GC  caused  by  application  to  it  of 
disturbance  f(t)  in  the  form  of  a  unit  step  function  [1]  [see  (2.3.107)]  for  zero 
initial  conditions.  Considering  in  (11.2.27)  f(t)  =  [1],  we  will  rewrite  this  equation 
in  the  form 

Tj« -4-  Vi«  +  *-PilU.  (11.2.31) 


which  is  analogous  to  equation  (4.4.1)  of  oscillations  of  a  physical  pendulum. 
Particular  solution  of  this  equation  will  be 


(11.2.32) 

it  characterizes  error  of  GC  in  steady  state,  i.e.,  static  error  a(oo) ;  consequently 
[see  (11.2.26)], 


m. 


(11.2.33) 


MU 

Expression  for  transfer  function  o^t)  of  GC  for  unit  step  input  and  zero  initial 
conditions  [for  t  =  0,  0^(0)  =  0  and  0^(0)  *  0]  can  be  obtained  from  transfer  function 
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of  physical  pendulum  [see  (4.4.15)],  if  in  this  formula  we  replace  [cf  (4,4.1)  and 
(11.2,31)]  k  by  cp^,  and  T  and  £  by  and 


+ 


(11.2.34) 


i.e.,  axis  of  gyroscope  in  the  presence  of  damping  (^  /  0)  will  accomplish  damped 
oscillations.  Frequency  of  these  split,  according  to  (4.4.10),  is  determined  by 
expression 

nu~nt]f\  —  (11.2.35) 


and  their  period  will  be 


1  r.  ■ 


\V  1-ci  ’ 


(11.2.36) 


where  Tgc  is  period  of  natural  sustained  oscillations  of  GC  determined  by  formula 
(11.2.19). 

In  the  absence  of  damping  (£^  =  0),  according  to  (11,2.34),  we  have 

—  cos-jr)  ~  r<i(!  —  cosfl,/).  (11.2.37) 

i.e.,  sustained  oscillations  with  frequency  n^  [see  (11.2.13)]  and  with  period  Tg>:, 


[see  (11.2.19)]. 

The  possibility  of  use  of  Foucault  gyroscope  of  first  kind  as  a  GC.  From 

formula  (11,2.19)  it  follows  that  period  T  of  oscillations  of  gyroscope  is  minute; 

this  in  practice  excludes  the  possibility  of  use  of  Foucault  gyroscope  of  first  kind 

as  a  GC  on  a  rocking  and  maneuvering  base  (ship,  aircraft),  since,  for  instance, 

period  of  rolling  of  ship  can  be  of  the  same  order  as  period  T  .  Let  us  note  that 

increase  of  period  T  due  to  increase  of  moment  of  inertia  of  system  [see 

gc 

(11.2.19)]  is  connected  with  increase  of  its  dimensions  and  weight;  this  leads  to 
Increase  of  friction  in  supports  of  the  suspension.  If  for  increase  of  TgC  we 
decrease  denominator  of  formula  (11,2,19)  by  means  of  lowering  of  angular  momentum 
H  of  gyroscope,  then  there  decreases  the  directional  torque  of  the  Gf  [see  (11,2,5) ]. 

Another  essential  deficiency  of  Foucault  gyroscope  of  first  kind  during  its 
use  as  GC  is  influence  of  slopes  of  base  on  which  the  instrument  is  fixed  relative 
to  plane  of  horizon.  Slopes  of  base  lead  to  change  of  period  of  oscillations  of 
GC  and  to  appearance  of  errors  in  its  readings  [7], 
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Oscillations  of  the  base,  for  instance  rolling  of  a  ship,  especially  greatly 
affect  two-degree-of -freedom  GC.  Let  us  assume  for  simplicity  that  longitudinal 
axis  of  ship  coincides  with  axis  Oq  (Fig.  11,1)  and  that  there  occurs  rolling  with 
angular  velocity  6.  In  this  case,  instead  of  (11,2.8)  and  (11,2.10),  we  will  obtain 

Pi —  «—(£/ cos  9  +  4)  sin  a;  qx  =  a  4-  i/sin  *; 

fi  —  (U  cos  *  -f  4)  cos  a 
p— —((/cos*  4- 0)  sin  a;  q  -  ci  4-  (/sin  ?; 
r  —  f '  4*  ((/  cos  *  4-  4 )  cos  a 


(11.2.38) 


Putting  (11.2.38)  in  (11.2.6),  we  find  (for  qp  =  const) 


7,[a  —  ((/cos*  4- 6)*sinacosa]  -f 

+  //((/cos*  4-  6)sina  =  Mu  (11.2. 39) 

or,  disregarding  terms  of  higher  order  of  smallness  and  replacing  by  . 

4  //((/cos*  }  4) a  =  My.  (11.2.40) 

In  torque  M  there  is  contained  frictional  torque  in  axisOy(C)of  rotation  of 

J 

outer  Cardan  ring  during  yawing  of  the  ship  on  its  course.  For  instance,  in  the 
presence  of  liquid  friction,  by  analogy  with  (2.3.73),  for  frictional  torque  Mfr  y 
for  a  <;<  qp  we  have 

j  (AW 

(/).  (11.2.41) 

1 

where  n^  —  coefficient  of  fluid  friction; 

qp  „  —  angular  velocity  of  yawing  of  ship,  directed  in  negative  direction  of 

yaw  axis  0((y)  (Fig.  11.1  and  2.2). 

Putting  (11.2.41)  in  (11.2.40),  we  have  Mf  =  M  ) 

J^a  4-  H  ((/cos  *  4-  MO]  a  “  —  (11.2.42) 

From  equation  (11.2.42)  it  follows  that  rolling  and  yawing  of  ship  essentially 
affect  accuracy  of  readings  of  GC.  It  is  possible  to  be  convinced  of  this  by  means 
of  Integration  of  equation  (11.2.42)  by  one  of  the  methods  of  approximation;  thus, 
it  is  necessary  to  consider  that  (?(t)  and  qp  (t)  are  random  functions  of  time, 

jr  clW 

Thus,  Foucault  gyroscope  of  first,  kind  cannot  be  applied  as  a  navigational  GC; 
in  the  latter  there  is  used  a  gyroscope  with  three  degrees  of  freedom  (§  11.5). 
However,  Foucault  gyroscope  of  first  kind  has  been  applied  as  a  GC  for  orientation 
of  underground  mine  surveying  for  its  control,  for  survey  of  dull  holes,  and  so  forth 
[39],  Such  a  compass  is  called  a  "land"  compass.  Questions  of  theory  of  land  GC 
are  presented  In  a  number  of  articles  (for  instance,  [42,  143>  144]). 
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B.  V.  Bulgakov  [20]  considered  the  problem  of  motion  of  two-degree-of -freedom 
Foucault  gyroscope  in  the  general  case,  when  axis  of  gyroscope  remains  in  some  plane 
connected  with  the  Earth.*  From  this  general  solution  there  are  easily  shown 
particular  cases  of  the  gyrocompass  and  gyrolatitude.  To  stability  of  motion  of 
Foucault  gyroscopes  with  two  degrees  of  freedom  is  dedicated  article  [156]. 

b)  Foucault  Gyroscope  of  Second  Kind 

Fundamental  scheme.  Foucault  gyroscope  of  second  kind  is  an  astatic  two-degree- 
of-freedom  gyroscope  whose  axis  shifts  in  plane  of  meridian.  Such  a  gyroscope  can 
be  obtained  from  three-degree-of -freedom  astatic  gyroscope  in  the  following  way. 

Let  us  introduce  system  of  axes  0£rC  (Fig.  11.2)  oriented  just  as  in  Fig.  11.1.  Axes 
Oxyz  are  connected  with  the  gyroscope.  Axis  Ox  of  rotat.on  of  outer  Cardan  ring 
is  located  horizontally  in  plane  of  prime  vertical.**  Inner  Cardan  ring  is  rigidly 
fastened  with  outer  ring  in  mutually  perpendicular  position.  In  initial  position, 
axes  Oxyz  and  O^rC  coincide.  With  turn  of  outer  ring  by  angle  B  and  axis  Oz  of 
gyroscope  will  be  moved  in  plane  of  meridian  OrC  and  Resal  axes  will  occupy  position 
Oxy^. 

We  will  assume  that  Foucault  gyroscope  of  second  kind  is  fixed  on  a  base  motion¬ 
less  with  respect  to  Earth  and  that  its  axis  Oz  is  deflected  in  plane  of  meridian 
by  angle  P  from  plane  of  horizon.  The  object  on  which  gyroscope  is  fixed  is  at 
latitude  <pj  angular  velocity  U  of  diurnal  rotation  of  Earth  is  directed  along  the 
axis  of  the  Earth  OP  ,  which  Is  inclined  to  plane  of  horizon  by  angle  cp.  Axes  0£rC 
participate  in  diurnal  rotation  of  Earth.  Projections  of  induced  angular  velocity 
u  of  axes  OCrC  are  determined  by  relationships  (11.21.1),  In  this  rotation  of  the 
reference  system  OCrC  there  will  also  participate  axis  Oz  of  the  gyroscope,  since  it 
is  always  forced  to  remain  in  plane  of  meridian.  Due  to  this  there  appears  gyroscopic 
torque,  which  is  determined  by  expression  (11.2.2).  Motion  of  gyroscope  together 
with  outer  Cardan  ring  will  be  Influenced  only  by  component  of  gyroscopic  torque 
along  axis  0£,  which,  according  to  (11,2.2),  is  determined  by  expression 

Mii  -  “  Hi\  (11.2.4?) 

From  Fig.  11.2  we  have 

♦Analogous  problem  (polytrope  of  Biff)  was  considered  by  Ye.  L.  Nikolai.  Theo¬ 
retical  mechanics.  Part  III,  State  United  Scientific  and  Technical  f’ress  NktP  USSR, 
1939. 

**Plane  of  prime  vertical  is  defined  as  the  vertical  plane  0£C>  which  is  perpendic¬ 
ular  to  plane  of  meridian  OCR  and  plane  of  horixon  0£r. 
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//.-//  cos?;  Ht-H  sin?.  (11.2.44) 

Putting  (11.2.1)  and  (13.2.44) 
in  (11.2.4?),  we  will  obtain 

AfK  ■■  //cosp  £/sin?  —  tfsinji  £/ cos?  *» 

-=  tf£/sin(?-?)  (11.2.45) 

Consequently,  gyroscopic  torque  M  . 
directed  along  the  axis  0x(£)  of 
rotation  of  outer  Cardan  ring,  tends 
to  combine  axis  of  gyroscope  Oz  with 
Earth's  axis  0Pn.  Really,  according 
to  (11.2.45),  gyroscopic  torque 

=0,  when  sin  («P-P)  =  0,  i.e., 

for 

(11.2.46) 

Thus,  under  the  influence  of  torque  M^,  axis  of  gyroscope  Oz  will  shift  in 
plane  of  meridian  0£q  until  it  coincides  with  Earth's  axis  0Pn,  and  angle  P  of  turn 
of  axis  Oz  from  plane  of  horizon  is  equal  to  latitude  of  the  place  cp.  Consequently, 
Foucault  gyroscope  of  second  kind  possesses  properties  of  a  latitude  indicator,  i.e., 
is  a  gyrolatitude  (GL) .  In  this  case  torque  is  "directional  torque"  of  gyro 
latitude;  due  to  appearance  of  this  torque,  the  instrument,  possesses  selectivity 
with  respect  to  direction  of  axis  of  Earth. 

The  Foucault  experiment  (second  experiment  of  Foucault  [187,  29]),  with  bringing 
of  axis  of  two-degree-of -freedom  gyroscope  into  coincidence  with  Earth's  axis,  also 
turned  out  to  be  a  failure  due  to  impossibility  of  decreasing  friction.  Furthermore, 
even  small  noncoincidence  of  center  of  gravity  of  gyroscope  with  point  of  its  sus¬ 
pension  involves  appearance  of  gravitational  torque,  which  is  comparable  with 
gyroscopic  torque  which  is  small  in  magnitude  HU  sin  (<p-P)  [see  (11.2.45)].  This 
difficulty  has  not  been  overcome  up  to  now  and  is  apparently  one  of  the  causes  of 
the  fact  that,  in  contrast  to  the  gyrocompass,  the  gyroscopic  latitude  indicator 
has  still  not  been  realized  in  practice  [20], 

Equation  of  motion  of  a  gyrolatitude.  Being  interested  in  motion  of  outer 
Cardan  ring  together  with  the  rotor  about  axis  0x(£)  (Fig.  11.2),  we  should  turn 
to  the  first  of  equations  of  system  (1.4.2); 
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(11.2.47) 


I 


J>  —  ?ri)  +  #ft  “  ^  *=  **,• 

For  projections  p^,  q^,  of  absolute  angular  velocity  of  Resal  axes 
Oxy^z,  from  Fig.  11.2  we  find 

P,  «=  —  ft  -«;cos3-i^sin?;  r,  -  u^cos)  +  «;sin  ) 

or,  substituting  (11.2.1) , 

Pi-3-?;  ft -£/ sin (?-?);  rt=U cos (;-?). 

Projections  p,  q,  r  of  instantaneous  angular  velocity  of  gyroscope  on 
Oxy^z,  according  to  (11.2.9)  and  (11.2.49)*  will  be 

P  =~h  ^  =  ^/sin (?  — ?);  £/cos (?—?). 

Putting  (11.2.49)  and  (11.2.50)  in  (11.4.7),  we  find 

J  A-  ?—  ^Jsin  (?  —  ?)  cos  (?  -  3)]  +  //£/  sin  (?  —  ?)  = 

Let  us  designate 

f  —  P“T. 

where  y  —  angular  deflection  of  axis  Oz  of  gyroscope  from  axis  of  Earth  OP 
Then  equation  (11.2.51)  will  be  rewritten  in  the  form 

jJ  i  —  (Ain;  cos;)  +  HU  sin ;  =  At,. 

Discarding  small  term  sin  y  cos  7,  replacing  Jg  by  Jg^,*  sin  7  by  7 
considering  for  simplicity  that  =  0,  we  obtain  equation  of  small  natural 
tions  of  axis  of  gyroscope  near  axis  of  Earth 

+  HU-,  -  0. 

which  can  be  rewritten  in  the  form 


n 


where 


.1  HU 

"•“TT 


Quantity 


./Hu 

--V7T 

is  frequency  of  natural  sustained  oscillation  of  GL  ne  ir  axis  of  Earth. 
Period  of  these  oscillations  of  GL  will  be 


r,  2„  1/  is.. 

f-  *  **  r  hu 


#3ee  footnote  on  page  315. 
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W  , 


on  axis 

(11.2.48) 

(11.2.49) 
axes 

(11.2. 50) 

(11.2.51) 

(11.2.52) 

(11.2.53) 
and 

oscilla- 

(11.2.54) 

(11.2.55) 

(11.2.56) 

(11.2.57) 

(11.2.58) 


,r 


From  equation  (11,2.54)  it  follows  that  position  of  equilibrium  of  instrument 
occurs  at  7  =  0,  i.e.,  when  axis  of  gyroscope  coincides  with  Earth's  axis. 

Further  investigation  of  motion  of  Foucault  gyroscope  of  second  kind  can  be 
carried  out  by  the  same  method  as  investigation  of  motion  of  Foucault  gyroscope  of 
first  kind. 

Possibility  of  use  of  Foucault  gyroscope  of  second  kind  as  a  gyrolatltude. 

Above  it  was  said  that  Foucault  gyroscope  of  second  kind  still  has  not  been  used  as 
a  gyrolatltude  in  practice  due  to  friction  in  its  suspension  and  possible  instability 
of  the  gyroscope.  It  is  also  difficult  with  necessary  accuracy  to  hold  axis  of 
gyroscope  in  plane  of  meridian.  Furthermore,  inevitable  oscillations  of  the  object 
can  lead  to  appreciable  errors  of  the  Instrument.  If  for  removal  of  influence  of 
oscillations  of  the  object  the  Foucault  gyrolatltude  is  installed  on  a  platform 
stabilized  relative  to  planes  of  horizon  and  meridian,  then  errors  of  it  stabiliza¬ 
tion  will  nevertheless  cause  considerable  instrument  errors  [8], 

§  11.3.  Generalized  Gyropendulum  (GP) 

1.  Fundamental  Scheme  of  Generalized  GP 

Gyroscopic  navigational  systems  considered  further  on  —  GP  and  GC  —  are  GD  of 
positional  type  possessing  selectivity  of  "directional  force"  with  respect  to  direc¬ 
tions  of  vertical  and  meridian  line.  Presence  in  GP  and  GC  of  positional  properties 
is  explained  by  the  fact  that  in  these  instruments  there  is  applied  a  gyroscope  with 
three  degrees  of  freedom,  whose  center  of  gravity  is  displaced  relative  to  point  of 
suspension.  In  the  GP  the  axis  of  gyroscope  is  located  near  the  vertical,  and  center 
of  gravity  of  gyroscope  is  displaced  along  its  axis  below  point  of  suspension.  In 
the  GC,  axis  of  gyroscope  is  located  horizontally,*  and  center  of  gravity  of  gyro¬ 
scope  is  displaced  in  its  equatorial  plane  below  point  of  suspension. 

However,  it  is  possible  to  imagine  a  "generalized"  GD  in  which  center  of  gravity 
of  gyroscope  is  displaced  arbitrarily  relative  to  its  point  of  suspension.  Such 

a  GD  is  called  a  generalized  gyropendulum.  This  term  was  introduced  by  B. _ I. 

Kudrevich  [71] >  1°  whom  the  first  theoretical  investigations  of  such  a  gyroscope 
device  are  due.  By  generalized  GP  we  will  understand  a  gyroscope  with  three  degrees 

of  freedom,  whose  center  of  gravity  G  (Fig.  11.3)  lies  in  plane  of  symmetry**  of 

gyroscope  at  distance  1  from  point  of  support  0;  thus  axis  of  gyroscope  Gz  forms  a 

♦What  has  been  said  about  direction  of  axis  of  gyroscope  in  GP  and  GC  pertains  t  , 
idealized  conditions,  i.e.,  on  the  assumption  that  for  thes^  instruments  any  errors 
•ire  absent. 

**R,y  piane  of  symmetry  of  gyroscope  we  will  understand  the  plane,  passing  thr  mgh 
axis  Oz  of  the  gyroscope. 


Fig.  11.3.  Diagram 
of  generalized  GP 
with  displaced  cen¬ 
ter  of  gravity. 


Fig.  11.4.  Diagram 
of  generalized  GP 
with  spring. 


certain  constant  angle  with  line  00, 
which  connects  point  of  suspension  with 
center  of  gravity  and  is  directed  along 
vertical  0£.  This  displacement  of  center 
of  gravity  of  gyroscope  leads,  during 
deflection  of  axis  of  gyroscope  by  a  certain 
angle  relative  to  initial  position  to 
appearance  of  corresponding  gravitational 


torque , 


Expediency  of  introduction  of  concept 


of  generalized  GP  and  its  investigation  is  fully  evident.  Actually,  for  =  0,  center 
of  gravity  G  of  gyroscope  is  located  on  spin  axis  Oz  of  the  latter  below  point  of 
suspension  0,  and  in  this  case  we  have  a  gyropendulum  vertical  (§  6.1,  Par.  1).  At 
=  90°,  center  of  gravity  G  of  gyroscope  will  be  in  equatorial  plane  of  the  latter 
below  point  of  suspension  0,  and  generalized  GP  turns  out  to  be  transformed  into  a 
gyrocompass.  For  =  90°-<P  (where  q?  is  latitude  of  the  place),  as  will  be  shown 
further,  we  will  have  a  gyrolatitude .  Furthermore,  from  generalized  GP  there  can  be 
)btained  so-called  gyrocompass  of  "East-West"  type.  B.  I.  Kudrevich  composed  a  table 
[3]  of  different  types  of  gyroscope  de\ices  obtained  from  generalized  GP  and  their 


basic  characteristics.  To  the  development  of  theory  of  generalized  GP  are  dedicated 
individual  works  (see,  for  instance,  [123]). 

Generalized  GP  may  also  be  created  [71]  not  by  means  of  displacement  of  center  of 
gravity  of  gyroscope,  but  on  the  basis  of  a  balanced  gyroscope  whose  turn  relative 
to  its  initial  position  is  limited  by  a  spring  (Fig.  11.4),  which  introduces  a 
torque  analogous  to  gravitational  torque  in  generalized  GP  with  displaced  center  of 
gravity  (Fig.  11.3). 


Equations  of  Motion  of  Generalized  GP 


We  will  compose  differential  equations  of  motion  of  a  generalized  GP.  As  system 
of  reference  we  choose  axes  (Fig.  11.5) >  which  are  oriented  just  as  in  Fig.  11.2: 
axis  Otj  is  directed  in  plane  of  horizon  to  the  north,  and  axis  0^  is  along  the  true 


vertical.  Axes  Oxyz  are  connected  with  the  gyroscope.  Upon  azimuthaj  turn  by  angle 


a  in  plane  of  horizon,  axes  Oxyz  will  occupy  position  0xiyozo'  for  which  axis  0z0  forms 
with  the  vertical  0£  a  constant  angle  $q.  Then  center  of  gravity  of  the  gyroscope  is 
at  point  Gq  on  axis  0^;  OGq  *  1.  Let  us  impart  to  the  gyroscope  rotation  about  axis 
Ox^  by  angle  b.  Then  Resal  axes  connected  with  gyrohousing  will  occupy  position  Ux^yz, 
which  relative  to  reference  system  is  characterized  by  angles  a  and  ($Q  +  6)  or 

a  and  6,  where 


p- 90* -(&,  +  «). 
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(11. 3. 1; 


During  turn  of  gyroscope  by  angle  6,  its  center  of  gravity  will  shift  to  point 
G,  i.e.,  line  OG  will  turn  relative  to  vertical  OC  by  angle  b. 

During  account  of  theory  of  generalized  GP  we  will  consider  only  the  particular 
case  of  installation  of  it  on  a  base  which  is  motionless  with  respect  to  Earth.  Axes 
0£r)£  participate  in  diurnal  rotation  of  Earth;  projections  u. ,  u  ,  u„  of  angular 
velocity  u  axes  of  0£q£  are  determined  by  relationships  (11.2.1).  For  composition 
of  equations  of  motion  of  generalized  Gf  we  will  use  equations  (1.4.2)  of  motion 
of  gyroscope  with  three  degrees  of  freedom;  mass  of  Cardan  rings  for  simplicity 
will  not  be  considered.  Let  us  use  first  two  equations  of  system  (1.4.2): 

[  (11.5.2) 

For  projections  p^ ,  q^,  r^  of  Resal 
axes  on  axes  Ox^yz  of  absolute  angular 
velocity,  from  Fig.  11.5  we  find  expressions 

Pi  «*—  *  +  «,sim 

—  (*  +  u: )  (*0  -r  «)  -f  u,  cos  i  cos  (»,  -f-  ij 

r, «  cos  a  sin  (8#  -f  ij  -f  fi  +  u.j  cos  -f-  ij 

(11.3.3) 

Projections  p,  q,  r  of  instantaneous 
angular  velocity  of  gyroscope  onto  axes 
Ox^yz,  according  to  (1.2,13)  and  (11.3.3), 
will  be 

p  — $  +  sin  i 

f  «*—  («  +  «;)  *ln  (ft0  -H)  +  u% cos  a  cos  (f>0  +  ?) 

?'  +  «,cos«iin  (0o  +  o)  -f  (i  +  u.J  cos  (»0  +  S) 

(11.3.4) 


where  cp1  —  angular  velocity  of  rotation  of  rotor  relative  to  the  inner  ring. 

As  torques  M  and  M  ,  contained  in  equations  (11.3.2),  we  will  consider  only 
X1  yl 

the  components  of  gravitational  torque  m  caused  by  displacement  of  center  of  gravity 

D 

G  of  gyroscope  relative  to  point  0  of  its  suspension  (Fig.  11.5).  For  torque 

expression 

^|»7xP.  (11.3.5) 


7J  ,  by  analogy  with  (2,3.25),  we  have  expression 
6 


where  r  =  -fc°  —  weight  of  gyroscope. 

By  projecting  (11.3.5)  onto  axes  0£qC  we  find 
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(11.3.6) 


Arf-Vc-V, 

«r .-y.-w 

J 

For  projections  of  vectors  ?  and  l  on  the  same  axis  we  have 

/>»-();  />,=  0;  P5=-P; 

/4  —  / sin  S sin  a;  /sin  2  cos  a;  /t=— / cos?. 

Putting  (11,3,7)  and  (11.3.8)  in  (11.3.6),  we  will  obtain 

M-,  **  /P  sin  8  cos  a;  Af  =  /Psin  8  sin  a;  Af  *=  0. 

I*  fri  §» 


(11.3.7) 

(11.3.8) 

(11.3.9) 


For  determination  of  projections  M  and  M  interesting  us,  we  will  use  trans 


gx 


gy 


formation  of  axes  0£t]£  to  Ox^yz,  which  we  will  write  in  matrix  form 

I**.  y,  *1  -  C  i«,  ij,  ci. 

where  transformation  matrix  C,  Fig.  11. 5,  will  be 

cos  3  sin  a  0  | 

—  sin  a  cos  (0#  -f  8)  cos  a  cos  (•*>„  +  8)  —  sin(»>0-f-8) 

—  sin  s  sin  (0A  -j-  2)  cos  a  sin  (0,  -j-  8)  cos  (!>,  +  8' 


(11.3.10) 


(11.3.11) 


For  determination  of  M  and  M  we  will  use  expressions  (11.3.9)  and  elements 

g*!  gy 

of  matrix  C;  then  we  will  obtain 

Mgx  **  IPslnZ,  Algfm*0.  (11.3.12) 

Putting  (11.3.3) j  (11. 3. 4)  and  (11.3.12)  in  (11.3.2),  we  will  obtain  differential 
equations  of  motion  of  generalized  gyropendulum  in  the  form  (for  cp  =  const) 

u^acosa  —  [—  (a  -f-  a.J sin (0a  +  S)  + 

-f-u^cosi cos ((),  +  ?)]  [«,cosasin(0u  +  5)  + 

+  (*  +■  “:)  «*  (K  +  *)]}  4-  H  [-  (*  +  «c) Sin  (0U  +  8)  + 

+  «ncosacos(0u -{- 8)j  = /Psin  8 
7,  (—  asin  (»0  +  *)  -  (»  +  «;)  J  cos  (!>„  +  8)  — 

—  u^Jasinacos^  -f  8]  +  ocosa  sin  +  8)|  -f 
+  (—  4  sin ajjt^ cos  asin  (0g  +  8)  -f 
+  («  +  «t)cos  (0U  4- 2)]J  —  //(—  h  +  «nsina)  =  0 


(11.3.13) 


Approximately  with  accuracy  up  to  terms  of  second  order  of  smallness  we  have* 


*It  is  .lecessary  to  consider  that  angle  is  not  small.  We  will  consider 
generalized  coordinates  a,  6,  angular  velocities  a,  6,  and  also  components  u^,  u^, 
u,  of  induced  angular  velocity  of  reference  system  to  be  small. 
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(11.3.14) 


/,  [—  a  sin  (Ou  +  2)  —  2  (a  +  u{)  l  cos  (0  +  2)  — 
—  2«ri cos  a  sin  (0o  -f  2)j  —  H  (—  l  -f  sin  a)  «=  0 
J%  [—  2  +  a  cosa  +  (i  +  «.)  cos  a  sin*  (0,  -f-  2)  + 
+  (*  +  «t)*  *in  (Oy  +  2)  cos  (0if  +  2)  — 

—  a’cos*  *  sin  (0o  +  2)  cos  (0.,  +  2)  — 

—  «,(*  +  «t) cos  a  cos*  ft  +  ?)  J  + 

+  H  [-  (a  +  u.)  sin  (Oy  +  2)  +  «,cos  a  cos  (ft,  +  2j]  - 

—  IP  tint. 


Being  limited  subsequently  to  consideration  only  cf  basic  precessional  motion 
of  generalized  GP,  we  will  discard  in  (11.3.14)  inertial  terms;  then  we  have 

Vin«)~0 

H  [«,cos  a  cos  (»#  +  *)  -  (i  +  «t)  sin  (&0  +  «)]  -  IP  sin  2 


(11.3.15) 


Designating  by  analogy  with  (2.3.30) 


we  will  rewrite  (11.3.15)  in  the  form 

4 — ii  sin  a  «=  0 
,  1 

cos  a  cos  (D#  +  2)  —  (a  -f  «CJ  sin  (0fl  +  2)  —  k  sin  o  =  0 


(11.3.16) 


We  have  obtained  equations  which  with  accuracy  up  to  designations  coincide  with 
equations  of  motion  of  generalized  GP,  which  were  found  by  B.  I.  Kudrevich  [71]  by 
another  method. 

Equations  (11.3.16)  by  means  of  simple  trigonometric  transformations  with 
accuracy  up  to  small  terms  of  second  order  can  be  represented  in  the  form 


4  — «,«  “0 

u % (cos6#  —  sin 0O’2)  —  (a  4-  u{)  (sin  &0  +  cos ft„-2)  — *2  =0 


(11.3.17) 


3.  Analysis  of  Certain  Particular  Cases 

For  investigation  of  motion  of  generalized  GP  it  is  necessary  to  integrate 
equation  (11.3.17).  Without  giving  the  solution  of  this  general  problem,  we  will 
consider  only  certain  particular  cases.  First  of  all  we  will  determine  position  of 

static  equilibrium  of  axis  of  gyroscope,  which  is  characterized  by  angles  ar,  6r 

•  • 

(or  Pr).  For  this  in  equations  (11.3.17)  we  will  set  a  =  6  =  0;  first  equation  gives 

•,-0,  (11.3.18) 
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i.e.,  axis  of  gyroscope  of  generalized  GP  In  position  of  static  equilibrium  is 
located  in  plane  of  meridian,  and  the  considered  GD  is  in  general  a  gyrocompass 


Let  us  turn  to  analysis  of  certain  particular  caseB. 

Case  of  gyrocompass.  In  this  =  90°.  Considering  that  in  (11.3.17)  $  =  90" 
and  taking  into  account  (11,2.1),  we  will  obtain 

4  — £/cos?-a  -  0  | 

.  ,  «  (11.3.19) 

«  +  4-  (t/cos?  +  k)t 53  0  | 

or,  considering  (11.3.1)#  for  =  90° 

£  + i/cos?-a  =*  0  |  (11.3.21 

it  +  U  i!n  9  —  (U  cos  ?  +  *)  ?  =  0  J 


(11.3.20) 


i.e.,  we  have  equations  of  motion  of  single -rotor  gyrocompass  [20]  located  on  a 
base  motionless  with  respect  to  Earth  [see  (11.5.43)]. 


In  position  of  equilibrium  we  have 


.,-0 


U  cos  f  -f  k 


(11.3.21) 


i.e.,  in  this  position  axis  of  gyroscope  is  located  in  plane  of  meridian,  but  raised 

above  plane  of  horizon  in  northern  hemisphere  (cp  >  0)  by  angle  Pr. 

7  p 

For  the  usually  taken  structural  parameters  of  the  GC  k  =  »  U  cos  cp.  There¬ 

fore  for  Pr,  according  to  (11.3.21),  we  approximately  have  [see  (11,5.46)] 


HV  . 


(11.3.22) 


whence  it  follows  that  to  angle  Pr  there  corresponds  gravitational  torque  lPfir  = 

7  pA 

=  HU  sin  <p  and  angular  velocity  of  precession  which  is  equal  to  U  sin  cp.  This 

rate  of  precession  of  GC  is  necessary  for  compensation  of  vertical  component  U  sin  cp 
of  Earth's  rotation  and  for  holding  thereby  of  axis  of  gyroscope  in  plane  of  meridian. 

Using  equations  (11.3.20),  we  can  reveal  character  of  sustained  oscillations 
of  GC,  their  period,  trajectory  of  vertex  of  gyroscope,  etc.  (see  §  11.5). 

Case  of  gyropendulum.  In  this  c^e  =  0°.  Considering  that  in  (11,3.17) 

$0  =  0°  and  taking  into  account  (11,2.1),  we  will  obtain 

‘  *-«'•“*  — 0  1  (11.3.23) 

—  (a  -f-  U  sin  ?  +  *)  5  +  U  cos  ?  =  0  ) 


Let  us  show  that  in  the  considered  case  instrument  possesses  properties  >f  ohe 
gyrovertical,  i.e.,  axis  of  gyroscope  will  follow  the  local  vertical,  which  rotates 
around  meridian  line  in  outer  space  eastward  with  angular  veJocity  U  cos  cp  with  the 
horizontal  component  of  the  Earth's  rotation  (Fig.  1.8).  Actually,  from  the  second 
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equation  of  system  (11.3.25)  we  find  coordinate  6r 
of  gyroscope; 


t/tty 

(/  aln  f  -r  A ' 


of  position  of  equilibrium  of  axis 

(11.3.2*) 


Since  for  gyropendulum  usually  k 
imately 

K 


»  U  sin  <p,  then  for  we  have  approx- 
JLum,.  (n.5.25) 


From  (11.3.25)  it  follows  that  in  position  of  equilibrium  axis  of  gyroscope  will 

be  deflected  in  plane  of  meridian*  toward  the  north  by  angle  6  .  For  this  slope  &r 

there  appears  gravitational  torque  iP6^  =  HU  cos  ip  and  angular  velocity  of  precession 
lP6r 

— 77— j  which  is  equal  to  U  cos  qp.  This  angular  velocity  of  precession  is  necessary 
for  compensation  of  horizontal  component  of  angular  velocity  of  Earth's  rotation, 


i.e.,  for  automatic  following  of  axis  of  gyroscope  after  vertical  of  the  place,  which 


travels  eastward  with  angular  velocity  U  cos  <p.  Thus,  for  =  0,  generalized  GP 
becomes  a  gyropendulum  vertical. 

Case  of  gyrolatltude.  In  this  case  =  90°-cp  (<p  is  latitude  of  place),  i.e., 
axis  of  gyropendulum  is  directed  along  axis  of  Earth.  Considering  in  (11.3.17)  that 
$q  =  90°-<P  and  taking  into  account  (11.2.1),  we  will  obtain 


whence 


(11.3.26) 

(11.3.27) 


I— (/cosfa  ■»  0 

U  cos  f  (sin  <?  —  cos  i)  —  (a  +  U  sin  ?)(cos  ?  + 

•f  fin  *8)  —  kl  *=  0 

i  — (/COSf  -a  -=  0 

«  coup  +  (i  sin  <p  +  1/-M)  3  =  0 

In  position  of  equilibrium  (ct  =  6  =  0) 

*-0,  4,-0, 

i.e.,  axis  of  gyroscope  is  established  in  direction  of  axis  of  Earth,  and  such  a  GP 
can  be  an  indicator  of  geographic  latitude  of  place  of  observation. 

Other  cases  of  application  of  generalized  GP  can  be  met  in  the  corresponding 
literature  (for  instance,  [71,  123]). 

After  clarifying  certain  general  properties  of  GD  with  center  of  gravity  of  the 
gyroscope  displaced  relative  to  point  of  its  suspension,  we  will  consider  in  more 
detail  the  most  important  varieties  of  generalized  GP  —  gyropendulum  and  gyrocompass. 


♦Indeed,  from  first  equation  of  system  ( 11, 3.23)  it  follows  that  in  position  of 
equilibrium  coordinate  ar  =  0,  i.e.,  axis  of  gyroscope  is  located  in  place  of  meridian. 

Equations  (11.3.23)  dilfer  in  form  from  equations  of  GP  obtained  by  B.  V. 

Bulgakov  [20,  p.  3^>  formula  35].  However,  from  the  latter  it  is  easy  to  go  over  to 
equations  (11.3.23) ,  if  for  considered  case  of  a  base  motionless  with  respect  to  Earth 
//e  set  =  W2  -  =  0,  u^  =  u^  =  0,  u2  =  u^  =  U  cos  cp,  u^  =  u^  =  U  sin  <p,  and 

taking  into  account  different  selection.of  Euler  angles  (cf.  Figures  11.5  and  2.19) 
we  replace  B  by  6,  -u.a  by  +u  a,  a  by  -a  sin  6  *  -&5,  and  also  take  the  restoring 
torque  ZPa  »  0.  ^  ^ 


327 


Hti . 


*«..  •>,  V  «t' 


,  UM.  lMBMMa^4  »*  t^C  :_ 


n&-*^cj- t-uji  4  '»■  «T» 


•  2»  ,y 


,>  IktHtut  tfjtiuii 


§  11.4.  G.vropendulums  (GP) 

1.  Purpose  of  OP.  Fundamental  Scheme  of  the  Instrument 

a)  Types  of  OP 

As  was  shown  earlier  (§  6.1,  Par.  1),  gyropendulum  (GP)  is  defined  as  a  gyro¬ 
scope  with  three  degrees  of  freedom  whose  center  of  gravity  lies  on  figure  axis 
(axis  of  rotor)  at  a  certain  distance  from  point  of  support.  Gyropendulum  can  be 
considered  as  a  particular  case  of  generalized  GP,  (§  11.3,  Par.  3).  Gyroverticals 
in  which  there  are  used  GF,  are  called  gyropendulum  verticals.  Such  gyroverticals 
in  principle  possess  essential  advantages  over  GV  based  on  application  of  three-degree 
of-freedom  astatic  pendulum  gyroscope  (Chapter  6).  However,  realization  in  practice 
of  gyropendulum  verticals  having  acceptable  accuracy  of  readings  during  maneuvering 
of  object  (ship,  aircraft)  is  very  complicated  technically,  since  it  is  difficult 
to  realize  M.  Schuler's  condition  of  undisturbability  (§  4.5,  Par.  5)  of  the  gyro¬ 
pendulum  by  accelerations  of  the  object.  In  practice  this  condition  is  satisfied  in 
so-called  inertial  verticals  (the  basic  element  of  inertial  navigational  systems, 
see  §  11.6)  by  means  of  artificial  simulation  of  Schuler's  pendulum  with  help  of  a 
system  containing  a  gyrostabilized  platform,  accelerometers,  integrators,  computer 
and  other  elements. 

In  gyropendulum  verticals  there  are  applied  spherical,  or  two -component,  GP, 
possessing  two  controlling  coordinates.  In  different  GD  there  are  used  also  plane, 
or  single -component  GP,  having  one  controlling  coordinate.  Depending  upon  number 
of  gyroscopes,  we  distinguish  single-gyroscope,  two-gyroscope  and  four-gyroscope  GP. 

During  account  of  theory  of  GP  we  will  consider  usual  scheme  of  gyropendulum 
vertical  with  one  gyroscope.  Regarding  plane,  two-gyroscope  and  four-gyroscope  GP, 
we  will  indicate  only  their  basic  peculiarities. 

b)  Fundamental  Scheme  of  GP.  Simple  Relationships 

Schematic  diagram  of  GP  is  shown  in  Fig.  11.6.  Gyrorotor  is  installed  in  gyro¬ 
housing  (in  inner  Cardan  ring)  Gh,  which  is  suspended  in  outer  Cardan  ring  C.  Center 
of  gravity  G  of  gyrohousing  with  rotor  is  displaced  along  axis  Oz  of  gyroscope  by 
the  amount  l  relative  to  point  of  suspension  0. 

Let  us  consider  principle  of  action  of  GP  and  derive  simple  relationships.  In 
Fig.  11.7  axis  Oz  of  gyropendulum  is  deflected  from  vertical  by  angle  a  about 
axis  0t)  of  rotation  of  outer  Cardan  ring.  Torque  M  due  to  weight  P  of  rotor  with 
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gyrohousing  is  directed  along  axis  Or)  and  in  magnitude  is  equal  to 

Mt  —  IP  tint  zz  l Pa. 


(11.4.3) 


For  determination  of  basic  precesslonal 
motion  of  axis  Oz  of  gyroscope  under  action 
of  torque  we  will  use  Resal's  theorem 
(§  1.3*  Par.  2).  According  to  (1.3.23) 
we  have: 

(11.4.2) 

where  u  is  linear  velocity  of  end  of  vector 
IT  of  angular  momentum  of  gyroscope;  it  is 
determined  by  relationship 


u  —  kH  fina%Jktfa, 

k  is  angular  velocity  of  precession  of  GP. 

Substituting  (11.4.1)  and  (11.4.3)  In  (11,4.2),  we  have  formula 

kmmlL 

*  H  ’ 


(11.4.3) 


(11.4.4) 


which  coincides  with  (2.3.30). 

With  deflection  of  axis  Oz  of  gyroscope  from  vertical  OC,  the  GP  starts  under 
action  of  gravitational  torque  M  to  precess  about  0£;  then  axis  Oz  will  describe 

O 

a  cone  with  vertex  at  point  0.  Angular  velocity  of  precession  k  is  determined  by 
formula  (11.4.4),  and  its  period  Tg  will  be 


T  mm ■  VrJL 

,r  "  T  ^  ip  * 


(11.4.5) 

In  the  absence  either  of  friction  in  the  suspension  or  a  special  damping  attach¬ 
ment,  precesslonal  oscillations  of  axis  of  gyroscope  will  be  undamped.  For  trans¬ 
formation  of  GP  into  a  GV,  it  is  necessary  to  quench  these  oscillations  with  help 
of  a  special  damper.  Use  of  frictional  force  for  quenching  of  natural  oscillations 
of  axis  of  gyroscope  is  impossible,  since  friction  generates  additional  errors  in 
the  GP j  therefore,  in  every  possible  way  it  is  attempted  to  decrease  frictional 
torque  in  the  suspension. 

Comparing  (11.4.5)  with  formula  (4.1.2)  for  period  of  oscillations  of  simple 
pendulum,  we  will  find  length  lrgd  of  simple  pendulum,  which  is  isochronous  with  the 
considered  gyropendulum,  i.e.,  "reduced"  length  of  the  GP: 


/. 


fr 


(11.4.6) 
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Thus,  if  we  take  a  gyroscope  of  comparatively  small 
weight  P,  but  possessing  large  angular  momentum  H  and 
small  static  torque  IP,  then  we  can  obtain  a  GP  with  large 
period,  i.e.,  equivalent  to  a  simple  pendulum  of  very 
great  length, 

A  GP,  if  in  it  the  gyroscope  does  not  rotate  (H  =  0), 
becomes  a  physical  pendulum  whose  period  is  determined  by 
formula  (4.1.4) 

(11.4.7) 


Fig.  11.7.  Precessional 
motion  GM. 


where  Jg  is  equatorial  moment  of  inertia  of  gyrorotor. 

Then  length  ig  of  the  equivalent  simple  pendulum  which 
has  the  same  period  as  the  considered  physical  pendulum 
is  expressed  by  relationship  (4.1.5): 

(11.4.8) 

whence  it  follows  that  physical  pendulum  is  equivalent  to  a  simple  pendulum  of 
considerably  smaller  length  than  the  GP. 

Verticals  of  gyroper.duluin  type  constructed  according  to  the  considered  scheme, 
for  several  reasons,  which  will  be  shown  further,  have  found  comparatively  little 
application  in  practice.  The  first  more  or  less  useful  artificial  horizon  of  gyro- 
pendulum  type  was  built  by  Flerie  [29,  20]  for  stabilization  relative  to  plane  of 
horizon  of  the  optical  Bystem  of  a  sextant.  There  are  also  known  the  naval  gyro- 
horizon  and  aviation  gyrohorizon  of  Anschutz  [29,  20], 

Let  us  give  an  example  for  determination  of  certain  parameters  characterizing 
motion  of  the  gyropendulum  aviation  gyrohorizon  of  Anschutz. 

Example  11.1;  To  calculate  parameters  characterizing  motion  of  gyropendulum 
aviation  horizon  of  Anchutz,  for  the  following  initial  data  [29,  20]:  rpm  rate  of 
rotor  N  =  20,000  rpm;  angular  velocity  of  spin  of  rotor  Q  =  2094  1/sec;  angular 
momentum  of  gyroscope  H  =  1.708*10'’  g.cm*sec;  weight  of  gyrohousing  with  rotor 
P  =  5  kg;  distance  of  center  of  gravity  of  gyroscope  from  point  of  suspension 

p 

l  =0.25  cm;  equatorial  moment  of  inertia  of  gyrorotor  Jg  =  48.94  g. cm. sec  . 

Solution;  1.  By  formula  (11.4.4)  we  find  angular  velocity  k  of  precession  of 
the  GP: 


ft 


.MJ52L..7.3I9.IO-’ 

1,708- 10* 


1/sec , 
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2.  According  to  (11.4,5)  we  determine  period  T  of  natural  sustained  oscillat- 

6  «P 


tions  of  OP: 


T 

f“  * 


8.28 


7,319-10 


-3 


>858,5  sec  —  4  min  19  &ec> 


3,  Using  (11,4,6),  we  calculate  "reduced"  length  of  GP  lred: 


I. 


•.81 


*•  (7,319*  lO”3)' 


183*100  m  =  183,1  km. 


4.  By  formula  (11.4.7)  we  determine  period  Tp  p  of  oscillations  of  physical 
pendulum  obtained  from  GM  with  non-rotating  rotor  (H  =•  0) : 


T*  "  “  fc IP  "  6,28  0,25.5000 


=  1,243  sec. 


5.  According  to  (11.4.8)  length  l  of  the  equivalent  simple  pendulum 


^-4f 


48,94 


IP  0.25-  5000 


981  -  27,84  cm  -  0,2784  m. 


From  example  11.1  it  follows  that  the  GP  has  considerably  larger  period  of 
oscillations  than  the  corresponding  physical  pendulum.  Therefore,  accuracy  of  read¬ 
ings  of  GP  on  a  rocking  ship  or  aircraft  will  be  considerably  higher  than  accuracy 
of  physical  pendulum. 


2.  Dynamic  Characteristics  of  GP 
a)  Geometric  and  Kinematic  Parameters 

Investigation  of  GP  starts  with  composition  of  differential  equations  of  motion 
and  corresponding  transfer  functions.  Initial  position  of  axes  Oxyz,  which  are 
connected  with  gyroscope,  and  reference  system  0|qf;,  where  axis  0(;  is  directed  along 
geocentric  vertical,  is  shown  in  Fig,  11.6.  Position  of  axis  Oz  of  gyroscope  relative 
to  its  assigned  direction  Of;  (Fig.  2.19),  or,  which  is  the  same,  position  of  Resal 
axes  Ox^y^z  relative  to  0£qf;,  is  determined  by  angles  a  and  P,  which  are  considered 
subsequently  as  errors  of  the  gyropendulum. 

Transformation  of  axes  0£qf;  to  0x^y^z  is  written  in  the  form  of  matrix  equality 
(6,2.1),  in  which  matrix  of  transformation  A^  =  ||aj  vll  (p.,v  *  1,  2,  3)  is  defined 
by  Table  (6.2.2),  or  for  small  angles  a  and  P  -  by  (6,2.3). 

For  projections  p^,  q^,  r^  of  angular  velocity  of  Resal  axes  Ox^y^z  onto 
these  same  axes  we  have  formulas  (1.2.15).  With  consideration  of  induced  motion  of 
axes  caused  by  rotation  of  Earth  and  vehicular  motion  for  projections  of  absolute 

angular  velocity  of  axes  Ox^y^z  onto  the  same  axes  there  were  found  formulas  (1.2.34) 
or  (1.2.35)  (for  case  of  small  a  and  P) . 
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b)  Differential  Equations  of  Motion  and  Transfer  Functions  of  the  GP 

For  composition  of  differential  equations  of  motion  of  the  GP  we  will  use 
generalized  Euler  equations  (without  considering,  for  simplicity,  the  mass  of  the 
Cardan  rings);  i.e.,  we  will  use  first  two  equations  of  system  (1.4.2) 


A  (“j“  —  9rtj  +  Mqx  *=  Aft|  | 

A(“7  +  Pr»)“ty>i‘=Myi 


(11.4.9) 


(11.4.10) 


For  small  angles  a  and  ^  quantities  p^,  q^,  r^  are  determined  by  relationships 
(1.2.35) 

qx  -  «  +  «,  -  «:? 

r,  «  uk*  +  uf  4  w. 

For  p,  q,  r,  according  to  (1.2.13),  we  have 

P“Pi5  q  =  9v  (11.4.11) 

Putting  (11.4.10)  and  (11.4.11)  in  (11.4.9)  and  considering  components  u^,  u  , 
u^  of  induced  angular  velocity  ”u  of  axes  to  be  constant  (for  comparatively 

small  time  intervals  of  operation  of  the  GP),  with  accuracy  up  to  terms  of  the  second 
order  of  smallness  we  will  obtain 

-ru, M, 

J  vUi 


(11.4.12) 


Moments  M  and  M  will  be  represented  in  the  form 
X1  yl 


(11.4.13) 


where  M,„  .  and  M 

(K*w)y 


/  \  are  components  of  torque  M,  v,  which  is  due  to  action  of 

J  gravity  and  forces  of  inertia  due  to  accelerations  of 
the  object; 


Mdx  and  Mdy  are  damPin8  torques; 

f. (t)  and  f5(t)  are  other  perturbing  torques  relative  to  axes  of  suspension 
x  d  of  the  GP. 

Components  M,  »  and  M,  v  are  determined  by  formulas  (2.3.56);  we  will  at 
first  consider  moments  of  forces  of  damping  (damping  torques)  to  be  equal  to  zero; 
then  we  will  rewrite  (11.4,13)  in  the  form 

— m/[lT,-(£t,+  ^c)P]4-/2(0  |  (11.4.14) 
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Substituting  (11. 4.1»0  into  (11.4.12),  we  have 

•M >-«(•  +  «,-«<?)  (,„  +  »',)?]-/,(/) 

A*-  //(—  $  +  «t  —  u.«) 

-(*o+r<)«)  +  /|(') 


(11.4.15) 


For  the  case  of  a  fixed  base,  if  we  do  not  consider  also  rotation  of  Earth, 
=  u^  =  Uj.  =  0,  =  0,  and  in  place  of  (11.4.15)  we  will  obtain 

+  mgaQ -—/,(/) 

x  +  mSj*  *=  /,  (0 

Considering  [see  (2.2.3)] 

mgt^mg  =  P, 

we  will  rewrite  (11.4.16)  in  the  form 

jji +«>?-«; —/,</)' 

Let  us  divide  left  and  right  sides  of  these  equations  by  H: 


«*  +  £*  +  ?-  ±M) 


Let  us  designate 


r  «A.  h  1 

•  w  ‘  *  h  ’  h  * 

Then  we  will  write  equations  (11,4.19)  in  the  form 


or  in  operator  form  (p  =  ^-) 


—  8  «=—  A/,  (()  | 

(V  +  W-p*  =-*/*(')  1 
J*  +  (V +  *)•-*/.<')  / 


!0  ) 
f,(  0  I 


(11.4.16) 


(11.4.17) 


(11.4.18) 


(11.4.19) 


(11.4.2C) 


(11.4.21) 


(11.4.22) 


(11.4.2J) 


Eliminating  variables  P  and  a,  we  will  obtain 

((TV  +  *)*  +  p*l  *  “  (TV  +  A)  A/i  (0  +  Ap/t «) 

KV  +  *)*  +  p*)3 — (V  +  *)*/.  (0  i-  ap/, 

Applying  to  (11,4.23)  Laplace  transform,  we  find  following  expressions  for 
transfer  functions  of  the  gyropendulum: 
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«(«)  u  OVt’-M)* 
/»(*)  (tv*  +  *)*  +  ** 

«(<)  hi 

AM  (rS  +  k)'  +  f 

PM  ,  *» 

/i<*>  (r*«* 4 

-M«)  B  (T.<'~k)h 
AM  (r/  -»*)*  +  ** 


(11.4.24) 


As  will  be  shown  further,  on  during  pulse  action,  in  accordance  with  (11.4.24), 
the  GP,  In  distinction  from  a  three -degree-of -freedom  astatic  gyroscope  (§  3.2,  Par. 
3),  will  accomplish  two  forms  of  undamped  harmonic  oscillations:  1)  nutational 

A 

oscillations  with  frequency  where  T~  is  time  constant  of  GP  (for  its  nutational 

x0  u 

oscillations);  2)  precesslonal  oscillations  with  frequency  k. 

In  the  case  of  a  balanced  gyroscope  i  =  0,  and  consequently,  k  =  0.  Then  trans¬ 
fer  functions  (11.4.24)  of  the  GP  will  be  the  same  as  transfer  functions  (3.2.31)  of 
a  three-degree-of -freedom  astatic  gyroscope,  if  in  the  last  expressions  we  take 
k  =  h,  k^  =  k2  =  hTg,  T  =  TQ. 

Differential  equations  and  transfer  functions  of  the  GP,  taking  into  account 
damping  and  other  factory  will  be  composed  further  on. 


3.  Transient  Responses  of  the  GP  on  a  Fixed  Base 

a)  Transient  Response  of  Nutational  and  PreceBsional  Oscillations  of  Axis  of  Gyroscope 

Knowing  expressions  of  transfer  functions  of  GP,  we  can  find  transient  response 
of  gyropendulum  on  fixed  base  with  help  of  the  same  methods  of  the  theory  of  auto¬ 
matic  control  which  we  used  in  §  3.2,  Par.  3,  during  the  analysis  of  motion  of  three- 
degree-of -freedom  astatic  gyroscope,  when  disturbances  f^(t)  and  f2(t)  were  considered 
in  the  form  of  moments  of  instantaneous  forces  (impacts)  or  of  torques  constant  in 
magnitude.  Without  producing  detailed  analysis  of  transient  responses  of  the  GP,  we 
will  be  limited  to  their  general  consideration,  proceeding  from  the  form  of  the 
transfer  functions.  Thus  we  will  use  one  important  circumstance  which  introduces 
an  essential  simplification. 

According  to  one  of  the  theorems  (§  10.2),  if  condition  of  stability  is  observed 
and  gyroscopic  forces  dominate  over  others  (for  large  H),  then  frequencies  of 
oscillations  of  gyroscope  are  separated  and  can  be  calculated  independently  of  each 
other. 

Actually,  for  analysis  of  basic  precesslonal  motion  of  the  GP,  in  differential 
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equations  (11.4.21)  It  Is  possible  to  discard  inertial  terms;  this  is  equivalent 
to  disregarding  time  constant  TQ  of  the  gyroscope  in  expressions  (11.4.24)  for  trans¬ 
fer  functions.  Then  instead  of  (11,4.24)  we  will  obtain 


hs 


/»<«>  *•+** 

r„d) 

r„(s) 


/.(«)  «•+*» 
M«)  E  Ai 

/.w  ,»+** 

AM  ,*  +  ** 


(11.4.25) 


As  an  example  we  will  give  the  characteristic  of  motion  of  gyroscope  relative 
to  coordinate  a.  From  the  expression  for  transfer  function  W^s),  it  follows  that 
the  GP  with  respect  to  disturbance  f^(t)  relative  to  analogous  axis  (§  3.2,  Par.  3) 
can  be  considered  as  a  conservative  network,  and  therefore  motion  a(t)  during  disturb¬ 
ance  f^(t)  in  the  form  of  instantaneous  torque  (impact)  will  represent  undamped 
harmonic  precessional  oscillations  with  frequency  k.  In  this  case  trajectory  of 
vertex  of  gyroscope  on  the  representative  plane  is  a  circle. 

On  the  other  hand,  the  form  of  transfer  function  W^2(s)  shows  that  the  GP  with 
respect  to  disturbance  f2(t)  relative  to  the  cross  axis  can  be  considered  as  a  con¬ 
servative  network  with  Introduction  of  derivative  [114],  i.e.,  motion  of  gyroscope 
a(t)  during  disturbance  f2(t)  will  constitute  undamped  harmonic  precessional 
oscillations  with  frequency  k.  Frequency  k  of  precessional  oscillations  of  GP  is 
determined  by  relationship  (11.4.4),  and  their  period  T  —  by  formula  (11.4.5). 

For  analysis  of  nutational  oscillations  of  GP  in  accordance  with  the  above - 
indicated  theorem,  in  differential  equations  (11.4.21)  it  is  possible  to  discard 
terms  containing  as  a  factor  the  quentlty  k,  or  to  do  the  same  in  expressions 
(11.4.24)  for  transfer  functions  of  the  GP;  then  the  latter  will  take  the  form 


*uW 


*..<*) 


■JM  =  T* 

A  (')  ry  + 1 
•(»)  „  * 

AM  (T|**+I)i 

EM  ..  * 

AM  (Tqj*  +  i)  * 
-PMr  T,h 
AM  ry+\ 


(11.4.26) 
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Consequently,  transfer  functions  of  GP  will  be  the  same  as  transfer  functions 
(3.2.31)  of  astatic  gyroscope  with  three  degrees  of  freedom, 'if  in  (3.2.31)  we  take 
k  =  h,  and  k^  =  kg  =  1iTq,  T  -  Tq.  Therefore,  transient  responses  of  GP  here  are  the 
same  as  for  the  indicated  gyroscope  (§  3.2,  par.  3).  In  general,  for  instance,  motion 
of  axis  of  gyroscope  a(t)  constitutes  undamped  harmonic  oscillations  with  frequency 
1/T0  and  shift  of  axis  of  gyroscope  superimposed  on  them,  which  is  proportional  to 
the  Integral  of  input  disturbance  f2(t),  These  sustained  oscillations  of  axis  of 
gyroscope  are  nutational  oscillations j  their  frequency,  by  analogy  with  (3.2.62), 
will  be  t 

"*7;  (11.4.27) 

or,  considering  (11.4.20), 


«-*• 


Period  Tnut  of  nutational  oscillations  of  gyropendulum  is  determined  by  expres¬ 


sion 


T  _  ^  _  O*  A 


(11.4.28) 


Example  11.2;  To  calculate  time  constant  TQ,  frequency  n  and  period  Tnufc  of 
nutational  oscillations  of  a  GP  whose  parameters  are  given  in  example  11.1. 

Solution;  1.  By  formula  (11.4.27)  we  find  frequency  n  of  nutational  oscilla¬ 
tions  ; 

/*  *a,94 

2.  Period  Tfiut  of  nutational  oscillations  is  determined  by  formula  (11,4.28): 

mm  is  6,2®  I  p  in  —  3 

T|  =  —  — - =  1,8-10  sec. 

"  3,69- 101 

3.  According  to  (11.4.27),  we  find  time  constant  TQ  of  the  GP  by  considering 
its  nutational  oscillations: 


T,  - - - - ~  0,286v»-  KT3  sec. 

"  3,69- 10* 

_■* 

Comparing  period  of  nutation  (T  t  =  1.8*10  ^  sec.)  of  the  GP  with  period  of 
its  basic  precesslonal  motion  (T  =  858.5  sec.  Example  11. 1),  we  see  that  the  latter 
is  many  times  larger  than  period  of  nutational  oscillations.  Amplitudes  of  nutational 
oscillations  of  axis  of  GP,  Just  as  for  the  astatic  gyroscope  with  three  degrees  of 
freedom  (§  3.2,  Par.  3),  are  obtained  to  be  negligible  and  many  times  less  than 
amplitudes  of  precessional  oscillations  of  the  GP. 

Comparison  [76,  20,  135]  of  amplitudes  of  precessional  oscillations  of  GP  with 
amplitudes  of  oscillations  of  physical  pendulum  (for  the  same  initial  conditions) 
shows  that  the  first  is  considerably  less  than  the  second.  This  also  indicates 
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advantages  of  gyroscopic  pendulum  over  the  usual  physical  pendulum. 

Using  the  earlier  indicated  theorem,  we  found  frequencies  k  and  n  of  precosslonal 
and  nutational  oscillations  of  GP  separately.  Exact  value  of  these  frequencies  can 
be  determined  according  to  (11.4.23)  by  means  of  solution  of  following  characteristic 
equation: 

(rZ-M^  +  X’-O.  (11.4.29) 

As  calculations  show  [90],  relative  error  of  separate  calculation  of  frequencies 
k  and  n  as  compared  to  their  exact  determination  proceeding  from  (11,4.29)  is  a 
fraction  of  a  percent;  this  is  fully  acceptable  for  practice. 

In  connection  with  above  considered  question,  it  is  important  to  present  the 
following  theorem  [90]:  if  frequencies  of  system  wi*h  sufficiently  large  H  are 
separated,  then  solution  of  simplified  equations  is  acceptable.  Therefore,  during 
analysis  of  GP  there  are  usually  used  simplified  (shortened)  equations,  and  basic 
precessional  motion  of  gyroscope  is  investigated. 

b)  Stability  of  GP 

Above  considered  oscillations  of  GP  are  stable  for  l  >  0,  i.e.,  when  center  of 
gravity  of  gyropendulum  is  located  lower  than  point  of  its  suspension  (Fig.  11.7). 
However,  it  is  possible  to  show  that  for  s'lff iciently  large  value  of  angular  momentum 
H,  GP  will  be  stable  and  also  for  l  <  0,  when  its  center  of  gravity  is  located  higher 
than  point  of  suspension,  i.e.,  in  the  case  of  a  statically  unstable  system  ("inverted" 
GP) .  Actually,  characteristic  equation  (11,4.29)  corresponding  to  homogeneous 
differential  equation  of  natural  oscillations  of  GP  can  be  written  in  the  form 

iy  +  ( 1  +  27Vk)  X*  +  *' »  0.  (11.4.30) 

Since  k  *  ^  [see  (11.4.20)],  then  for  l  <  0  we  have  k  <  0.  Analysis  of 
characteristic  equation  (11,4.30)  shows  that  its  roots  are  real,  and  motion  of  GP  is 
stable  if  the  following  inequality  [20]  is  satisfied: 

,|/|  P.  (11.4.31) 

It  is  easy  to  show  that  this  condition  is  sufficient.  Stability  of  "inverted" 

GP  if  condition  (11.4.31)  is  satisfied  gives  an  example  of  possibility  of  realization 
of  gyroscopic  stabilization  of  a  statically  unstable  mechanical  system  (§  10,2). 

c)  Influence  on  GP  of  Frictional  Torques  in  the  Suspension 

Influence  of  fluid  frictional  torques  in  axes  of  suspension  of  GP  on  character 
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of  its  natural  oscillations  is  considered  in  a  number  of  works  (for  instance, 

[20,  71]).  It  is  shown  that  in  this  case  nutational  and  precessional  oscillations 
of  axis  of  gyroscope  under  the  influence  of  friction  attenuate;  nutation  attenuates 
faster  than  precession  [20],  In  connection  with  this  it  is  interesting  to  present 
the  statement  of  B,  V.  Bulgakov  [18] s  "this  selective  action  of  resisting  forces, 
which  rapidly  quenches  high-frequency  oscillations,  and  is  the  true  cause  of  the 
fact  that  usually  in  all  technical  applications  of  the  gyroscope  it  is  necessary  for 
us  to  deal  only  with  precession,  while  nutation  appears  only  during  starting  or  stop¬ 
ping  of  the  gyroscope,  during  shocks  and  vibrations  of  supports,  etc." 

The  question  of  the  influence  on  OP  of  dry  frictional  torques  in  axes  of  sus¬ 
pension  was  considered  by  certain  authors  [18,  57],  Here  also  there  occurs  damping 
of  nutational  and  precessional  oscillations  of  axis  of  gyroscope;  thus,  as  in  the 
case  of  fluid  friction,  nutation  attenuates  faster  than  precession.  Trajectory  of 
vertex  of  gyroscope  on  representative  plane  constitutes  a  converging  spiral  with  a 
dead  zone  [45].  A  characteristic  peculiarity  of  the  case  of  dry  friction,  as  it 
was  shown  in  [18],  is  full  quenching  of  precessional  and  nutational  motions  in  a 
finite  time. 

d)  Quenching  of  Natural  Oscillations  of  GP 

As  was  shown  in  Par.  lb,  for  transformation  of  gyropendulum  into  a  gyrovertlcal 
It  is  necessary  to  quench  its  natural  precessional  oscillations.  Use  for  this  of 
forces  of  friction  in  suspension  leads  to  additional  errors  of  the  GP,  especially 
in  case  of  vehicle  maneuvers  and  oscillations.  Therefore,  it  is  necessary  to  decrease 
frictional  force  in  suspension  by  all  possible  means,  and  to  quench  natural  oscilla¬ 
tion  of  the  GP  with  help  of  special  devices. 


l 
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In  certain  GD,  for  instance  in  GC  and  GP,  for  quenching  of  natural  oscillations 
of  axis  of  gyroscope  we  apply  a  hydraulic  damper,  which  is  made  according  to  the 
model  of  Frahm  cisterns  intended  for  damping  of  rolling  of  a  ship.  The  damper  con¬ 
sists  of  two  vessels  containing  liquid  joined  with  each  other  by  a  thin  tube  and 
connected  with  the  corresponding  ring  of  the  Cardan  suspension  of  the  GP.  Action  of 
such  a  damper  is  based  on  the  fact  that  the  liquid  during  shift  in  the  vessels  lags 
in  phase  relative  to  oscillations  of  the  gyroscope  and  by  its  weight  counteracts 
oscillatory  motion  of  the  gyroscope. 

Let  us  consider  the  behavior  of  a  GP  supplied  with  hydraulic  damper;  for  this 
we  will  use  the  account  of  this  question  which  is  due  to  B.  V.  Bulgakov  [20], 
Schematic  diagram  of  the  damper  connected  with  the  external  Cardan  ring  is  shown  in 
Fig.  li.8;  on  it  there  is  designated:  a  —  angle  of  inclination  of  axis  of  gyroscope 
together  with  outer  Cardan  ring;  <p  —  angle  of  inclination  of  "mirror,"  i.e.,  of  the 
straight  line  connecting  centers  of  gravity  of  free  surfaces  of  the  liquid  in  both 
vessels  with  plane  of  the  outer  Cardan  ring;  —  angle  of  inclination  of  apparent 
horizon  to  true,  horizon  which  by  analogy  with  relationship  (4.5.22)  is  determined 


by  formula 


(11.4.32) 


Magnitude  of  torque  introduced  by  surplus  of  liquid  in  vessel, 

(11.4.33) 

where  c  =  jb2S^; 

b  —  distance  from  center  of  gravity  of  vessel  to  axis  of  rotation; 

S  —  area  of  cross  section  of  each  vessel; 

7  —  specific  gravity  of  liquid. 

Rate  of  florf  of  liquid  in  vessels  on  the  baBis  of  Poiseuille's  law  is  expressed 
by  relationship 

^  (*  +  ?).  (11.4.34) 

where  F  is  so-called  flow  factor  [71] ,  which  is  defined  in  terms  of  structural  con¬ 
stants  of  the  system. 

Let  us  compose  differential  equations  of  motion  of  a  GP  supplied  with  a  hydraulic 

damper.  Being  interested  in  analysis  only  of  basic  precessional  motion  of  the 

gyroscope,  we  will  use  equations  (11.4.21),  discarding  in  them  inertial  terms  TQtl 
•• 

and  TqP;  torques  f^(t)  and  fg(t)  ° *  dlsturbarces  will  be  taken  equal  to  zero;  we 

will  consider  torque  M  [see  (11.4.35)]  applied  relative  to  axis  0y.  (Fig.  2.19). 

sur  x 

Then  we  will  obtain  equations 


(11.4.35) 


0 +  Ai +  (l -,*)*?  =0  I 

where  p,  if  we  consider  (11.4.20),  is  determined  by  relationship 

(11.4.36) 


Equations  (11.4.35)  should  be  supplemented  with  equation  (11.4.34)  of  oscilla 
tions  of  liquid  in  the  damper;  then  we  will  obtain  system  of  equations  [20] 


£  +  +  (I  —  f»)  kt  —  0 


(11.4.37) 


characterizing  motion  of  GP  supplied  with  hydraulic  damper. 

Characteristic  equation  of  system  (11.4.37)  we  will  write  in  the  form 

aj.3  +  aj:  -r  flji.  4-  <?„  =  0.  (11.4.38) 

where 


fk*f 


(11.4.39) 


For  equation  the  cubic,  according  to  the  Hurwitz  criterion,  conditions  of 


stability  have  the  form 

o$  >0;  a,  >  0;  at  >  0;  a,  >  0 

A,  «=  I  a° 

I  «3  «| 

whence,  considering  (11.4.39)  and  (11.4.36),  we  will  obtain  the  following  condition 
of  stability  [20]: 


a^,—atao>0 


(11.4.40) 


0<p<  J  (11.4.41) 

or 

0<c</P,  (11.4.42) 

if  this  condition  is  satisfied  natural  oscillations  of  the  GP  will  be  attenuated. 

The  solution  of  more  general  problem  about  hydraulic  quenching  of  oscillations 
of  GT  in  two  planes  [20]  is  known. 

Let  us  note  that  during  investigation  of  question  about  damping  of  natural 
oscillations  of  GP  In  the  presence  of  accelerations  of  the  vehicle,  we  should  orig¬ 
inate  from  equations  (11.4.15),  supplementing  them  with  expression  (11.4.33)  of 

torque  M  ,  and  should  write  in  place  of  (11.4.34)  the  equation  of  oscillations  of 
sur 

fluid  in  the  damper  in  the  form 

f(,.|.?  +  Zl)f  (11.4.43) 

where  \ ^  (Fig.  11.8)  is  determined  by  relationship  (11.4.32),  in  which  is  component 
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of  acceleration  along  axis  0$. 

Besides  the  hydraulic  damper,  there  exist  other  means  for  quenching  of  natural 
oscillations  of  GP.  One  of  the  wide-spread  methods  is  based  on  principle  of  radial 
correction,  which  also  is  applied  in  GV  based  on  the  astatic  pendulum  gyroscope 
(§  6.2,  par,  2).  During  analysis  of  these  GV  there  was  considered  case  of  radial 
correction  and  taken  into  account  possible  unbalance  of  the  gyroscope;  this  is 
equivalent  to  imposition  on  the  GP  of  radial  correction  torques. 

If  we  consider  what  was  said,  differential  equations  of  precessional  oscillations 
of  GP  witt  radial  correction  in  the  absence  of  disturbances  can  be  obtained  from 
equations  (6.2.21),  if  we  set  in  them  f^(t)  =f2(t)  *  x^t)  =  =0s 


fgi  +  .-WJ-O 

r,J+>+«\*  =  o 

where  is  time  constant  of  correction,  and  k  is  defined  by  relationship 
Characteristic  equation  of  system  (11.4.44)  has  the  form 


(11.4.44) 
(11.4.20) . 


or 


J>,+  27',V+l+*,7’;  =  0 


(11.4.45) 


ry  +  2cr/+|  =o, 


(11.4.46) 


where 


rM 


(11.4.47) 


According  to  (11.4.46),  the  GP  with  radial  correction  can  be  considered  as  an 
oscillating  circuit.  Consequently,  natural  oscillations  of  the  GP  will  be  attenuated. 
Quantity  is  time  constant  of  this  circuit,  and  £  is  relative  attenuation  factor. 
Frequency  of  natural  sustained  oscillations  of  a  GP  with  radial  correction  is  deter¬ 
mined  by  relationship* 


.  i  Vi+*tj 
* "  r«  "  r, 


(11.4.48) 


In  the  absence  of  radial  correction  =  co,  and  then  k^  =  k.  Thus,  use  in  GP 
of  radial  correction  ensures  quenching  of  natural  precessional  oscillations  of  axis 
of  gyroscope  exactly  as  in  the  case  of  application  of  a  hydraulic  damper.  Theory  of 
GP  with  radial  correction  was  developed  in  detail  by  B.  V.  Bulgatrov  [ 20 ] • 


1 

*Let  us  note  that  in  part  I  of  the  book  on  pp.  285  and  425  >  quantity  ■—  should 

id 

be  called  not  frequency  of  damped  oscillations  of  the  gyroscope,  but  frequency  of 
undamped  oscillations  of  the  gyroscope  with  damping. 
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4.  Static  Errors  of  GP  Due  to  Rotation  of  the  Earth  and 
Vehicular  Motion  (Rate  Errors  of  GP) .  Ballistic 
Errors  of  GP  and  Their  Compensation 


a)  Preliminary  Remark 

Most  important  is  analysis  of  motion  of  GP  with  consideration  of  rotation  of 
Earth  and  vehicular  motion;  thus  there  are  determined: 

1)  errors  due  to  rotation  of  Earth  and  rectilineal  and  uniform  motion  of  the 
object  (vehicle),  or  rate  errors  of  the  GP; 

2)  errors  due  to  longitudinal  accelerations  of  the  object  and  its  circulation 
(turn),  called  ballistic  errors  of  tne  GP. 

The  question  about  calculations  and  methods  o  compensation  of  rate  errors  of 
GP  is  comparatively  simple.  The  most  complicated  turns  out  to  be  determination  of 
ballistic  errors  of  GP  and  establishment  of  main  possibilities  of  their  compensation. 
Solution  of  this  problem  has  occupied  many  investigators,  among  which  it  is  necessary 
to  mention  M.  Schuler  [199],  A.  N.  Krylov  [65],  B.  V.  Bulgakov  [20],  B.  I.  Kudrevich 
[71] j  A.  Yu.  Ishlinskiy  [45,  53],  Ya.  N.  Roytenberg  [127],  R.  I.  Cnertkov  [168,  135], 
E.  I.  Sliv  [135],  L.  I.  Tkachev  [159]. 

Below  there  is  given  short  information  on  the  theory  of  rate  and  ballistic  errors 
of  GP,  and  also  there  are  considered  general  principles  of  their  compensation. 

b)  Velocity  Errors  of  GP 

During  determination  of  velocity  and  ballistic  errors  of  GP  it  is  necessary  to 
agree  on  orientation  of  the  axes  (Fig.  2.19)  taken  as  the  reference  system. 

Usually  during  investigation  of  GP  axes  0|  and  Op  are  disposed  geographically  [20, 

71].  However,  another  approach  is  possible  (see,  for  instance  [127]),  when  during 
the  analysis  of  this  instrument  axes  and  0q  are  connected  with  the  trajectory  of 
the  object  (vehicle).  In  this  case  angles  a  and  6  (Fig.  2.19)  characterize  instrument 
errors  relative  to  axes  connected  with  tne  trajectory  of  the  object;  this  is  of  the 
greatest  interest.*  Such  an  orientation  of  axes  we  used  earlier  during  the 

analysis  of  the  gyrovertical  (Chapter  6);  we  will  also  apply  it  in  examining  the 
theory  of  GP. 

For  determination  of  rate  errors  of  GP  we  will  use  equations  (11.4.15):  we  will 
discard  in  them  inertial  terms  and  will  take  disturbances  f^(t)  and  f^(t)  equal  to 
zero;  then  these  equations  will  have  the  form 

*In  the  absence  of  rolling  and  yawing  of  the  ship,  angle  a  characterizes  error  of 
tne  GP  in  plane  of  a  rib  of  the  ship,  and  angle  6  characterizes  error  of  the  GP  in 
diametrical  plane  of  ship. 


(11.4.49) 


“'"TV 


Velocity  errors  of  GP  are  determined  during  rectilinear  and  uniform  motion  of 
the  object.  In  this  case  center  of  gravity  of  the  object  will  move  on  the  terrestrial 
sphere  along  the  arc  of  a  great  circle,  i.e,,  by  orthodromy,  and  for  the  above  adopted 
orientation  of  axes  0£t)£,  projections  u^,  u^,  u^.  of  induced  angular  velocity  "u  of 
these  axes  are  determined  by  relationships  (1,2.52):* 


ui  = —  1/ cos  9  sin  K  — j 

«=  U  cos  i  cos  K 
«c  —  £/  sin  7 

For  the  considered  case  of  orientation  of  axes  0£r)£,  projections 

determined  by  relationships  (2.2.42),  in  which  we  will  take  W8  =  W^,  Wn 

sidering  in  them  v.  =  v  and  h  «  R,  we  will  obtain 

s 


(11.4.50) 


,  W^,  WK  are 
=  W^;  con- 


«—  V%R cos  9  sin  9  sin  /C— 2Uv  sin  9  -f-  2 Uvt  cos  fcos/c 
W  *=  0  +  tr  +  (/*/?  sin  9  cos  9  cos  K-+2U  v.  cos  9  sin  /C 

1  K  * 

W.  =  v.  —  * —  U'R  cos*  9 —2(/ocos  9  sin/C 

R 


(11.4.51) 


For  a  ship  with  rectilinear  and  uniform  motion  v  =  0,  v^.  =  0,  v^  =  0;  then, 
disregarding  in  (11.4.51)  the  minute  remaining  terms,  we  will  approximately  consider 
that  =  0.  Considering  what  has  been  said,  we  will  rewrite  (11.4.49) 

in  the  form 


(11.4.52) 


Mtt* + 

or,  taking  into  account  (11,4.17)  and  (11.4.20), 

♦  , 

Considering  for  a  comparatively  small  time  of  use  of  the  instrument  that  latitude 
cp  is  constant,  according  to  (11.4.50)  we  will  designate 

A'  —  k  +  =  *-{-£/  sin  9.  (11.4.54) 


(11.4.55) 


*For  the  considered  case  of  motion  of  the  object  there  were  also  determined  rate 
errors  of  a  GV  using  three-degree-of -freedom  astatic  pendulum  gyroscope  (§  6.4,  Par. 
2a).  Motion  of  object  is  assumed  to  be  along  arc  of  great  circle  (by  orthodromy); 
thus  the  course  of  object  is  variable.  In  general  rate  errors  of  GP,  Just  as  of  GC 
(§  11.5#  Par.  4b),  during  change  of  speed  and  course  of  the  object  will  be  variable. 
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Then  in  place  of  (11.4.53)  we  will  obtain 


(11,4.55) 


whence  we  find  static  errors  of  the  OP  due  to  rotation  of  Earth  and  vehicular  motion, 
i.e.,  rate  errors  of  the  OP 

£r"7tf1  (11.4.56) 

or,  considering  (11.4.50), 

•^—-~(£/cos?sin/C4--~];  £  -  77  u cos ? cos  K.  (11.4.57) 

Formulas  (11.4.57)  can  be  somewhat  simplified.  Actually,  for  the  usually  taken 
parameters  of  the  GP  k  »  U  sin  9.  Thus,  for  instance,  for  conditions  of  example 
11,1  there  was  obtained  k  -  7.319*10"'*  1/sec,  while  U  =  7.29*10“^  l/sec,  i.e.,  the 
magnitude  of  k  was  approximately  100  times  greater  than  that  of  U.  Therefore,  con¬ 
sidering,  according  to  (11.4.54),  k’  •«  k,  in  place  of  (11.4.57)  we  have* 


£““(</cos?sin/C  +  -~);  £  =  -i  */cos?cos/C.  (11.4.58) 

Example  11,3:  To  calculate  rate  errors  of  the  GP,  whose  parameters  are  given 
in  example  11.1  for  installation  of  it  on  an  aircraft  flying  with  Bpeed  v  =  200  m/sec 


with  course  K  -  45°  at  latitude  9  »  0°. 

Solution:  By  the  formulas  (11.4.58)  we  find 

- - -  (u  cos  r  >in  K  +  — )  - - - 1 7.29 •  10“*  0.7071  +  — \  =  —  0,01133  rad  *=  -  39'; 

*\  Rl  7,319-  HT*  \  6371.10*; 

f  ts  —  u  coi  c  cos  K  - - ! - 7.29-  IQ-5  0,7071  -  0.007043  rad  24'. 

fa  *  7,319  10-* 

From  Example  11.3  it  follows  that  velocity  errors  of  GP  can  be  considerable.  In 


this  case  they  were  obtained  to  be  larger  than  for  the  gyrovertical  in  which  there 
is  used  an  astatic  gyroscope  with  radial  correction  (Example  6.4). 

In  the  presence  of  rate  errors  rate  a^.  and  there  appear  corresponding 
gravitational  torques,  which  cause  precessional  motion  of  GP  with  velocity  equal  to 
♦Formulas  (11.4.57)  for  rate  errors  of  GP  are  of  the  same  type  as  the  analogous 

4 

expressions  of  B.  V.  Bulgakov  [20],  and  contain  as  a  factor  the  quantity  p  = 

=  +  jj  9  ^see  (H*^*54)];  thus  in  them  there  is  contained  geographic  latitude 

of  the  place.  Since  usually  k  »  U  sin  9,  then  from  (11.4.57)  we  went  over  to 

simplified  formulas  (11.4.58),  which  contain  quantity^.  These  relationships  for 

rate  errors  will  be  used  in  further  presentation  of  elementary  information  on  the 
theory  of  ballistic  errors  of  GP.  Developing  refined  theory  of  GP,  R.  I.  Chertkov 
[135]  obtained  expressions  for  rate  errors  of  GP  somewhat  differing  from  those  men- 

1 

tloned  above,  in  them  as  a  factor  there  is  contained  quantity  p  but  there  is  con¬ 
sidered  not  geographic,  but  geocentric  latitude  of  the  place. 
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velocity  of  rotation  in  space  of  the  vertical  of  the  place  (§  6.4,  Par.  2). 

Let  us  note  that  in  principle  there  is  possible  creation  of  a  GP  not  having  rate 
errors.  Thus,  for  instance,  B.  V.  Bulgakov  [20]  considered  a  GP  consisting  of  two 
gyroscopes  rotating  in  different  directions.  For  them  there  is  satisfied  the  condi¬ 
tion  of  undisturbability  by  accelerations  of  the  object.  Rate  errors  of  such 
gyroscopes  are  equal  in  magnitude,  but  are  opposite  in  sign  and  can  be  in  Drinciple 
mutually  compensated.  If  we  realize  materially  the  bisector  of  axes  of  these  two 
gyroscopes,  then  it  during  any  motion  of  the  object  can  accomplish  only  oscillation 
near  the  true  vertical,  without  experiencing  any  perturbations  from  velocity  and 
accelerations,*  thus  the  instrument  can  also  indicate  in  a  certain  scale  absolute 
velocity  of  object  relative  to  inertial  space  [20].  Detailed  theoretical  investi¬ 
gation  of  two-gyroscope  vertical  was  carried  out  by  A.  Yu.  Ishlinskiy  [53]  and  R.  I. 
Chertkov  [135]. 

Ya.  N.  Roytenberg  [127]  showed  that  for  the  so-called  four-gyroscope  vertical 
(Par.  6)  during  realization  of  the  condition  of  undisturbability,  there  alBo  are 
absent  rate  and  ballistic  errors j*  thus  principal  vector  of  Bp  in  angular  momenta 
of  gyroscopes  is  proportional  to  absolute  velocity  of  the  ship  in  space. 

c)  Ballistic  Errors  of  GP 

General  remark.  In  the  presence  of  accelerations  of  the  object,  due  to  non¬ 
coincidence  of  center  of  gravity  of  OP  with  point  of  its  suspension,  on  the  gyro¬ 
scope  there  will  act  moments  of  forces  of  inertia,  which  cause  forced  precessional 
motion  of  axis  of  gyroscope,  which  due  to  this  deviates  from  position  of  equilibrium 
determined  by  rate  errors  (Par.  b).  Thus  appearing  additional  errors  of  gyroscope 
caused  by  accelerations  of  object  are  called  ballistic.  These  errors  can  considerably 
exceed  rate  errors.  When  action  of  accelerations  on  GP  is  ceased,  axis  of  gyroscope 
accomplishes  natural  oscillations  near  position  of  equilibrium  determined  by  velocity 
and  course  of  the  object. 

During  finding  of  ballistic  errors  of  GP  we  will  consider  two  particular,  but 
most  characteristic  cases  of  maneuver  of  the  object:  rectilinear  uniformly  accelerated 
motion  and  circulation  (turn). 

Rectilinear  uniformly  accelerated  motion.  Let  us  use  equations  (11.4.49)  of 
precessional  motion  of  GP.  As  the  object  we  will  consider  a  ship  accomplishing 
rectilinear  uniformly  accelerated  motion  by  orthodromy.  In  this  case  projections 
u^,  u^,  u^  of  induced  angular  velocity  ”u  of  axes  are  determined  by  formulas 

♦This  circumstance  for  the  first  time  was  indicated  by  M.  Schuler  [199]. 


* 
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(11.4.50) ,  and  projections  W^,  W^,  W^  of  linear  acceleration  "ft  of  the  ship  -  by 
relationships  (11,4,51).  It  is  easy  to  show  that  in  the  considered  case  for  the  ship 
W r  «  gQ.  Actually,  according  to  (11.4.51) ,  for  v^  =  0 

y—U*R  cos*  ?  — 2(/u  cos?  sin  K.  (11.4.59) 

Let  us  estimate  the  biggest  values  of  terms  contained  in  (11.4.59)  (example  11.4). 

Example  11.4:  To  calculate  values  of  quantities  contained  in  formula  (11.4.59), 

2  “ 

U  R  and  2Uv,  during  motion  of  ship  with  velocity  v  =  10  m/sec;  R  =  6571  km, 

U  =  7.29*10"5  l/sec. 

2 

Solution;  1.  Let  us  determine  magnitude  of  : 

_ !<? _ -  0,157- 10-4  m/aec2. 

#  0371 -10s 

2.  We  find  value  of  U^R: 

V%R  »  7,29*.  10  ,0-637l •  101  -  3,386- 10“ 2  m/sec2. 


5.  We  calculate  the  value  of  2Uv: 

*(/«r  *  2-  7.29  •  10~s  •  10  *  0,  U58  10  -  2  m/sec2 . 

4.  By  formula  (11.4.59)  we  find  the  biggest  value  of  vertical  acceleration  W^, : 

jrc|<|-^  +  (/**  +  21/»|- 0,157- KT4  +  3,386  10“*  + 0.1458  10;- 

-3.633  10“  Vs«c2. 

From  Example  11.4  it  follows  that  ir.  this  case  W ^  «  gQ,  and  therefore  in 
formulas  (11.4.49),  by  analogy  with  (11.4.17)  and  (11.4.20),  it  is  possible  to  take 

*  =  £“*•  (11.4.60) 


Further,  according  to  (11.4.54),  k  +  u^  =  k  +  U  sin  qp  =  k1,  but  since  usually 
k  »  U,  then  we  will  take  approximately  k1  -  k.  Then  equations  (11.4.49),  if  we 
consider  (11.4.60)  and  (11.4.50),  can  be  rewritten  in  the  form 


a- k}  U  eosf  coi  K  -  y 

l  +  k2=-Ucos-ri\nK—j  +  yWi 


(11.4.61) 


Let  us  eliminate  from  these  equations  in  the  beginning  6,  and  then  a;  thus  we 
should  consider  that  for  orthodromy  K  =  ^  sin  K  tan  qp  [see  (2.2.54)].  Taking 
latitude  <p  for  a  comparatively  small  time  of  maneuver  of  the  ship  to  be  constant, 
considering  k  »  U  and  being  limited  to  calculation  of  terms  of  first  order  of  small¬ 
ness,  we  will  obtain* 

♦In  formulas  (11.4.62)  we  disregarded  terms  containing  fac^orU  which  for 

conditions  of  Example  11,4  is  U  7.29*10”^  - T  =  1.14-1C"10  m/sec2,  which  is 

6571*  lCr 

negligible. 
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i  +  ju cos ? sin K  +  -j)  +  J-  yl 

I  +  *•?  -  *i/cos  ? cos  AC  +  £  r,-  i  +  f 


(11.4.62) 


(11.4.64) 


Let  us  find  for  the  considered  case  expressions  of  accelerations  W^,  and 
their  derivatives  contained  in  (11.4.62).  Since  for  the  ship  v^  =  0,  then,  according 
to  (11.4.51),  we  have 

I7!  *=—(/*/?  cos?  sin  a  sin  AC  —  2£/usin?  |  ^  ^ 

«=  o-f-C/*/?  sin?  cos?  cos  AC  j 

whence,  considering  (2.2.34),  we  will  obtain 

«=  — £/*usin*  ?  sin  AC  cos  AC  —  2Uv  sin? 

.  ..  ‘  (11.4.64) 

■■  o  — (/*o  sin*  ?  sin*  AC  \ 

From  Example  11.4  it  follows  that  quantities  l^R  and  2Uv  contained  in  (11.4.63) 
as  compared  to  v  are  negligible  (U^R  =  3.386*10~2  m/sec2j  2Uv  =  0. 1458*10 ~2  m/sec2); 
therefore,  we  should  approximately  take  ■  0,  W  *  v.  Considering  formula  (11.4.64), 
we  notice  that  during  uniformly  accelerated  motion  of  the  ship  V  =  0;  quantities 
U  v  and  2Uv  are  also  minute.  Actually,  for  the  conditions  of  Example  11.4  and 
v  =  0.05  m/sec2  we  have  U2 v  =  53.14#10“^  m/sec.  2tW  =  0.729*10"^  m/sec^  which  Ib 
negligible.  Consequently,  with  fully  sufficient  accuracy  =0.  Thus,  in 

the  considered  case  instead  of  (11.4.63)  and  (11.4.64)  it  is  possible  to  take 

(11.4.65) 

Then  we  will  rewrite  equation  (11.4.62)  in  the  form 


n  +  k*a  —  —  *|{/cos?sin  AC  +  -jj-j 
(I  +  **?  -  kUcos  ?  cos  AC  +  (y  - 


(11.4.66) 


k^  1 

Quantity  —  -  which  is  constant  for  a  given  GP,  will  be  designated  bQ: 


*  -  * _ L 

*  *  R  ' 


Formula  (11,4.67)  can  be  represented  in  the  form 


where 


9 % 


(11.4.67) 


(11.4.68) 


(11.4.69) 


Considering  (11.4.67) ,  we  will  rewrite  equations  (11.4.66)  in  the  following  way: 


ii  4.  kh  =— k  | U  cos  9  sin  AC  +  — 
P+*?  ■»  kU  cos  ?  cos  AC  -f 


(11.4.70) 
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whence  it  follows  that  coefficient  bQ  characterises  sensitivity  of  GP  to  acceleration 
v  of  motion  of  ship. 

Solution  of  corresponding  homogeneous  equations 

J  +  £  +  **?-<)  (11.4.71) 

snows  that  on  a  non-rotating  and  fixed  base  (U  =  0,  v  =  0,  v  =  0),  the  axis  of  gyro¬ 
scope  accomplishes  conical  precessional  motion  with  angular  velocity  kj  trajectory 
of  vertex  of  gyroscope  on  representative  plane  is  a  circle.  With  introduction  of 
damping,  precessional  motion  of  axis  of  gyroscope  acquires  an  attenuating  character, 
i.e.,  trajectory  of  its  vertex  is  a  spiral. 

For  determination  of  ballistic  errors  of  GP  we  must  integrate  equations  (11.4.70) 
for  any  law  of  change  of  velocity  v(t)  and  acceleration  v(t)  of  motion  of  the  ship. 

Taking  into  account  formulas  (11.4.58)  for  rate  errors  =  ^t  =  pV  of 
the  GP,  we  will  rewrite  equations  (11.4.70)  in  the  form* 


«  4 -  *=  V 

p+*’h  *’?'+»„» 


(11.4.72) 


Let  us  designate 


a  +  4*  («  —  ac)  «=  0 


(11.4.73) 


(11.4.74) 


It  is  easy  to  see  that  a  and  p  are  ballistic  errors  of  the  GP  caused  by 

6LC  C  no  p 

accelerations  of  ship.  Then  for  determination  of  a  and  3  we  obtain  the  follow¬ 


ing  system  of  differential  equations: 


••  u  A  u 

ay  +  —  0 


(11.4.75) 


Integrating  these  equations,  we  find  ballistic  errors  of  GP  for  any  law  of 
change  of  velocity  of  movement  v(t)  of  ship.  If  equations  (11.4.75)  are  integrated 
for  certain  given  initial  conditions,  then  we  will  obtain  ballistic  errors  of  the 
GP  caused  by  its  initial  deviations  and  change  of  velocity  of  motion  of  the  ship. 

onA  fl AA 

For  determination  of  a  and  p  ,  during  integration  of  equations  (11.4.75)  we 
will  consider  initial  conditions  to  be  zero  [69];  i.e.,  for  t  -  0  aacc(0)  *  pacc(0)  * 

=  0.  This  permits  us  to  determine  ballistic  errors  of  GP  caused  by  change  of  velocity 
of  ship,  and  not  by  initial,  deflections  of  the  gyropendulum. 

Then  from  first  equation  of  system  (11.4.75)  we  obtain 

♦Here  velocity  error  c£.  is  variable,  since  v  =  v(t);  subsequently  rate  errors 
will  he  designated  uv  and  f3v. 
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«*-0,  (11.4.76) 

i.e.,  uniformly  accelerated  moti  n  of  ship  does  not  cause  error  in  coordinates  a.* 


Using  the  method  of  variation  of  arbitrary  constants,  we  find  solution  of  second 


equation  of  system  (11.4.75)  in  the  form 


tf  (-)  sin  A  (/  —  n)d~. 


(11.4.77) 


•  cLC  C 

As  we  see,  acceleration  v(t)  of  ship  causes  ballistic  error  3  of  the  GP. 
Formula  (11.4.77)  can  be  transformed  in  the  following  ways 


Let  us  designate 


(11.4.78) 


then,  considering  (11.4.68),  in  place  of  (11.4.77)  we  will  obtain 

f*i(t)*inA(f  —  z)dt.  (il.4.79) 

Coefficient,  b  can  be  called  coefficient  of  ballistic  error  of  the  GP,  since  it 
characterizes  ballistic  instrument  error  during  acceleration  v(t)  of  the  ship. 

Let  us  consider  the  most  simple  case,  when  shiu  moves  with  constant  acceleration 
v  =  const.  Then  from  (11.4.79)  we  have 


f-b-^O-coskt). 


(11.4.80) 


Example  11.5:  To  calculate  ballistic  error  3  "  of  GP  during  rectilinear 

uniformly  accelerated  motion  of  ship;  acceleration  ir  =  0.05  m/sec  ;  parameters  of 

£ICC 

instrument  are  the  same  as  in  Example  11.1.  To  calculate  error  3  by  the  moment 
of  termination  of  a  maneuver  continuing  for  3  minutes. 

Solution;  1.  By  formula  (11.4.78),  considering  (11.4.69),  we  find  value  of 


coefficient  b  of  ballistic  error  of  GPs 

— £_«i_ 

4*  R* 


=  0,9713. 


**  **•  837M03  (7,319- 10-5)* 

2.  According  to  (11.4.80)  we  calculate  ballistic  error  3acc  of  the  GP: 

f*  -  *  ~  (1  -  co*  kt)  -  0,9713  ~  ( 1  -  co»  (7,319- 10-*.  180)]  =  0,00371  rad  »  0°13'. 

•  Wjwl 

We  will  compare  ballistic  error  3acc  of  GP  with  static  deviation  8hor't'* 

period  physical  pendulum.  According  to  (4.5.22),  this  deviation  will  be 


or,  considering  (11.4.65) 


X&--7*  (11.4.81) 

In  this  case  coefficient  of  ballistic  error  of  physical  pendulum  is  equal  to 

♦What  has  been  said  is  true  only  for  zero  initial  conditions.  For  non-zero 
initial  conditions,  the  vertex  of  the  gyroscope  describes  on  the  representative  plane 
s  circle;  i.e.,  there  will  occur  ballistic  errors  also  with  respect  to  coordinate  a. 
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unity,  i.e.,  short-period  physical  pendulum  is  established  in  the  direction  of  the 

2 

apparent  vertical,  whereas  coefficient  of  ballistic  error  of  GP  b  =  1  -  ^  [see 

lc 

(11.4.78)]  is  less  than  unity.  Consequently,  a  GP,  for  which  k  »  v  and  therefore 

b  *  1,  during  rectilinear  uniformly  accelerated  motion  of  ship  has  ballistic  error 

0  ,  constant  component  of  which  is  equal  to  deviation  xBt  of  physical  pendulum, 

i.e.,  axis  of  GP  will  accomplish  oscillation  near  the  apparent  vertical.  However, 

if  for  decrease  of  deviation  of  short-period  pendulum  it  is  difficult  in  practice 

to  undertake  anything,  ballistic  error  of  GP  can  be  considerably  decreased  by  means 

of  selection  of  its  parameters,  and  in  principle  can  even  be  reduced  to  zero,  since 

flC  c 

for  k  =  v  coefficient  b  *  0  and  error  0  =0. 

ihe  above  ment  Loned  formula  can  be  written  in  another  form.  Let  us  divide 

p 

equation  (11.4.66)  Dy  k  and  introduce  time  constant  T  of  GP,  which  characterizes 
its  basic  precessional  motion, 

r  t 

(11.4.82) 

Equations  (11.4.66)  will  take  the  form 

r*i  +  a  =  _  r  lu  cos  sin  K  +  y) 

rji  4- ? -rt/cos-,  cojk (-L 

By  analogy  with  (11.4.67),  considering  (11,4.68)  and  (11.4.78),  we  will  designate 


(11.4.85) 


(11.4.85) 


y  — — J-  (■-  -£*•)  -  7-0  -  -T')  =  i  .  (11.4.84) 

Then  we  will  write  (11.4.85)  in  the  form 

Pi  -r  *  *=  —  T  ^(/cos  ?  sin  /C  -f  y-J 

7*2  +  ?  **  TU  cos  7  cos  K  -f  bjj 

whence  it  follows  that  GP  without  damping  can  be  considered  as  a  harmonically  oscil¬ 
lating  (conservative)  circuit.  Time  constant  T  of  GP,  which  characterizes  its 

harmonic  oscillations,  i.e.,  its  basic  precessional  motion,  is  very  large.  Thus, 

1  1 

for  ^nditions  of  Example  11.1  we  have  T  =  r-  =  . .  —  —  =  157  sec,  which  by  many 

*  7.519*10”^ 

times  exceeds  time  constant  TQ  =  0.2865-10“^  sec.  (Example  11.2),  which  characterizes 
nutational  oscillations  of  the  GP. 

Considering  (11.4.82),  we  can  represent  formulas  (11,4.77)  and  (11.4.80)  in  the 

form 

/ 

(11.4.86) 


P*-rfy^l-COSyj, 


(11.4.87) 
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If  we  consider  that,  according  to  (11.4.68)  and  (11.4.78),  bn  =  b  =  -i— b. 

U  6  T  g 

Coefficients  obtained  above,  bQ  [see  (11.4.68)]  and  bQ  [see  (11,4.78)),  are 
expressed  in  terms  of  time  constant  T  of  gyropendulum  in  the  following  way: 


(1  -  v*r«); 


b  ~  i  —  v*r*. 


(11.4.88) 

(11.4.89) 


Circulation  (turn).  Let  us  consider  case  of  circulation  of  a  ship  with  constant 
angular  velocity  a>cl  during  constant  speed  of  motion  v.  As  in  the  preceding  case, 
we  will  start  with  formulas  (11.4.49).  During  circulation,  the  current  value  of 
heading  of  ship  is  determined  by  formula 

(11.4.90) 


where 


O) 


circ 


Kq  —  initial  heading; 

-K  —  angular  velocity  of  circulation;  during  left  circulation 
“circ  >  °- 


In  the  considered  case,  projections  u^  and  u^  of  induced  angular  velocity  u  of 
axes  O^tiC  are  determined  by  relationships  (11.4.50);  thus,  in  them  heading  K  should 
be  considered  to  be  variable  [see  (11.4.90)].  Regarding  projection  u^.,  in  general 
it  is  expressed  by  formula  (1.2.53): 


—  U  *fn  9  +  tg  ?  —  k. 

K  • 


During  circulation  of  ship  it  is  ;  ermissible  to  take 

(11.4.91) 

%  • 

I  VE 

since  usually  for  middle  latitudes  |u>circ|»|u  sin  cp  +  —  tan  q>|. 

For  accelerations  and  during  circulation  of  ship  with  constant  velocity, 
disregarding,  as  before,  components  of  centripetal  acceleration  from  rotation  of 
Earth  and  Coriolis  acceleration,  by  analogy  witn  (2.2.43),  for  v  =  0  we  have 

(n.4.92) 

Since  rate  errors  of  GP  were  considered  earlier  in  detail,  subsequently  we 
will  not  consider  gyroscopic  torques  due  to  rotation  of  Earth.  Then,  putting 
relationships  (11.4.60),  (11.4.50),  (11.4.91),  (11.4.92)  in  (11.4.49)  and  considering 
U  =  0,  we  will  obtain 


•—(*  +  «JP=0 
P  +  {*  +  «„)«  =  —  y  —  ~  Vviu 

Eliminating  at  first  P,  and  then  a,  we  have 

*  +  (*  +  wu)*  «  =  —(*  +  %)  ~  — 


(11.4.93) 


(11.4.94) 
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whence  it  follows  that  axis  of  gyroscope  accomplishes  conical  precessional  motion 
with  frequency  (k  +  cocirc)  and  period 

?  1  _  ■*  .  (11.4.95) 


r.  m 


k  T  ‘•‘U 


which  differs  from  period  T  [see  (11.4.5)]  of  precessional  oscillations  of  axis 

g .  p 

of  gyroscope  in  the  absence  of  circulation  of  ship. 

fl.CC  ACC 

ballistic  errors  a  and  p  of  GP  during  circulation  of  ship  will  be  deter¬ 
mined  by  relationships  of  type  (11.4.74).  For  rate  errors  av,  pv  of  the  GP,  accord¬ 
ing  to  (11.4.58),  for  U  =  0  we  will  obtain 


«*»—  3e  *=  0.  (11.4.96) 

kR  r 

Then  for  ballistic  errors  of  GP  in  the  considered  case  of  left  circulation  of 
ship,  considering  (11.4.94),  (11.4.74),  (11.4.96)  and  (11.4.78),  we  have 


iT  +  (A  +  «tt)V« -k(k 

v + (a + -  0 


(11.4.97) 


flC  C  AC  C 

For  determination  of  a  and  P  ,  during  integration  of  equations  (11.4,97) 


acc , 


paCC(0)  = 


we  will  consider  initial  conditions  to  be  zero;  i.e.,  for  t  =  0  a“v',"(0) 

=  0,  aacc(0)  =  Pacc(0)  =  0.  Then  from  second  equation  of  system  (11.4.97)  we  obtain 

P'-O.  (11.4.98) 

i.e.,  circulation  of  ship  does  not  cause  error  in  coordinate  P.* 

Using  method  of  variation  of  arbitrary  constants,  we  find  particular  solution 

of  first  equation  of  system  (11.4.97)  in  the  form 

kb 


- —  Jcu^sinKA  +wj  (/  —  :)]  d- 

■  u 


Since  we  assumed  that  to  ,  =  const  and  v  =  const,  then 

cl  re 


— 


_1_  b  ~^[1  -  cos  (*  +  wj/]. 


(11.4.99) 


It  is  possible  in  principle  to  make  the  same  conclusions  regarding  expression 
(11.4.99)  as  regarding  formula  (11.4,80)  for  ballistic  error  pacc,  it  is  possible 

Q  A  A 

to  decrease  error  a  by  means  of  proper  selection  of  parameters  of  the  GP  for 

wnich  coefficient  b  will  be  sufficiently  small. 

Above  there  was  considered  case  of  left  circulation  of  ship,  when  directions 

of  vectors  If  and  co  ,  coincide.  During  right  circulation,  when  o>  ,  <0,  vectors 

circ  circ 

IT  and  ^c^rc  are  directed  in  opposite  directions.  ; or  this  case  in  place  of  (11.4.99) 
we  will  obtain 


-  -±—  b  1 1  —  cos  (A  —  iuj  /  j; 

k— «K  I 

then  period  of  precessional  oscillations  of  gyroscope  will  be 


(11.4.100) 


*See  footnote  on  p.  j$48  . 


(11.4.101) 


»* 

r“"  *-•*  * 

Comparing  (11.4.99)  with  (11,4.100),  we  see  that  for  right  circulation  error 

on  C 

a  is  obtained  to  be  larger  than  for  left  circulation.  Especially  large  can  be 
error  of  GP  for  right  circulation  in  the  case  when  ^c^rc  is  close  to  quantity  k. 

Pit  Ptt 

i.e.,  when  period  of  circulation  Tcirc  *  —  is  close  to  period  T  -  -g  of 

circ 

undamped  precessional  oscillations  of  axis  of  gyroscope.  Therefore,  period  T 

g  ,  p 

should  be  much  larger  than  possible  value  of  period  Tc^rc  of  circulation  of  ship. 

£LC  C 

Let  us  note  that  in  a  real  instrument  having  damping,  error  a  of  GP  will  have 

definite  value  even  for  k  =  oj  , 

circ 

Example  11.6;  To  calculate  ballistic  error  a  of  GP  during  left  circulation 

of  a  ship  proceeding  with  velocity  v  =  10  m/sec;  period  of  circulation  Tcirc  =  5 

minutes;  parameters  of  Instrument  are  the  same  as  in  Example  11.1;  coefficient  of 

ballistic  error  b  =  0.9713  (Example  11.5).  To  calculate  error  a  by  the  moment 

of  termination  of  circulation  continuing  for  50  sec. 

Solution:  1.  We  determine  angular  velocity  of  circulation  “circ: 

V-— - « 0.02094  Vsec . 

Tu  300 

2.  By  formula  (11.4.99)  we  determine  ballistic  error  aacc: 

,y„  — — b  ~~  M  “  cot  (A  -f-  <<»u)  /J  «= - 7,319  10  J - rX 

*  +  *  7,319- HT  3  +  20,94  •  I0“J 

V 0.9713  -10.'-20,9.'*'  !-l.  [1  -  cos  (7,319- 10~3  -r  20.91- 10~J)  y))- —  0.00453  rad  =--16'. 

9,41 

on  n 

From  Example  11.6  it  follows  that  magnitude  of  error  a  can  be  very  significant, 
Above  there  were  briefly  considered  problems  of  determination  of  ballistic 
errors  of  GP  under  simple  conditions  of  motion:  during  rectilinear  uniformly 
accelerated  motion  of  ship  and  for  circulation.  The  reader  can  become  acquainted 
with  more  detailed  investigations  of  ballistic  errors  in  a  number  of  works  (for 
instance,  [45*  30,  20,  71*  127,  168,  135,  159]).  Lei  us  note  that  during  the  analysis 
of  ballistic  errors  of  GP  it  is  necessary  to  consider  [20,  41]  damping  existing  in 
the  instrument,  realized,  for  instance,  with  the  help  of  a  hydraulic  damper  or  by 
means  of  imposition  on  the  gyroscope  of  radial  corrective  torques. 

Ballistic  errors  of  GP  appearing  during  separate  maneuvers  of  ship  can  be 
accumulated.  B.  V.  Bulgakov  [20]  investigated  these  errors  during  prolonged  maneuver¬ 
ing  of  ship  carried  out  according  to  any  law,  where  the  only  general  condition  was 
‘-hat  absolute  value  of  velocity  of  ship  was  bounded  by  a  known  upper  limit.  In 
‘his  same  work  there  is  resolved  question  about  determination  of  law  of  change  of 
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magnitude  and  direction  of  velocity  of  ship  at  which  deviation  of  GP  attains  maximum 
(accumulated)  value  as  compared  to  values  of  deviations  of  GP  for  any  other  law, 
and  there  are  calculated  magnitudes  of  accumulated  deviations j  this  same  question 
is  investigated  [127]  in  reference  to  a  four-gyroscope  vertical. 


d)  Compensation  of  Ballistic  Errors 

The  question  of  compensation  of  ballistic  errors  of  GP  has  very  important 
significance,  since  on  its  successful  solution  depends  possibility  of  creation  of 
such  instruments  working  with  acceptable  accuracy  under  conditions  of  maneuvering 
of  the  ship. 

Compensation  of  ballistic  errors  of  GP  is  based  on  the  theorem  of  M.  Schuler. 
In  §  4.5,  Par.  5  it  was  shown  that,  according  to  principle  of  M.  Schuler,  a  simple 
pendulum  of  length  1  equal  to  radius  R  of  Earth,  during  any  motion  of  the  object 
(vehicle)  over  surface  of  terrestrial  sphere,  in  its  position  of  equilibrium  is 
disposed  along  radius  of  Earth  at  the  given  point.  This  direction  coincides  with 
vertical  of  the  site,  (with  direction  of  resultant  force  of  terrestrial  gravitation 
and  centrifugal  force  due  to  diurnal  rotation  of  the  Earth)  at  the  poles  find  on 
the  equator.  Period  of  natural  oscillations  of  such  a  simple  pendulum  is  equal  to 


Tm  m  ■■  2r.  j/" -y  «=  2 r.  |  f  —  5064  sec .  =  84,4  min. 


(11.4.102) 


In  the  same  place  it  was  shown  that  for  a  physical  pendulum  with  period  Tp  p  = 

=  84.4  minutes,  not  for  all  motions  of  the  object  over  surface  of  terrestrial  sphere 
is  there  ensured  undisturbability  of  the  pendulum  by  accelerations  of  the  object, 
.owever,  realization  of  the  condition  of  M.  Schuler  for  a  physical  pendulum  is 
impossible  in  practice,  since  due  to  large  value  of  R  the  necessary  value  of  length 
of  arm  of  pendulum  is  obtained  to  be  insignificantly  small,* 

M.  Schuler  extended  his  theorem  to  the  gyrocompass  and  gyropendulum,  while 
indicating  necessity  of  realization  in  them  of  a  period  of  natural  sustained 


♦It  is  easy  to  show  that  large  value  of  period  T^  p  of  oscillations  of  physical 


pendulum  can  be  obtained  also  for  a  very  large  arm  of  the  pendulum. 


T  we  have  expression  (4.1.4):  Tp 

(0.19)], 
we  find 


-  2  ir 


jgyj  replacing  in  it  J 


Actually,  for 

,2 


J0  +  ml' 


[see 


where  JQ  is  moment  of  inertia  of  pendulum  relative  to  its  center  of  gravity, 


from  which  it  is  clear  that  for  production  of  large  value  of  period  Tp  it  is 
necessary  to  make  quantity  1  very  small  or  very  great. 


L 


•  rltt 


oscillations  equal  to  84.4  minutes.  In  1923  M.  Schuler  patented  his  "gyroscopic  device 
for  increase  of  period  of  natural  oscillations  of  a  solid  body,  i.e.,  a  gyrovertical 
or  gyrohorizori' [172]  in  two  variants:  four-gyroscope  and  three -gyroscope  pendulum 
systems,  which  had  as  their  purpose  the  co^ensation  of  rate  errors  [127]. 

According  to  the  theorem  of  M.  Schuler,  for  ensuring  of  undisturbability  of  the 
OP  by  accelerations  of  the  obj-ct,  period  T  [see  (11.4,5)]  of  its  natural  preces- 
sional  sustained  oscillations  should  be 

Tj  b  -  2a  j/* y  =5064  sw.«=  84  min.  24| sec. -84,4  am.,  (11,4*10?) 

whence  frequency  k  of  precessional  oscillations  of  GP  should  be  equal  to  frequency 
v  of  oscillations  of  simple  pendulum  with  length  equal  to  radius  of  Earth,  i.e., 

*=  v  =  j  f  1,24065  •  !0-3  l/aae.  (11.4.104) 

Let  us  note  that  the  value  of  =  7.90446  km/sec  is  that  limiting  initial 

velocity  at  which  a  body  cast  in  a  horizontal  direction  in  a  vacuum  does  not  drop 
to  Earth,  but  becomes  its  satellite,  moving  around  it  in  a  circular  orbit. 

Practical  realization  of  condition  k  =  v  is  extraordinarily  complicated,  since 
displacement  1  of  center  of  gravity  of  the  GP  from  point  of  suspension  which  is 
necessary  for  this  is  obtained  to  be  insignificantly  small.  Actually,  for  parameters 
of  GP  given  in  Example  11.1,  according  to  (11.4.4)  we  obtain 

^ oow- 

Ensuring  constancy  of  so  small  a  value  of  1  under  real  conditions  of  operation 
of  the  instrument  is  extraordinarily  difficult.  In  contrast  to  a  GC,  condition 
(11.4.103)  for  a  GP  up  to  now  has  been  Impossible  to  realize.  Period  of  precession 
Tg  p  for  known  GP  has  been  increased  to  15-20  minutes  [30],  Practical  realization 
of  "Schuler  pendulum"  with  period  of  84.4  minutes  is  carried  out  in  inertial  naviga¬ 
tional  systems  (§  11,6)  by  means  of  application  of  integrated  correction  of  an 
astatic  gyroscope  from  a  short-period  physical  pendulum  (accelerometer). 

As  will  be  shown  further  on,  for  a  GP  with  period  of  84.4  minutes  possessing 
accuracy  fully  acceptable  for  the  majority  of  practically  important  cases,  there 
are  absent  ballistic  errors  caused  by  horizontal  accelerations  of  the  object  during  its 
motion  over  the  terrestrial  sphere.  The  only  systematic  errors  of  such  a  GP  are 
rate  errors,  i.e.,  axis  of  gyroscope  makes  with  the  vertical  of  the  site  an  angle 
which  is  proportional  to  absolute  velocity  of  the  object.  Since  rate  errors  of 
GP  have  a  systematic  character,  they  can  be  eliminated  from  readings  of  the  instru¬ 
ment.  In  the  presence  of  accelerations  of  the  object  and  changes  of  velocity,  and 
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heading  connected  with  them,  axis  of  gyroscope  aperiodically,  i.e.,  without 
excitation  of  natural  precessional  oscillations,  will  pass  to  a  new  position  of 
equilibrium,  which  is  determined  by  current  values  of  velocity  and  heading  of  the 
object.  In  connection  with  this,  the  condition  of  undisturbability  of  the  GP  is 
somecimes  called  the  condition  of  "aperiodic  transitions." 

We  will  show  that  when  condition  (11.4,103)  or  (11.4.104)  is  satisfied,  the  GP 
in  the  absence  of  damping  does  not  have  ballistic  errors,  and  its  only  systematic 
errors  are  rate  errors.  For  this  we  will  use  equations  (li.4.61)  and  will  consider 
the  general  case  of  circulation  of  a  ship  with  angular  velocity  o>circ  and  constant 
linear  acceleration  v.  Replacing  in  these  equations  during  left  circulation  quantity 
k  by  (k  +  “circ)  and  taking  Wr  =  v  and  *  -  vo>circ,  we  will  obtain 

«— +  — {/cosfCos/( — — if 

T  f  (11.4.105) 


By  analogy  with  (6.3.4)  we  will  introduce  quantity  z,  which  is  complex  deviation 
of  axis  of  gyroscope 

+  (11.4.106) 

Multiplying  the  second  equation  (11.4.105)  by  J  =  V*  and  adding  it  with  the 
first,  according  to  (11,4.106)  we  will  obtain 


*  +  /(*  + 

K  • 


(11.4.107) 


During  rectilinear  motion  of  ship  (o>  ^  =  0)  with  constant  velocity  v  =  const, 

v  =  0,  particular  solution  of  equation  (11.4,107)  will  be  written  in  the  form 


«r  +  fir  "  —  COS?*7*- --  •  - 

■  —  ~  t/cos  ?  (cos  /C  +  /'sin/C)  —  y .  -j . 


(11.4.108) 


Separating  imaginary  and  real  parts,  we  will  obtain  expressions 


•,  -  —  ~  {U  cos  ?  sin  K  +  y) 
p,  —  ros  cos  K 

which  coincide  with  relationships  (11.4.58)  for  rate  errors  of  the  GP. 

Let  us  assume  that  v(t)  changes  by  any  law.  Equation  (11.4,107),  if  we  consider 
(11.4.69),  can  be  reduced  to  the  form 


*  +  lift  +  «*0 *  -  -  U  cos  —  -J  if  +  /(“>*  +  y)  w] 
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(11.4.109) 


If  in  the  instrument  there  is  satisfied  condition  (11.4.104)  of  M.  Schuler,  then 
in  place  of  (11.4.109)  we  have 

*  +  V(*+“* "  -Ucosrfe,K  —  -j-  [w  /(%+  *)y],  (11.4.110) 

whence  it  follows  that  for  any  form  of  function  v(t)  this  equation  has  as  its  partic¬ 
ular  solution  the  quantity  z,  which  is  determined  by  tne  same  formula  (11.4,108)  as 

in  the  case  of  rectilinear  and  uniform  motion  of  the  ship,  but  now  zr  will  be 

variable,  since  velocity  v  is  changed.  Thus,  during  observance  of  condition 

(11.4.104)  for  GP,  no  errors  besides  rate  errors  appear. 

This  circumstance  can  be  clarified  more  graphically  by  the  method  which  was 
used  by  B.  V.  Bulgakov  and  Ya.  N.  Roytenberg  [22]  during  investigation  of  an  analogous 

Op  A 

question  in  reference  to  an  active  gyrohorizon.  Since  ballistic  error  z  may  be, 
by  analogy  with  (11.4.74),  represented  In  the  form 

where  zv  is  rate  error  determined  by  relationship  (11.4.108),  then  equation  (11.4.107) 
can  be  transformed  in  the  following  way  (K  *  -U)circ^: 


*7  +  /  (*  +  -  7*  (l  “  *£-)("  +  Ky)- 


(11.4.111) 


Introducing  coefficient  of  ballistic  error  b  =  1 - *■  [see  (11.4.78)],  we  will 

K 

rewrite  (11.4.111)  in  the  form 

*9  +/(*  +  -  — j  b  (£>  47«v).  (u.4.112) 

whence  It  follows  that  when  condition  of  M.  Schuler  is  satisfied  (k  =  v,  b  =  0) 
particular  solution  of  equation  (11.4,112),  i.e.,  value  of  ballistic  error  of  GP,  zacc 
=  o  ;  consequently,  GP  does  not  have  ballistic  errors  for  any  form  of  function  v(t). 

For  the  earlier  considered  particular  case  of  rectilinear  uniformly  accelerated 
motion  of  a  ship,  when  equations  of  GP  are  determined  by  relationships  (11.4.70)  and 
condition  (11.4.104)  is  satisfied,  coefficient  bg  [see  (11.4.68)]  becomes  zero  and 
acceleration  v  of  motion  of  ship  will  not  affect  gyropendulum.  Thus,  according  to 
(11.4.78),  coefficient  of  ballistic  error  b  =  0  and  ballistic  error  of  GP  (3acc  [see 
(11.4.77)]  also  is  equal  to  zero.  The  same  occurs  and  in  other  earlier  considered 
particular  case,  i.e.,  during  circulation  of  ship.  Actually,  from  expression 
(11.4.99)  it  follows  that  when  the  condition  of  M.  Schuler  is  satisfied  k  =  v,  or 

~  BlC  C 

which  is  the  same,  b  *  0,  ballistic  error  of  GP  a  =  0. 

For  GP  for  which  condition  of  aperiodic  transitions,  is  satisfied  time  constant 
[see  (11.4.82)]  is 

806  sec.  (11.4.115) 


7-—  -  — 

*  » 


1.24065. 10-J 
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M.  Schuler’s  condition  of  undisturbability  considered  above,  applied  to  GP  is 
approximate.  Existence  of  this  condition  is  connected  with  the  following  assumptions 
[159,  1 34];  1)  condition  of  M.  Schuler  is  valid  within  the  framework  of  linear  theory, 
since  it  is  possible  to  substantiate  it  proceeding  from  linearized  differential 
equations  of  motion  of  the  GP;  2)  it  is  assumed  that  Earth  is  a  sphere;  3)  it  is 
considered  that  vertical  accelerations  are  absent  [W^,  =  0;  see  (11.4.59)];  4)  it 
is  assumed  that  induced  and  Coriolis  accelerations  due  to  rotation  of  Earth  and  motion 
of  the  object  (vehicle)  over  surface  of  Earth  [see  (11. A. 63)]  are  email  as  compared 
to  accelerations  due  to  force  of  terrestrial  gravitation  and  accelerations  of  object 
in  its  relative  motion;  5)  there  is  not  considered  vertical  component  u^  of  induced 
rotation  of  system  of  reference  relative  to  inertial  space,  which  is  small  as  compared 
to  angular  velocity  k  of  precession  of  the  GP  [see  (11.4.53)],  and  others. 

In  connection  with  this,  from  theoretical  point  of  view  in  the  general  case 
of  motion  of  the  object,  condition  of  M.  Schuler  in  application  to  GP  in  principle 
is  not  valid,  and  even  when  it  is  realized  this  instrument  nevert.ieless  will  have 
ballistic  errors.  In  reference  to  GP,  9.  V.  Bulgakov  [20]  and  R.  I.  Chertkov  [168, 

135]  obtained  conditions  of  undisturbability  of  more  general  form;*  however,  in 
practice  their  realization  is  very  difficult. 

brom  what  was  said  above  it  follows  that  GP,  even  when  M.  Schuler's  condition 
of  undisturbability  is  satisfied,  will  in  the  presence  of  accelerations  have  ballistic 
errors.  Thus  investigation  of  errors  of  GP  shows  [168,  159]  that:  1)  for  the  com¬ 
paratively  small  angles  a  and  P  of  deviation  of  axis  of  gyroscope  from  the  vertical 
which  occur  in  practice,  ballistic  errors  of  GP  connected  with  linearization  of 
equations  of  motion  are  obtained  to  be  minute;  2)  for  comparatively  small  vertical 
accelerations  of  object  when  vertical  velocity  is  of  the  order  of  20-30  m/sec,  errors 
of  GP  do  not  exceed  several  minutes  of  arc;  3)  inexactness  of  satisfaction  of  condi¬ 
tion  of  aperiodicity,  for  instance,  by  2-3$,  leads  to  errors  not  exceeding  1-2'. 

Thus,  realization  in  gyropendulum  verticals  of  condition  of  aperiodic  transitions 
ensures  compensation  uf  ballistic  errors  of  gyrovertical  with  accuracy  fully 
acceptable  for  majority  of  practical  problems. 

As  A.  Yu.  Ishllnskiy  [52]  indicated,  A.  Schuler's  condition  plays  in  applied  gyro- 
scopy  a  role  absolutely  analogous  to  that  of  the  condition  of  invariance  in  theory  of 
automatic  control.  Soviet  scientists  have  introduced  an  essential  contribution  into 
investigation  of  conditions  of  undlsturdability  of  GD.  In  reference  to  gyropendulums, 

♦In  [135]  there  are  obtained  conditions  of  undisturbability  of  GP  in  wh’ch  there 
are  not  made  the  assumptions  enumerated  in  the  above  mentioned  Par.  4  and  5. 


here  a  considerable  role  has  been  played  by  work  of  A.  Yu.  Ishlinskiy  [53],  R.  I. 
Chertkov  [168,  135] ,  L.  I.  Tkachev  [159],  S.  S.  Tikhmenev  [157]*  and  others. 

Let  us  Indicate  one  more  circumstance  hampering  the  obtaining  in  GP  of  a  period 
of  84.4  minutes.  In  the  gyropendulum.  Just  as  in  any  gyroscopic  device,  it  is 
necessary  to  introduce  damping  with  help  of  appropriate  attachments,  as  which,  as  it 
was  earlier  said,  there  is  applied  a  hydraulic  damper  or  devices  imposing  on  the  GP 
radial  corrective  torques.  Thus,  period  of  damped  oscillations  of  GP  will  differ 
from  period  of  its  natural  sustained  oscillations  by  84.4  minutes  when  condition  of 
aperiodic  transitions  is  satisfied.  Due  to  this,  GP,  besides  rate  errors,  will  also 
have  ballistic  errors,  which  would  be  equal  to  zero  in  the  absence  of  damping.  Con¬ 
sequently,  in  the  presence  in  the  instrument  of  damping,  it  is  not  possible  to  select 
parameters  of  GP  in  such  a  way  that  period  of  its  natural  damped  oscillations  is  equal 
to  84.4  minutes.  However,  as  B.  V.  Bulgak  v  indicated  [20],  the  general  assertion 
of  the  impossibility  of  obtaining  a  gyroscopic  pendulum  or  gyrocompass  accomplishing 
damped  oscillations  and  not  having  any  errors  besides  rate  errors  has  not  been  proven 
by  anyone  up  to  the  present  time. 

We  will  show  that  for  GP  with  damping  realized  by  meanB  of  imposition  of  pendulum 
radial  corrective  torques,  when  condition  of  aperiodic  transitions  is  satisfied, 
there  are  besides  rate  errors  also  ballistic  errors.  For  thiB  we  will  introduce  in 
equations  (11.4.105)  radial  corrective  torques  McQr  x  and  McQr  referred  to  angular 
momentum  H  of  the  gyroscope.  Then,  taking  into  account  relationships  (2.3.66)  and 
(2.3,5),  we  will  rewrite  equations  (11.4.105)  in  the  form 


a  4-  **  —  (A  -r  w u)  ?  =  —  U  cos  5  cos  K  — --  v  —  x  —L 

?  4-  *3  +  (*  4-  a  **  —  U  cos  s  sin  K  — -  — 

R 


(11.4.114) 


where  w  is  specific  rate  of  correction. 

Let  us  write  these  equations,  by  analogy  with  (11.4.107),  in  the  following  way: 

2-1*4- /(A -}- «u)l*  =  - Ucosze1* - i  (11.4.115) 

R 

For  v  =  const  and  K  =  const  (^c^rc  =  °),  particular  solution  of  this  equation 


has  the  form 


.  c 


*,-»,  +  /?, - ■!^r  (COS  K  +  /sin  K) - V . 

»  +  i*  *  T  J* 


(11.4.116) 


whence  we  obtain  expression  for  rate  errors  of  GP  with  damping 
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(11.4.117) 


«,  ~a*  = - |l/ cos  * (* cos /C  +  k  sin  K)  +  k  ~j 

[(/ e°s  ?(»  sin /C- A  c°s /()  +  * -~] 

which  for  h  «  o  become  the  rate  errors  of  a  GP  without  damping  which  are  determined 
uy  relationships  (11.4.58). 

Equation  (11.4.115),  by  analogy  with  (11.4.109),  can  be  written  in  the  form 

i  +  [*  +  /(*  +  «J]*=-4/cos?  [«  +  /(%  4-  ~)y]  +  £(o +  /»*«)•  (U.4.ii8) 

Let  us  assume  now  that  v(t)  is  changed  by  any  law  and  that  in  the  instrument 
there  is  satisfied  the  condition  of  M.  Schuler  (11.4.116),  Then  instead  of  (11,4,113) 
we  will  obtain  equation 

+  +  f/cospV*-- +  +  (11.4.119) 

particular  solution  of  which  does  not  coincide  with  (11.4.116).  Therefore,  a  GP 
with  damping  and  with  condition  of  aperiodic  transitions  satisfied  in  it  will  have, 
besides  rate  errors,  also  ballistic  errors.  If  damping  is  ceased  (  h  ■=  0),  then 
equation  (11.4.119)  becomes  (11.4.110);  then,  as  was  shown  earlier,  the  GP  will  not 
have  ballistic  errors. 

Ballistic  errors  of  GP  with  radial  correction  were  investigated  in  detail  by 
B.  V,  Bulgakov.  He  showed  that  during  weak  and  average  damping,  a  GP  with  period 
of  u4.4  minutes  should  be  in  principle  more  favorable  than  an  aperiodic  vertical 
not  having  a  pendulum  effect  at  all;  with  strong  radial  correction  both  instruments 
.  .ve  practically  identical  ballistic  errors.  On  the  basis  of  corresponding  calcula¬ 
tions  tnere  has  been  established  the  most  expedient  relationship  between  parameters 
h  and  k  for  GP. 


5.  Dynamic  Errors  of  GP 

a)  General  Characteristics  of  Dynamic  Errors 

Among  dynamic  errors  of  GP  there  are  included  errors  appearing  under  real 
conditions  of  use  of  instrument  during  variable  external  disturbances.  Such  errors 
appear  during  oscillations  of  the  object,  during  vibrations  of  the  place  of  instal¬ 
lation  of  GP,  and  so  forth.  For  concreteness  we  will  consider  dynamic  errors  of  the 
GP  under  conditions  of  rocking  of  the  ship.  Oscillatory  motions  of  ship  on  sea 
swells  affect  GP  due  to  unbalance  of  the  gyroscope,  and  also  through  friction  in  axes 
of  its  suspension.  Since  influence  on  gyroscope  of  dry  and  fluid  frictional  torques 
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was  considered  in  §  §  5.7  and  6.5,  then  during  calculation  of  dynamic  errors  of  GP 
we  will  consider  influence  of  rocking  of  ship  due  to  unbalance  of  the  gyroscope. 


b)  Differential  Equations  of  a  GP  in  a  Rocking  Ship 

Let  us  compose  differential  equations  of  motion  of  GP  during  rocking  of  a  ship; 
we  will  not  consider  gyroscopic  torques  due  to  induced  rotation  of  reference  system 
0£t|^  relative  to  inertial  space  caused  by  rotation  of  Earth  and  motion  of  the  ship. 
Let  us  assume  that  for  realization  of  damping  there  is  applied  system  of  pendulum 
correction  analogous  to  the  system  in  the  gyrovertical,  in  which  there  is  used  an 
astatic  gyroscope  (Chapter  6).  Let  us  use  equations  (11.4.15),  discarding  from 
them  inertial  terms  Jga,  JgP  and  above-indicated  gyroscopic  torques.  Quantity  ur 
we  will  replace  by  angular  velocity  £(t)  of  yawing  of  ship,  considering  that  u^  = 

=  -  <p(t)  (cf.  Figures  2.2  and  2.19:  external  disturbing  torques  f^(t)  and  f 2 ( t )  we 
will  take  equal  to  zero.  To  the  remaining  equations  we  will  add  pendulum  corrective 
torques,  which  under  conditions  of  rocking  of  ship  are  determined  by  relationships 
(2.3.70).  Then  instead  of  (11.4.15)  vre  will  obtain  following  differential  equations 
of  GP  during  rocking  of  ship: 


~~ Fr<+  ¥*« 

J  +  f  P-?(o»+-^-(».  +  r)>= 

“Xr‘  + 

or,  considering  (11.4.17),  (11.4.20)  and  (2.3.5), 


(11.4.120) 


«  +  *a  — 

A  .  a 

r r.  \  .  i 

$  +  *?  + 

*-7*^  +  v.,(0 

(11.4.121) 


During  rocking  of  ship  W^,  W^,  W^.  are  random  functions  characterizing  place  of 
installation  of  instrument,  and  Xj_(t)  an(*  are  random  functions  characterizing 

oscillation  of  corrective  pendulums  utilized  in  the  GP  for  creation  of  radial  correc¬ 
tive  damping  torques. 

For  accelerations  W^,  W^,  W^,  considering  only  terms  of  first  order  of  smallness 
in  expressions  (2.2.48)  and  different  orientation  of  axes  0£r)C  in  Figures  2.19  and 
2.2,  with  y  =  0  (GP  is  located  in  diametrical  plane  of  ship),  we  will  obtain  follow¬ 
ing  relationships: 
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-  A*-  . 


«  To  +  x?  -  20;  11?,=  ^  +  ^;  ^c=— t^  +  xji. 

Putting  (11,4.122)  in  (11.4,121),  we  have 


i  +  »-[*(l-^)-,(/)]?  = 
-— |-(ll+  «♦)  +  «/.!  (0 
f  +  «?  +  [*(i-^=pi)  —?«)]*  = 

-  -j-  (*•+■*? — *•)  + «/,  (/) 


(11.4.122) 


(11.4.123; 


In  equations  (11.4.123),  for  a  certain  simplification  of  solution  of  the  problem 
we  were  limited  to  consideration  of  only  terms  of  first  order  of  smallness.  Let 
us  note  that  if  for  W^,  W  ,  Wr  we  use  expressions  (2.2.49),  then  we  will  obtain 
equations  of  GP  on  a  rocking  ship  taking  into  account  terms  the  second  order  of 
smallness.  These  equations  are  analogous  to  equation  (4.6.98)  of  oscillations  of 
a  physical  pendulum. 

For  analysis  of  dynamic  errors  of  GP  on  rocking  ship  we  will  take  into  account 
only  transverse  motion  of  ship,  i.e.,  transverse  Horizontal  shifts  T)0(t)  of  its 
center  of  gravity  and  rolling  6( t).  Consequently,  dynamic  errors  of  GP  on  a  rocking 
ship  are  found  for  the  same  conditions  for  which  dynamic  errors  of  pendulum  bank 
indicator  were  determined. 

In  accordance  with  what  nas  been  said,  in  equations  (11.4.123)  we  will  set 
ip=  0,  <p  =  0,  ip  =  0,  =  0,  =  0;  deviation  x r  of  corrective  pendulum  in  diametrical 

plane  of  ship  we  will  take  equal  to  zero,  and  deviation  =  X  °f  corrective  pendulum 
in  plane  of  rib  of  the  ship  we  will  find  from  equation  (4.6.49)  of  oscillations  in 
this  plane  of  the  physical  pendulum,  in  w.iich  coefficient  k  is  determined  by  relation¬ 
ship  (4.6.48),  and  function  f(t)  —by  formula  (4.6.41),  For  usually  applied  short- 
period  corrective  pendulum,  for  the  instance  pendulum  flap  of  an  aircraft  GV  (Example 
4.2),  time  constant  T  =  0.045  sec.,  i.e.,  is  minute.  Therefore,  according  to  (4.6.49), 
(4.6.48)  and  (4.6.41),  we  have  approximately  X^  =  X  ^  — (^0"ze) •  Taking  into  account 
what  has  been  said,  we  will  reqritc  equations  (11.4.123)  in  the  form 


«  -f-  wt  —  =  ~  (t*  —  ji) 

£  +  *?  +  **  =  -j  Uo  — 

whence,  eliminating  at  first  6,  and  then  a,  we  find 


(11.4.124) 


i 
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(11.4.125) 


«  +  2«  +  (»*  +  *•)>  =  ^  (»«--  **')  -I-  -j- (■>,—  »'<) 

ff  +  2«$ +  <»*  +  **)?  =  7  (v~  *5 

Since  disturbances  ^(t)  and  0(t)  are  normal  stationary  random  functions  of 
time  (§  2.1,  par,  3) ,  then,  as  follows  from  (11.4.125),  a(t)  and  P(t),  which 
characterize  angles  of  displacement  of  axis  of  GP  from  vertical,  also  will  be  normal 
stationary  random  functions.  Due  to  damping,  natural  oscillations  of  GP  in 
coordinates  a  and  0  attenuate  and  a  GP  on  a  rocking  ship  will  accomplish  only  forced 
oscillations.  From  equations  (11.4.125)  it  follows  that  damping,  besides  quenching 
of  natural  oscillations,  generates  forced  oscillations  in  coordinate  a.  This  leads 
to  errors  analogous  in  nature  to  errors  of  damping-acceleration  of  a  GC  (§  11.5). 

In  order  to  compare  errors  of  GP  during  transverse  rocking  of  ship  with  errors 
under  the  same  conditions  of  a  pendulum  bank  indicator,  we  will  calculate  errors 
a(t)  of  GP  in  the  plane  of  a  rib.  For  this  we  will  use  first  equation  of  system 
(11.4.125): 

Let  us  determine  mathematical  expectation  a  of  random  function  a(t).  For  this 
we  will  apply  to  (11.4.126)  the  operation  of  mathematical  expectation.  Considering 
that  0(t)  =  0,  0(t)  =  0,  ’p0(t)  =  0,  tVq ( t )  *  0,  we  obtain, 

ii  +  jua  +  ftj  =  0,  (11.4.127) 

whence; 

l~e-'t(Clcoskt  *•:-  C,  sin  ft/);  (11.4.128) 

here  and  C2  —  constants  of  integration,  determined  by  initial  conditions; 

k.  —  frequency  of  undamped  precessional  oscillations  of  a  GP  with  radial 
correction 

kM  =  \  «•  +  **=*  j  H-j-Jj*.  (11.4.129) 

Expression  (11.4.129)  coincides  with  relationship  (11.4.48),  if  in  the  latter 

A 

time  constant  of  correction  is  replaced  by  —  [see  (2.3.7)]. 

According  to  (11.4.128),  due  to  presence  of  damping,  upon  completion  of  transient 
response  mathematical  expectation  of  random  process  a(t)  will  be  equal  to  zero 

(11.4.130) 

i.e.,  on  the  average  axis  GP  on  a  rocking  ship  will  retain  its  vertical  position. 

This  conclusion  is  valid  only  in  reference  to  the  considered  case,  when  in 
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differential  equation  (11,4.126)  of  GP  on  rocking  ship  there  were  not  taken  into 
account  terms  of  the  second  order  of  smallness,  including  vertical  accelerations  of 
rocking.  In  general,  if  we  consider  these  circumstances,  a  ^  0.  Quantity  a  can 
be  found  by  the  same  method  which  we  UBed  in  determining  mathematical  expectation 
X  of  random  motions  of  pliysical  pendulum  for  rocking  with  consideration  of  terms 
the  second  order  of  smallness  (§  4.6,  Par.  12). 

Let  us  turn  to  determination  of  dispersion  D[u]  of  random  motions  a(t)  of  axis 
of  GP  during  irregular  rocking  of  ship.  For  this  at  first  we  will  find  spectral 
density  SQ(a))  of  random  function  a(t).  Let  us  designate  in  formula  (11.4.126)  by 
analogy  with  (4.6.41) 

/(/)=  rn(t)-zH(t).  (11.4.131) 

Then  equation  (11.4.126)  we  will  write  in  the  for:.. 

«  +  2*i -f(x* +  **)  a  =  ■**  *  **7(0  +  y/(  0-  (11.4.132) 

2  2 

Let  us  divide  left  and  right  sides  of  this  equation  by  (x  +  k  )  and  introduce 
designations 


1  t  r  —  *  r— . . 

*•  +  *»'  *  »•  +  *»'  Y  xi  + 

ji; 


(11.4.133) 


Considering  these  designations,  we  will  rewrite  (11.4.132)  in  the  following 


way: 


T*,i  +  2r.ci  +  ,  =  «/<<)  +  «,/(<).  (11.4.134) 

In  this  equation  Td  is  time  constant  of  GP  with  radial  correction,  and  F,  is 
relative  damping  factor. 

Let  us  define  transfer  function  of  GP  with  respect  to  disturbance  f(t): 

*i*  +  9 


W  (s)  *. - - , 

T\t*  ?'.T -f  I 


(11.4.135) 


whence  for  amplitude-phase  characteristic  of  the  GP  we  will  obtain 


w  (/«>)  - 


jib  +  4 


-  T\  «*  I  2 :TMh  !  I  ' 


(11.4.136) 


3y  analogy  with  (4.6.47),  for  spectral  density  SQ(o))  of  random  function  a(t) 
we  have 


5,  (»)  =  |  w  G’«)  I’  («»),  (11.4.137) 

where  Sf(a>)  is  spectral  density  of  random  function  f(t). 

For  the  considered  case  there  was  obtained  expression  (4.6.64)  of  spectral 
density  Sf(aj) 
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(11.4.158) 


s,  w-^4- 


1! 


2* 


ft*.-4 


(11.4.139) 


0f*!  —  2J  5,^)^, 


J  +  2a#-'  +  '  K  *a 

where,  by  analogy  with  (2,1.56), 

ao  —  Ho  \j»  K  ~  H«  "{'  >0-  °i  ~  Hj  ^  f 

Putting  (11.4.136)  and  (11. 4.138)  in  (11.4.137),  we  will  obtain  formula 

S(«»)  = _ -M«  f  I  _  **  .  24^  .  1  (H.4.140) 

(i-rX)N  r.’rX  L  B  -4  +  V* *  -4  +  V  +  *J  J’ 

which  becomes  expression  (4.6.65)  for  spectral  density  Sa(cu)  of  random  oscillations 
of  pendulum  bank  indicator,  if  in  (11.4.140)  we  set  =  T,  q  =  k,  =  0. 

For  dispersion  D[a]  we  have  expression 

» 

(11.4.141) 

where  Sa((o)  is  determined  by  formula  (11.4,140). 

During  calculation  of  D[a]  we  will  use  the  same  approach  which  we  applied  during 

calculation  of  dispersion  of  errors  of  a  pendulum  bank  indicator  for  rocking  (§  4.6, 

2  2 

Par.  9).  In  accordance  with  equation  (11.4.132),  term  - — *  ^  f(t)  in  its  right  side 

o 

characterizes  the  disturbing  effect  of  rocking  on  GP  due  to  unbalance  of  the  gyroscope 
and  second  term  p  f(t)  characterizes  disturbing  effect  of  rocking  on  GP  due  to 

o 

damping  caused  by  application  to  the  gyroscope  of  a  radial  pendulum  correction  torque. 

If  now  we  turn  to  equation  (4.6.39)  of  oscillations  of  a  pendulum  bank  indicator, 

•  • 

then  analogously  the  first  term  k^iig-zP)  =  k^f(t)  of  its  right  side  characterizes 
disturbing  effect  of  rocking  on  bank  indicator  itself,  and  second  tem  2£n§  character¬ 
ize  disturbing  effect  of  rocking  on  bank  indicator  due  to  damping.  During  calculation 
of  dispersion  of  random  motions  of  bank  indicator  for  rocking,  term  2fn 6  was  discarded; 
therefore  for  comparative  calculation  of  dispersion  of  random  motions  of  GP  for 
rocking  we  should  also  not  take  into  account  the  disturbing  effect  of  rocking  due 
to  damping  of  the  GP.  For  this,  in  equation  (11.4.132)  it  is  necessary  to  disregard 
term  £  f(t)  or,  considering  (11.4.133),  to  set  in  equation  (11.4.134)  q^  =  0.  Then 
for  spectral  density  SQ(a)),  considering  in  (11.4.140)  that  q^  =  0,  we  will  obtain 
formula 

.cm** — - — ^ _ b*  1 1 

•  ’  (•-*»)’+ Vn^  +  <+  — 

which  coincides  with  accuracy  up  to  th<  designations  with  expression  (4.6.65)  for 
spectral  density  SH(cu)  of  random  motions  of  pendulum  bank  indicator  for  rocking. 
Therefore,  for  obtaining  of  dispersion  D[o]  it  is  possible  to  directly  use 
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formula  (^.B.BO)*  for  dispersion  D[x]»  if  in  the  latter  we  replace  T  by  Th: 


1)|.| 


4i*o*Tl 


1  +  iTft  P  +  Vs)  +  Tl  "-1  •? 


(» - T]f>l y  +  4  [r2;2**.  +  7>0  (;  +  7>0)  rjj*/;  | 

*  +  -&- 

^  CT* 


+  crl _ 

**  (*  “  )2  + 4  [ Tv7br  +  r *“a  ('  +  tjPj)  +  Tl:'l2bl ]  ‘ 


(11.4.143) 


where  b2,  =  b2;  bQI  =  bQ  [see  (11.4.139)] 


For  root  mean  square  oQ  and  mean  Eq  of  values  of  error  of  the  GP  we  have 


£,  =  f  V  20  hi  (f  =  <M709  . .  .)• 


(11.4.144) 

(11.4.145) 


Example  11.7:  To  calculate  probability  characteristics  D[a],  o  ,  Eq  and  limit¬ 
ing  value  of  error  a(t)  of  GP  for  irregular  rocking  of  ship  for  the  conditions 
of  Example  4.6  and  4.7  taking  parameters  of  GP  from  Example  11,1;  specific  rate 
of  radial  pendulum  correction  =  0.01  1/sec  [127]. 

Solution:  1.  By  formulas  (11.4.133)  we  find  time  constant  Td  of  GP  with  radial 


correction  and  also  relative  damping  factor  f, : 


-  «  1.366-10*800., 


V*  -r  **  \  0.01*  -r  (7,319-  Nr"3)* 

r  •  *  0,01  .  ,«■ 

C  *=  — -  ■"  —  -  - •-  =  1,366. 

V  0.01*  -r  (7.319  ItT3)* 


2.  Using  expression  (11.4.143),  we  determine  dispersion: 

D|s|  *=  0.0281  •  I0~*. 

3.  By  formulas  (11.4.144)  and  (11.4.145)  we  calculate  root  mean  square  oQ  and 
mean  EQ  values  of  error  of  GP: 

«,  =  0,001676  rad.-  5', 8.  /.  ,3', 9. 

4.  For  conditions  of  Example  4.7  we  find  limiting  value  of  affl  of  error  of  GP: 

=  3,3i,  =  3,3  5,8  :  .  19'. I. 

Comparing  results  of  Examples  11.7  and  4.7,  we  see  that  error  of  GP,  on  rocking 
ship  is  considerably  less  than  error  of  pendulum  bank  indicator.  This  indicates 
essential  advantages  of  GP  over  physical  pendulum  under  the  conditions  of  a  moving 
and  rocking  vehicle. 

Investigation  of  random  oscillations  of  GP  on  a  rocking  ship,  taking  into  account 
vertical  accelerations,  is  given  in  the  article  of  A.  A.  Sveshnikov  [137].  Besides 
considered  errors  of  the  GP  on  a  rocking  ship,  there  can  also  occur  errors  from  other 
♦Let  us  note  that  in  formula  (4,6.80)  1/g  =  k  =  q  [see  (4.6.48)  and  (11.4.133)]. 
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disturbances,  for  instance  fiom  vibrations  of  place  of  installation  of  instrument. 
Methods  of  calculation  of  these  errors,  due  to  their  random  character,  are  kept  the 
same  as  methods  of  calculation  of  errors  due  to  rocking. 

6.  Certain  Remarks 


In  different  GD  there  are  applied  so-called  plane  GP.  Schematic  diagram  of 
such  a  GP  is  shown  in  Fig.  11.9. 

Gyrorotor  is  fixed  in  housing  Gh,  which  is  suspended  on  axis  1  in  Cardan  ring 
C.  The  ring  constitutes  a  physical  pendulum,  which  can  be  rocked  about  axis  of 
suspension  2,  thereby  turning  by  a  certain  angle  a.  Turn  of  gyrohousing  about  axis 
1  by  angle  3  is  limited  by  spring  Sp. 

Equations  of  motion  of  plane  GP  in  the  absence  of  external  influences  can  be 
written  in  the  form  [20] 


(11.4.146) 


where  J  —  moment  of  inertia  of  entire  system  with  respect  to  axis  of  suspension; 

o 

J  —  moment  of  inertia  of  rotor  and  gyrohousing  with  respect  to  axis  1; 

g .  e 

l  —  distance  of  center  of  gravity  of  system  from  axis  of  suspension  of  GP; 

P  —  weight  of  system; 

H  —  angular  momentum  of  gyroscope; 
c  —  stiffness  coefficient  of  spring, 

B.  V.  Bulgakov  [20]  showed  that  the  considered  system  is  oscillatory,  where 
nutationa?  oscillations,  which  are  small  as  compared  to  the  basic  slow  precessional 
oscillations,  can  be  disregarded.  The  latter  can  be  found  from  analysis  of  shortened 
equations  obtained  from  (11.4.146)  by  means  of  discarding  inertial  terms: 

H$  +  //>«-  0 
tfa-c?  =  0 

or 


(11.4.147) 


where 


$+*>«0 

«-P?  =  0 


(11.4.148) 


Equations  (11,4.148)  we  will  write  in  the  following  way: 


(11.4.149) 


i  +  A-0  1 
P  +  n’P-Oj 


(11.4.160) 
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where 


(11.4.151) 

Integrating  the  first  of  these  equations,  we  have 

•  —  Ci  cos  rtf  +  C,  start/. 

Taking  initial  conditions  t  =  0,  a(0)  =  aQ,  a(0)  = 


=  cIq,  we  will  obtain 


« *=•  dsin(n/  + »), 


(11.4.152) 


where 


a  w 


+  —  (11.4.153) 

**  m. 


**  '  •• 

Differentiating  (11.4.152)  and  substituting 
the  obtained  expression  in  second  equation  of  system 
(11.4.148),  we  have 

p  «=  y  cos (nt  +  t).  (11.4.154) 

Thus,  solution  of  equations  (11.4.150)  for  the  given  initial  conditions  has 
the  form 

«  — asin(n/  +  *) 


p«*  yC0s(n/  +  «) 


(h.4.155) 


Fig.  11,10,  Schematic  diagram  of  four- 
gyroscope  vertical. 


It  characterizes  coupled  oscilla¬ 
tions  of  pendulum  and  gyroscope,  which 
are  shifted  in  phase  by  90°;  thus,  when 
pendulum  passes  through  position  of 
equilibrium,  then  axis  of  gyroscope 
obtains  maximum  deflection,  and  con¬ 
versely.  When  the  condition  of  M.  Schuler 
is  satisfied,  the  plane  GP  also  will 
be  undisturbed  by  accelerations  of  the 
object.  Behavior  of  plane  GP  during 
irregular  rocking  of  the  ship  is  con¬ 
sidered  in  article  [130], 

We  will  give  briefly  the  character¬ 
istics  of  one  more  type  of  GP  —  the  so- 


called  four-gyroscope  vertical  [199>  127].  Schematic  diagram  of  this  vertical  is 
shown  in  Fig.  11.10.  It  resembles  the  diagram  (Fig.  7.29)  of  the  four-gyroscope 
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active  gyrovertical  (§  7.6,  par.  2a).  On  platform  PI  there  are  located  two  two-gyro¬ 
scope  frames,  each  of  which  contains  two  gyroscopes  G^,  G2  and  Gy  G^ ;  axes  of  pre¬ 
cession  of  every  pair  of  gyroscopes  are  connected  by  anti-parallelograms  (shafts) 
and  Ay  Platform  PI  is  suspended  in  outer  Cardan  ring  C,  axis  of  rotation  of 
which  is  fixed  parallel  to  longitudinal  axis  of  ship.  Gyroscopes  G^  and  G^  are 
connected  with  platform  PI  with  the  help  of  springs.  Center  of  gravity  of  entire 
system  is  located  below  point  of  its  suspension;  consequently,  it  constitutes  a 
spherical  pendulum. 

In  the  considered  GP  there  is  also  a  device  for  imposition  of  radial  corrective 
torques;  in  Fig.  11.10  it  is  not  shown.  Essence  of  its  operation  it  that  during 
turn  of  gyroscopes  G^  and  G^  about  their  axes  of  precession,  correcting  devices 
apply  relative  to  axes  of  rotation  of  Cardan  ring  C  and  platform  PI  torques  propor¬ 
tional  to  angles  of  turns  of  these  gyroscopes. 

Theoretical  investigation  of  four-gyroscope  vertical  was  conducted  by  Ya.  N. 
Roytenberg  [127].  We  will  indicate  certain  peculiarities  of  this  system.  Its 
equations  of  motion  are  composed  by  the  same  method  which  was  used  during  composition 
of  equations  of  motion  of  the  four-gyroscope  actice  GV  (§7.6,  Par.  2a). 

If  the  base  is  motionless,  then  vertices  of  gyroscopes  describe  converging  spirals 
in  corresponding  vertical  planes.  With  consideration  of  rotation  of  Earth  and  recti¬ 
linear  and  uniform  motion  of  the  ship  Itself,  for  the  GV  there  are  revealed  velocity 
errors  analogous  to  errors  of  single -gyroscope  GP.  During  rocking  the  amplitude  of 
oscillations  of  four-gyroscope  GP  is  many  times  less  than  amplitude  of  oscillations 
of  single-gyroscope  GP.  This  is  one  of  the  essential  advantages  of  multigyroscope 
systems  as  compared  to  single-gyroscope  systems. 

There  have  been  investigated  ballistic  errors  of  a  four-gyroscope  GV,  and  its 
behavior  under  the  condition  that  period  of  its  natural  oscillations  is  equal  to  84.4 
minutes  has  been  considered  in  special  detail.  It  has  been  shown  that  in  this  case 
spherical  pendulum  oscillates  around  true  vertical*  for  any  law  of  motion  of  the  ship; 
i.e.,  the  instrument  has  neither  rate  nor  ballistic  errors.  Deviation  of  gyroscopes 

i 

from  their  position  of  equilibrium  are  proportional  to  components  of  absolute  velocity 
of  ship  along  its  longitudinal  and  transverse  axes.  Investigation  of  question  about 
,  accumulation  of  ballistic  errors  of  GV  during  prolonged  maneuvering  of  ship  showed 

that  maximum  ballistic  errors  of  multigyroscope  GV  are  twice  as  small  as  correspond¬ 
ing  errors  of  Bingle-gyroscope  GP.  Those  interested  in  the  theory  of  multigyroBcope 

♦More  exact  investigation  of  the  question  [135]  shows  that  these  oscillations 
occur  about  the  geocentric  vertical. 
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GV  we  refer  to  the  mentioned  article  [127].  Refined  precessional  theory  of  such  GV, 
taking  into  account  small  terms,  is  considered  in  [135]. 

A.  Yu.  Ishlinskiy  constructed  within  the  framework  of  precessional  theory  the 
strict  theory  of  a  number  of  gyroscopic  devices,  in  particular  of  the  GP  [45>  53]. 

Let  us  note  a  series  of  important  statements  given  in  his  articles.  First  of  all 
in  them  it  is  shown  that  known  works  on  the  theory  of  GP,  including  the  thorough 
investigation  of  B.  V.  Bulgakov  [20],  do  not  resolve  the  question  with  proper  degree 
of  rigor.  Cause  of  this  is  that,  motion  of  point  of  suspension  was  considered 
relative  to  Earth,  the  rotation  of  which  considerably  complicated  the  investigation. 
There  were  considered  not  always  exactly  forces  of  inertia  of  induced  motion.  Further 
more,  the  question  about  forces  acting  in  the  Cardan  suspension  was  considered  with¬ 
out  sufficient  attention. 

In  his  account  of  theory  of  GP,  A.  Yu.  Ishlinskiy  at  first  in  detail  investigates 
forces  acting  on  the  system  "rotor  +  inner  ring  +  outer  ring."  The  essence  of  tills 
ques  ion  was  considered  by  us  in  §  1.6,  Par.  7.  Analysis  of  GP  is  much  simplified 
by  introduction  of  a  so-called  non-rotating  sphere  S  surrounding  the  Earth  and  pre¬ 
serving  constant  orientation  relative  to  inertial  Bpace.  The  basic  problem  of  theory 
of  GP  is  investigation  of  behavior  of  an  instrument  whose  point  of  suspension 
arbitrarily  shifts  over  the  surface  of  the  Earth,  and  consequently,  also  over  the 
surface  of  non-rotating  sphere  S.  Thus,  motion  of  axis  of  GP  is  studied  with  respect 
to  translationally  moving  system  0£*t,*£*  which  preserves  its  orientation  relative 
to  inertial  space.  As  external  forces  acting  on  the  GP  there  are  considered  gravity 
force  F,  directed  to  center  of  Earth,  and  force  of  inertia  Q  of  translational  Induced 
motion  of  axes  0^ * ;  corlolis  forces  of  inertia  are  absent,  since  axes  0|*r*r* 
move  translationally. 

Choosing  axes  Oxyz  connected  with  internal  Cardan  ring,  we  write  equations  of 
GP  in  the  following  general  form  [45]: 

«*«>/  = /(Q,  +  Fa);  =  (h.4.156) 

where  <u  ,  o>  -  projections  of  angular  velocity  of  axes  Oxyz  relative  to 

x  y  system  0u)*t)*£*,  i.e.,  relative  to  motionless  sphere  S,  on 
axes  Ox  and  Oy; 

Fx*  Fy'  %  ~  ProJectlons  of  forces  F  and  Q  on  the  same  axes; 

H  and  l  —  earlier  adopted  designations. 

further  there  is  introduced  into  consideration  the  Darboux  trihedron  0:r°y°z^ 

(with  vertex  at  center  of  Cardan  suspension),  for  which  axis  0z°  is  normal  to  sphere 
S,  and  axis  0x°  is  directed  along  velocity  vector  v  of  point  of  suspension  of  GP. 


Position  of  axes  Oxyz  relative  to  Ox^y°z°  is  determined  by  angles  ip  and  0.  As  a 
result  there  are  obtained  the  following  differential  equations  of  motion  of  the  GP 
[45]: 

(-—sin •  sin  •{>  —  wcos  8 sin  ^ cos H  =* 

«  /[(/*—  ~jco$0sin<}»— cos  !*  -f  mysinOsin  ijj 


(--■  cos  8  -f  a  sin  9  -f  £  j  H  = 
/[— (f  —  -~j  sin  8  —  nuo  v  cos  8j 


(11.4.157) 


where  cu  -  projection  of  angular  velocity  of  Darboux  trihedron  relative  to  axes 
0£*t)*C*  (relative  non-rotating  sphere  S)  onto  axis  Oz^; 

v  -  velocity  of  object  relative  to  sphere  Sj 

R  —  radius  of  sphere  S. 

Thus,  if  motion  of  point  of  suspension  of  GP,  and  consequently  also  of  Darboux 
trihedron  relative  to  sphere  S  is  given,  then  functions  v(t)  and  u)(t)  are  known. 

For  small  angles  ip  and  0,  equations  (11.4.157)  have  the  form 

dt  l'J/\  ft  /} r  H  it 


A  +  f.  +  ±  ( F  _  « _  _  ±. . .  A  „„ 

*1*1.  */J  R  H 


(11.4.158) 


which  allows  integration  in  quadratures. 

A.  Yu.  Ishllnskiy  for  solution  of  equations  (11.4.158)  uses  the  substitution 

7 

6  =  -  jp  v  +  $  and  reduces  the  indicated  equations  to  the  following  system: 


where 


(11.4.159) 


T  ml* 

, _ LI 

l** 

V  *  ) 

R  J 

(11.4.160) 


Of  the  greatest  interest  is  the  case  when  q(t)  =  0.  For  small  velocity  of  point 
of  suspension  relative  to  Earth,  it  is  possible  to  take 


F— —  ~mg, 

where  g  —  acceleration  due  to  gravity. 

Then,  according  to  (11.4.160),  condition  q(t)  =  0  exists  for 

2fL 


(11.4.161) 


h  y  r  • 
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i.e.,  when  the  condition  of  M.  Shuler  is  satisfied. 

It  is  easy  to  see  that  for  zero  initial  conditions  [t  =0,  *(0)  =  0,  ^(0)  =  0], 
axis  of  GP  will  make  with  the  goecentric  vertical  angle  9,  which  is  determined  by 
relationship 

(11.4.162) 

which  characterizes  rate  error  of  the  GP. 

In  this  case  the  GP  does  not  have  ballistic  errors.  Expression  (11.4.16?)  for 
known  velocity  and  heading  of  the  object  can  be  used  for  determination  of  direction 
of  the  geocentric  vertical. 

Those  interested  more  deeply  in  the  theory  of  GP  we  refer  to  the  mentioned 
articles  [45,  53].  Their  method  of  investigation  of  GP  on  non-rotating  sphere  S 
was  earlier  used  by  A.  Yu.  Ishlinskiy  in  the  investigation  of  the  theory  of  other 
gyroscopic  devices  [44,  49]. 

§  11.5.  Gyrocompasses  (GC) 

1.  Purpose  of  the  GC.  Principles  of  Construction 
Designs  of  the  Instrument 


a)  Types  of  GC 

A  gyrocompass  determines  on  a  moving  object  the  direction  of  the  local  meridian, 
i.e.,  the  heading  of  the  object  (vehicle).  GC  have  found  wide  application  on  ships, 
basically  for  purposes  of  navigation.  It  is  included  in  the  class  of  positional  GD, 
i.e.,  it  possesses  a  "directional  force"  (directional  torque).  The  GC  can  be  con¬ 
sidered  as  a  variety  of  the  generalized  GP  (§  11.5,  Par.  5). 

In  the  simplest  scheme  of  GC  there  is  used  a  three-degree-of-freedom  gyroscope, 
the  center  of  gravity  of  which  is  displaced  in  its  equatorial  plane  below  the  point 
of  suspension.  Due  to  this  the  GC  is  subject  to  disturbance  due  to  accelerations 
of  the  object,  which  cause  ballistic  errors  of  compass  which  have  the  same  nature 
as  for  the  GP.  These  errors  of  the  GC  are  partially  compensated  by  means  of  realiza¬ 
tion  in  the  instrument  of  M.  Schuler * s  condition  of  undisturbability,  which  was  by 
him  validated  in  reference  to  GC  in  1910  [2001.  Realization  of  this  condition  made 
it  possible  to  create  models  of  GC  which  are  useful  also  under  conditions  of  maneuver¬ 
ing  of  the  ship. 

Up  to  the  present  of  time  gyroscopic  technology  has  had  at  its  disposal  tens 
uf  different  models  of  first-class  GC,  which  representing  very  complicated  and  highly 
developed  types  of  gyroscopic  devices.  Theory  of  gyrocompass  is  the  most  highly 
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developed  area  of  contemporary  theory  of  GD.  In  its  creation  an  outstanding  role 
was  played  by  the  works  of  A,  N.  Krylov,  B.  V.  Bulgakov,  B.  I.  Kudrevich,  M.  Shuler, 
J.  Geckeler,  0.  Martinssen,  A.  Rawlings,  Ye.  L.  Nikolai,  A.  Yu.  Ishlinskiy,  Ya.  N. 
Roytenberg,  D.  R.  Merkin,  V.  N.  Koshlyakov,  and  others.  To  questions  of  theory 
and  practice  of  GC  there  have  been  dedicated  a  huge  amount  of  monographic  and  educa¬ 
tional  literature.  Therefore,  in  the  present  book  there  is  given  only  the  briefest 
information  from  the  theory  of  GC. 


There  are  many  types  and  varieties 
of  GC.  Without  attempting  to  give  their 
classification,  we  will  indicate  only 
three  basic  types.  Depending  upon  method 
of  creation  of  directional  force,  we 
distinguish:  1)  GC  with  pendulum;  2)  GC 
with  mercury  vessels;  j>)  GC  with  electro¬ 
magnetic  control. 

In  GC  with  pendulum,  rotor  is 
contained  in  gyrohousing,  to  the  l^wer 
part  f  which  there  is  fastened  a  pendulum  (Fig.  11.11),  Due  to  this,  center  of 
gravity  of  rotor  with  gyrohousing  turns  out  to  be  displaced  in  the  equatorial  plane 
below  point  of  suspension. 

In  GC  with  mercury  vessels,  rotor  and  gyrohousing  are  balanced  in  such  a  way 
that  their  common  center  of  gravity  coincides  with  point  of  suspension.  To  the 
gyrochamber  there  is  fastened  a  mercury  ballistic  system  consisting  of  two  vessels 
(Fig.  11.12)  which  are  connected  by  means  of  a  connecting  tube  and  partially  filled 
with  mercury.  To  the  right  vessel  there  is  fastened  a  so-called  arm,  which  connects 
vessels  with  the  gyrochamber.  When  axis  of  gyroscope  is  deflected  from  plane  of 
horizon,  surplus  of  mercury  in  one  of  vessels  causes  application  to  the  gyroscope 
of  a  gravitational  analogous  to  the  corresponding  torque  in  a  GC  with  a  pendulum. 

In  recent  years  GC  with  electromagnetic  control  have  come  into  use  (see,  for 
instance,  [59]).  In  GC  of  this  type  the  gyroscope  is  brought  into  the  meridian  not 
due  to  action  of  gravitational  torque  created  by  pendulum,  mercury  ballistic  vessels 
or  analogous  devices,  but  by  means  of  application  to  it  with  the  help  of  a  special 
torque  pickoff  (TP)  of  a  correcting  torque;  thus  the  TP  is  controlled  from  a  pendulum 
(accelerometer)  fixed  on  gyrohousing  of  GC.  Rate  errors  due  to  motion  of  ship  are 
compensated  in  the  instrument  by  means  of  application  of  corrective  torques  calculated 


Fig.  11,11.  Diagram 
if  sensing  device 
of  GC  with  pendulum. 


Fig.  11.12.  Diagram 
of  sensing  device 
of  GC  with  mercury 
vessels. 
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by  a  computer.  In  GC  with  electromagnetic  control,  it  is  sufficiently  simple  to  carry 
out  by  a  purely  electrical  method  damping  of  natural  oscillations  of  the  gyroscope 
[59 >  99].  Let  U3  note  that  such  GC  can  also  work  as  a  directional  gyroscope  [59]; 
thi3  is  important  for  decrease  of  ballistic  instrument  errors  during  maneuvers  cf  the 
ship . 

Depending  upon  number  of  applied  gyroscopes,  we  distinguish  single-rotor,  two- 
rotor  and  three-rotor  GC.  The  widest  use  has  been  obtained  by  two-rotor  GC  —  Anschutz 
gyrocompasses  [75]  and  the  Soviet  gyrocompass  "Kurs"  [6], 

There  are  known  instruments  in  which  there  are  combined  the  gyrovertical  (gyro- 
horizon)  and  gyrocompass;  these  are  called  gyrohorlzon  compasses  [75];  they  make  it 
possible  in  principle  to  determine  the  heading  of  the  ship,  and  also  angles  of  pitch¬ 
ing  and  rolling.  Such  a  system  makes  it  possible  to  obtain  a  so-called  space  gyro¬ 
compass  [20,  184],  i.e.,  an  instrument  whose  three  principal  axps  are  gyroscopically 
stabilized  in  the  east  -  north  -  zenith  directions. 

It  is  also  possible  to  classify  GC  according  to  other  criteria;  for  instance: 
by  method  of  damping  of  its  natural  oscillations;  in  dependence  upon  methods  of 
obtaining  an  aperiodic  compass  (undisturbed  by  accelerations  of  the  ship)  at  any 
latitude;  according  to  method  of  suspension  of  sensing  device;  according  to  different 
design  features,  and  so  forth. 

Briefly  expounding  the  theory  of  CC,  in  the  beginning  we  will  reveal  certain 
general  properties  of  it  in  the  example  of  a  single-rotor  gyrocompass  with  pendulum, 
arid  then  will  consider  mainly  the  scheme  of  two-rotor  GC. 


b)  Essence  of  Single-Rotor  GC 

Principle  of  action  of  gyrocompass  is  assumed  to  be  known.  Let  us  remember  that 
in  §  11.2,  Par.  2a,  there  was  considered  a  Foucault  gyroscope  of  the  first  kind,  for 
which  axis  of  rotation  is  located  vertically  (Fig.  11.1),  and  inner  ring  is  rigidly 
fastened  to  outer  ring,  and  therefore  axis  of  gyroscope  is  in  plane  of  horizon.  Thus, 
due  to  rotation  of  Earth  there  appears  gyroscopic  torque  Mgyr^>  uetermined  by  relation¬ 
ship  (11.2.5).  This  torque,  called  directional  torque,  tends  to  bring  axis  of  gyro¬ 
scope  into  plane  of  meridian.  Consequently,  Foucault  gyroscope  of  first  kind  possesses 
properties  of  a  compass,  which  appear  in  it  due  to  rotation  of  Earth. 


In  the  considered  GC  with  the  pendulum  there  is  a  certain  analogy.  Actually, 
here  there  is  applied  a  gyroscope  with  three  degrees  of  freedom;  axis  of  rotation 
of  outer  Cardan  ring  is  fixed  vertically.  With  the  inner  ring  (gyrochamber)  there 


Jl 


is  connected  a  pendulum,  which  during  deflection  of  axis  of  gyroscope  from  plane  of 
horizon  creates  a  restoring  torque,  which  tends  to  hold  axis  of  gyroscope  in  horizon¬ 
tal  position.  Such  a  device  A.  N.  Krylov  [65]  called  a  gyroscope  "with  incomplete 
coupling due  to  its  application,  it  was  possible  to  realize  the  gyrocompass.  Thus, 
the  appearance  in  the  considered  gyrocompass  of  a  directional  torque  tending  to  bring 
axis  of  gyroscope  into  plane  of  meridian  (just  as  in  a  Foucault  gyroscope  of  first 
kind,  i.e.,  in  two-degree-of -freedom  GC),  is  caused  by  rotation  of  Earth  and  presence 
of  coupling  of  the  gyroscope  with  the  Earth,  which  is  realized  through  the  pendulum. 

Let  us  select  axes  0£q£  (Fig. 
11,13)  oriented  geographically,  i.e., 
in  such  a  manner  tnat  axis  Orj  is 
directed  in  plane  of  horizon  to  north, 
axis  04  —  to  east  and  axis  0£  —  along 
the  vertical.  During  turn  of  outer 
Cardan  ring  by  angle  a,  and  inner 
ring  by  angle  0,  Resal  axes  will 
occupy  position  Ox^y^z.  By  analogy 
with  Fig.  3.12  we  will  decompose 
angular  velocity  U  of  diurnal  rotation 
of  Earth  into  vertical  U  sin  cp  and 
horizontal  U  cos  cp  components  and  will 
show  the  desired  (§  11.2,  Par.  2a) 

U  cos  cp  sin  u  component  of  the  latter. 


Fig.  11.13.  Angles  a  and  0  of  deflection  of 
axis  of  GC. 


Vertical  component  U  sin  cp  creates  gyroscopic  torque  Mgyrx  *  which  is  directed  along 
the  axis  Ox^  of  rotation  of  inner  Cardan  ring  and  equal  to 

■=  —  //(/sin  ? cos 3^  —  //£/$in?.  ( 11.5.1) 

This  moment  causes  rise  of  axis  of  gyroscope  by  angle  0  above  plane  of  horizon; 

thus  there  appears  gravitational  torque  M  ,  which  is  also  directed  along  the  axis 

®X1 


Ox 


1' 


Mgx  - IP  tin  ^  IP). 

Restoring  torque  M  balances  gyroscopic  torque  M 

gxl 


gyrx. 


(11.5.2) 


Angle  of  rise  of 


axis  of  gyroscope  above  plane  of  horizon  in  position  of  equilibrium  is  determined 
from  relationship 


Mrs,  +  Mtxt  “  0  or  —  HU  sin  ?  -i-  lP?r  ^  0, 


*See  note  on  p.307  —  [Trans.  Ed.  Note], 
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whence  we  have  expression 

HU 

(11.5.3/ 

which  coincides  with  (11.3.22). 

As  was  shown  during  the  analysis  of  generalized  GP  (§  11.3,  Par.  3;  case  of  the 
gyrocompass),  to  angle  0r  there  correspond  gravitational  torque  lPPr  =  HU  sin  cp  and 

rate  of  precession  ^  -  ,  which  is  equal  to  U  sin  <p.  This  rate  of  precession  of  the 

GC  is  necessary  for  compensation  of  vertical  component  U  sin  cp  of  terrestrial  rotation 

and  for  retention  thereby  of  axis  of  gyroscope  in  plane  of  meridian  0{[PnN. 

The  desired  component  U  cos  qp  sin  a  gives  gyroscopic  torque  Mgyr^  directed  along 
the  axis  Of,  and  determined  by  relationship  (11.2.5): 

—  --#{/ cos? tin «»  —  //(/ cos?  at.  (11.5.4) 

In  the  theory  of  GC  this  torque  is  called  directional  torque  of  the  gyrocompass. 
It  is  equal  to  zero  at  a  «  0.  Therefore,  considering  also  (11.5.3),  position  of 

equilibrium  of  axis  of  GC  on  a  base  which  is  motionless  with  respect  to  Earth  is 

determined  by  coordinates 

*-0;  (H.5.5) 


In  order  to  determine  character  of  motion  of  axis  of  gyroscope  near  the  indicated 
position  of  equilibrium,  we  will  assume  that  axis  of  gyroscope,  having  slope  Pr  to 
plane  of  horizon.  Is  deflected  eastward  by  angle  a.  Since  due  to  diurnal  rotation 
of  Earth  the  eastern  edge  of  the  plane  of  the  horizon  is  lowered  in  space,  then 
northern  end  of  axis  of  gyroscope  is  visibly  raised  above  plane  of  horizon.  Thus 
angle  of  inclination  P  will  be  Increased.  Now  restoring  torque  M  =  IPp  will  be 


greater  tnan  gyroscopic  torque  |Mgyrx  |  *  HU  sin  cp  =  iPPr.;  due  to  the  difference  in 

these  torques  M  -M  =  IPP-HU  sin  cp  =  IP(0-B  ),  which  is  directed  toward  the  west, 

r 

there  will  appear  precessional  motion  of  axis  of  gyroscope  toward  plane  of  meridian. 

Thus,  axis  of  gyroscope  rises  above  plane  of  horizon  and  shifts  in  azimuth.  When 

axi3  of  gyroscope  crosses  plane  of  meridian  0£PnN  to  the  west,  it  will  start  to  be 

lowered  toward  plane  of  horizon,  and  under  the  action  of  the  difference  in  torques 

M  -M  =  IPP-lPP  =  -IP(P  -P) ,  which  is  directed  toward  the  east  (for  P  <  p  ), 

&x^  v  v  t 

will  further  precess  eastward  toward  plane  of  meridian.  Consequently,  axis  of  gyro¬ 
scope  accomplishes  sustained  oscillations  near  position  of  equilibrium,  which  is 
determined  by  coordinates  ar  ■  0  and  Pr  [see  (11.5.5)];  thus,  vertex  of  gyroscope 
will  describe  on  representative  plane  (tangent  to  point  N  of  intersection  of  axis 
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Ot,  with  unit  sphere)  an  ellipse  which  is  strongly  elongated  in  the  horizontal  direc¬ 
tion.  For  quenching  of  these  oscillations,  in  the  GC  there  are  applied  special  damp¬ 
ing  devices. 

Axis  of  gyroscope  is  brought  into  plane  of  meridian  in  an  analogous  way  in  the 
GC  with  mercury  vessels  (see,  for  instance,  [71>  1,  6]). 

c)  Essence  of  Two-Rotor  GC 

Two-rotor  GC  is  one  of  the  most  highly  developed  of  gyroscopic  devices  in  design 
and  accuracy. 

The  sensing  device  of  this  GC  constitutes  a  hollow  sphere  Gs  (Fig.  11.14a), 
called  a  gyrosphere  or  float .  In  the  gyrosphere  there  are  placed  gyroscopes  G^  and 
Gr,>  a  hydraulic  damper  and  other  elements  of  the  instrument.  Spin  axes  of  gyroscopes 
G^  and  G2  are  located  horizontally;  axes  of  precession  of  these  gyroscopes  are 
located  vertically  and  are  connected  by  a  hinged  mechanism  —  a  shaft  C,  similarly  to 
the  way  this  is  done  in  a  two-gyroscope  active  gyroframe  (Fig.  7.2).  Shaft  Sh  with 
the  heap  of  springs  Sp  is  connected  with  body  of  gyrosphere.  In  the  initial  position 
(with  non-rotating  rotors),  springs  hold  the  gyroscopes  in  a  position  in  which  their 
axes  form  with  the  N-S*  direction  of  the  gyrosphere  equal  angles  e  =  45°.  Due  to 
the  shaft  gyroscopes  G^  and  G2  can  turn  about  axes  of  procession  in  various  directions 
by  identical  angles  b  (Fig.  11.14b).  Inside  the  gyrosphere  is  filled  with  hydrogen. 
Center  of  gravity  of  gyrosphere  is  on  its  vertical  axis  below  its  geometric  center; 
this  ensures,  as  and  in  the  single-rotor  GC,  the  necessary  pendulum  torque.  Gyro¬ 
sphere  is  placed  in  a  fluid,  and  therefore  in  the  suspension  there  exists  only  viscous 
friction. 

The  gyrosphere  is  surrounded  by  the  so-called  slave  sphere.  In  order  to  center 
the  gyrosphere  relative  to  the  slave  sphere,  in  the  lower  part  of  gyrosphere  there  is 
placed  an  "electromagnetic  blowout"  coil,  through  which  there  is  passed  an  alternating 
current.  The  latter  induces  in  the  slave  sphere  eddy  currents,  which  "repel"  the 
coil  and  center  the  gyrosphere  in  vertical  and  horizontal  directions,  so  tha*  its 
only  motionless  point  is  its  geometric  center.  Parameters  of  the  system  are  selected 
in  such  a  way  that  period  of  precessional  oscillations  of  gyrosphere  in  the  absence 
of  damping  is  equal  to  84.4  minutes.  This  practically  removes  ballistic  errors  of 
GC.  Constancy  of  the  period  of  84.4  minutes  independently  of  local  latitude  is 
ensured  ir.  a  two-rotor  GC  of  Anschtltz  [75]  by  corresponding  change  of  angle  of 

♦As  the  N-S  direction  there  is  taken  direction  coinciding  with  bisector  Oz  of  the 
ngle  formed  by  spin  axes  of  gyroscopes  G^  and  G^. 
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separation  of  the  gyroscopes.*  Presence  in  the 
compass  of  two  gyroscopes  makes  it  possible  to 
increase  period  of  oscillations  of  gyrosphere 
around  N-S  axis  to  10-15  minutes.  This  consid¬ 
erably  lowers  instrument  error  luring  rocking 
of  ship.  Natural  oscillations  of  gyrosphere  are 
damped  by  a  hydraulic  damper  installed  in  its 
upper  part. 

Total  angular  momentum  of  gyroscopes  G^  and 
G2  is  equal  to  geometric  sum  of  their  spin 
angular  momenta  and  H^.  If  we  designate  by 
2e  (Pig.  11.14a)  the  angle  between  axes  of  these 
gyroscopes,  then  total  angular  momentum  H  of  the 
system  will  be 

H-W cos.  (//'  =  //,«//,).  (11.5.6) 

Angular -moment  urn  vector  If  is  directed  along 

the  bisector  of  angle  2e,  i.e.,  coincides  with 

direction  of  N-S  axis  of  gyrosphere,  which  during 

operation  of  the  compass  is  established  in  plane 

of  meridian.  With  turn  of  gyroscopes  G^  and  G2 

around  their  axes  of  precession  by  angle  5, 

direction  of  vector  If  as  this  is  easy  to  establish 

from  Pig.  11.14b,  will  not  be  changed,  but  its 

Fig.  11,14.  Diagram  of  sensing  magnitude  will  be  changed,  and  instead  of  by 

device  of  two-rotor  GC. 

(11.5.6)  will  be  determined  by  relationship 

ff- 7W  cos  (•-*).  (11.5.7) 

Principle  of  operation  of  two-rotor  GC  in  broad  terms  is  the  same  as  that  of  the 
single-rotor  GC.  However,  here  there  are  certain  peculiarities.  Besides  the  pendulum 
torque,  which  causes  precessional  motion  of  gyrosphere  in  azimuth,  on  the  gyroscopes 
through  the  shaft  there  act  the  torques  of  the  springs.  This  causes  precessional 
motion  of  gyrosphere  about  the  N-S  axis,  due  to  which  the  axis  perpendicular  to  it 
(E-W  diameter  of  the  gyrosphere)  in  its  position  of  equilibrium  will  be  horizontal. 

♦Other  methods  of  regulation  of  period  in  two-rotor  GC  can  be  realized  by  change 
of  angular  velocity  of  spin  of  rotors  or  magnitude  of  maximum  pendulum  torque  due  to 
change  of  metacentric  height.  This  problem  in  the  GC  with  mercury  vessels  can  be 
solved  by  changing  angular  velocity  of  spin  of  rotor  or  magnitude  of  maximum  pendulum 
torque  due  to  change  of  area  of  cross  section  of  vessels  or  their  moment  arm. 
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If  relative  to  the  N-S  axis  there  acts  external  disturbing  torque,  then  there  appears 
preceasional  motion  of  gyroscopes  0^  and  0^  inside  the  gyrosphere;  due  to  this  there 
appears  a  gyroscopic  torque  compensating  the  external  disturbing  torque. 

Description  of  device  and  principle  of  action  of  the  two-rotor  GC  can  be  found 
in  extensive  literature  on  gyroscopic  compasses  (see,  for  instance,  [75>  6,  50]). 


2.  Dynamic  Characteristics  of  GC 


a)  Geometric  and  Kinematic  Parameters 

Investigation  of  GC  is  started  with  composition  of  differential  equations  of 
motion  and  corresponding  transfer  functions.  As  the  sensing  device  of  the  GC  we  will 
consider  the  gyrosphere  (Fig.  11.14).  Let  us  select  system  of  coordinates  0£q£ 

(Fig.  11.15),  oriented  geographically  along  the  east  -  north  -  zenith  directions. 

Axes  of  coordinate  system  Oxyz  are  principal  axes  of  inertia  of  the  gyrosphere;  thus 
axis  Oz  is  parallel  to  bisector  of  angle  formed  by  axes  of  gyroscopes  G^  and  G^  (Fig. 
11.14);  center  of  gravity  G  of  gyrosphere  (Fig.  11.15)  1b  located  below  its  geometric 
center  0  on  axis  Oy.  Turn  of  the  gyrosphere,  i.e.,  of  axeB  Oxyz  relative  to  reference 
system  0 £qd;  can  be  represented  as  consecutive  rotation  of  it  by  angles  a,  p  and  y 
where  a  is  angle  of  azimuthal  turn  of  gyrosphere,  P  is  angle  of  use  of  end  of  N-S  axis 
above  plane  of  horizon,  and  y  is  angle  of  rotation  of  gyrosphere  about  N-S  axis. 

With  turn  by  angles  a  and  p,  the  moving  axis  will  occupy  position  Ox^y^z  (Resal  axes). 

Transformation  of  axes  0<-q(;  to  Ox^y^z  we  will  write  in  the  form  of  the  following 
matrix  equality; 


where  matrix  A^ 
11.15  and  5.2) . 


l*v  ft.  *1  -  4  [l  r». 


(11. 5. 8) 


-  ||a *  ||  (u*  v  -  1,  2,  5)  is  determined  by  Table  (5.2.2)  (cf.  Figs. 

y,y 

For  small  angles  a  and  P  for  matrix  A^  we  have  Table  (5.2.5) 

1-1  -a  0 

0*-?  1 1|  (11.5.9) 

-•  *  9 


Transformation  of  axeB  0|q£  to  Oxyz  can  be  written  in  matrix  form 


I*.  yt  ij  -  A |t,  tj,  Cl,  (n.5.10) 
where  matrix  A  -  ||a^vll  (u#  v  ■  1,  2,  5)  can  be  represented  in  the  form  of  product 
of  three  corresponding  to  turns  of  axes  Oxyz  by  angles  a,  p  and  y;  finally  we  will 
obtain 


4- 


Co<« cost-}- tin « sin ?itn]  —  slnecojj  —  cos*sin?sinj  eos.Uin; 
case tin f+ «ln« tin jcosj  sin*  sin  7  — cos*  sin  j  cos;  cos? cos; 
*>sin«cos?  cos  a  cos? 


(11.5.11) 
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With  accuracy  up  to  terms  of  first 


Fig.  11.15.  Angles  a,  P,  7,  6,  deter¬ 
mining  position  of  sensing  device  of  GC. 


order  of  smallness  we  have 


1—1  — a  T 

T  -P  > 

-«  I  P 


(11.5.12) 


Thus,  position  of  gyrosphere  is  deter¬ 
mined  by  three  generalized  coordinates: 
a,  P,  7.  Gyroscopes  G^  and  Gg  (Fig.  11.14b) 
can  turn  about  axes  of  precession  by 
identical  angles  6  in  different  directions. 
Let  us  connect  with  gyrohousing  of  gyro¬ 
scope  G1  axes  0x±y±zgyT>  turn  of  these 
axes  by  angle  5  is  shown  in  Fig.  11. 15. 
Transformation  of  axes  Oxyz  to 

Ox  y  z  will  be  represented  in  matrix 
gyr  gyr  gyr 

form 


Vt»  *rl  e  !/•  *1* 

where  matrix  B  =  ||b  ||  (p,  v  =  1,  2,  3)  will  be 

\1  K 

I  cost  0  —  sin  ^  II 

0  t  0 

lint  0  cos  2 


(11.5.13) 


(11.5.14) 


or  approximately 


II  0  —I 
0  t  0 
I  0  1 


(11. 5. 15) 


Let  us  note  that  angle  6  is  small  (usually  does  not  exceed  7°  [6])  as  compared 
to  angle  e  (Fig.  11.14),  which  is  equal  to  45°. 

Projections  p^,  q^,  r  of  angular  velocity  of  gyrosphere  onto  Resal  axes  Ox^y^z, 
taking  into  account  induced  motion  of  axes  0£t)£  caused  by  rotation  of  Earth  and 
motion  of  the  object  (vehicle),  are  determined  for  small  a  and  P  by  relationships 
(5.2.6),  if  in  the  last  of  them  we  consider  angular  velocity  7  of  rotation  of  the 


float : 


f, —  «*?  +  «; 

'-I-***  + 


(11.5.16) 
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(11.5.17) 


b)  Differential  Equations  of  Motion  of  GC 

During  composition  of  differential  equations  of  motion  of  GC  we  will  use  pre- 
cessional  theory,  disregarding  small  nutatlonal  oscillations  of  system.  For  reduction 
of  subsequent  computations  we  will  compose  in  the  beginning  the  equation  of  motion 
of  gyrosphere  relative  to  axes  Ox^  and  0£  (Oy)  or  Oy^  (for  small  0).  For  this  we 
will  use  shortened  Euler  equations  (1.6.9) >  replacing  in  them,  according  to  (11. 5. 7), 

H  by  2H '  cos  (e-5)  and  considering  formulas  (11.5.16)  for  p^,  q^: 

2A/'cos(i  -  S)  (i  -  •+  u. )  =  Af, 

W  cos  (« —  ?)  ($  -r  .*  j  = 

where  M  and  M  are  external  torques  applied  to  gyrosphere. 

X1  yl 

Let  us  turn  to  composition  of  equation  of  motion  of  gyrosphere  about  axis  Oz, 
proceeding  from  condition  of  equilitrium  of  gyroscopic  torque  and  external  torque 
relative  to  this  axis.  Since  gyroscopes  G^  and  G2  (Fig.  11,14)  are  connected  with 
each  other  by  a  shaft,  then  for  the  eastern  gyroscope  G^  angular  velocity  6  is 
directed  in  positive  direction  of  axis  Oy  (Fig.  11.15),  and  for  the  western  gyroscope 
G2  —  in  negative  direction  of  axis  Oy.  Projections  of  angular  momenta  of  gyroscopes 
G1  and  G2  on  axis  Ox  will  be:  -H^  sin  (e-6)  =  -H'  sin  (e-6)  and  sin  (e-6)  =  H'  sin 
(e-6).  As  a  result  along  the  axis  Oz  there  will  act  gyroscopic  torque 

Af  M  •» —  2H'  *in  (t  —  2)  •  i.  (11.5.18) 

This  torque  is  balanced  by  external  torque  M  along  the  same  axis,  if  we  disre- 
gard  in  the  equation  the  corresponding  inertial  term.  Consequently,  equation  of 
motion  of  gyrosphere  about  axis  Oz  will  be 

2ff'sin(«-«)&  =  Af,.  (H.5.19) 

Let  us  note  that  component  q^  of  angular  velocity  of  Resal  axes  along  the  axis 
Oy^  (Oy)  does  not  create  gyroscopic  torques  relative  to  axis  Oz,  since  rotors  of 
gyroscopes  G^  and  G0  rotate  in  different  directions;  i.e.,  as  Just  in  the  two-gyro- 
scope  active  frame,  rotation  of  system  of  reference  around  axes  of  precession  of 
gyroscopes  does  not  render  an  influence  on  motion  of  the  frame  (§  7.1,  Par.  2b). 

Further  it  is  necessary  to  compose  equation  of  motion  of  gyroscopes  G^  and  G2 
around  their  axes  of  precession  Oy  (Oy  ) .  For  this  we  will  use  the  same  method 
which  we  applied  during  composition  of  equations  of  motion  of  gyroscopes  of  the  two- 
gyroscope  active  frame  around  their  axes  of  precession.  During  finding  of  equation 
of  motion  of  eastern  gyroscope  G^  relative  to  axis  Oy,  it  is  necessary  to  consider 
gyroscopic  torque 
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M "l  -  //(co»(« -«)-p4  +  Ht  sin  (•  - *)-r.  (n  .  5 . 20 ) 

where  angular  velocities  p^  and  r  are  determined  by  relationships  (11.3.16). 

Designating  by  the  external  torque  applied  to  gyroscope  G^>  we  will  obtain 

equation  of  motion  of  this  gyroscope  in  the  form 

■if  1  cot  (•  —  i)*  p,  +  Hx  sin  (» —  2)  *r  =  —  (11.5.21) 

During  composition  of  equation  of  motion  of  western  gyroscope  around  axis  Oy, 
it  is  necessary  to  consider  gyroscopic  torque 

AI^-l/tcos(«-l)pl-//2sin(«-8)r.  (11.5.22) 

Designating  by  the  external  torque  applied  to  gyroscope  Gg,  we  will  obtain 

equation  of  motion  of  this  gyroscope  in  the  form 

//,cos(«  —  8)  p,  —  —  l)  r  —  — Af™*  (11.5.25) 

For  composition  of  equations  of  motion  of  system  of  gyroscopes  G1  and  Gg  around 
axis  Oy,  we  should  consider  that  gyrohousings  of  gyroscopes  are  connected  by  a 
kinematic  transmission  with  transmission  ratio  -1.  Therefore,  subtracting  from 
(11.5.21)  relationship  (11.5.25)  and  considering  that  H1  =  Hg  =  H',  =  My* 

we  will  obtain 

2//'sin(« — 2)r  •e  —  Mg  (n.5.24) 

or,  considering  (11. 5. 16), 

2 H'  sin  («  -  2)  (i  -  ua  -f  +  «.?)  «=  -  \\9 .  (11.5.25) 

Taking  together  (11. 5. 17),  (11.5.19) 
and  (11.5.25),  we  will  obtain  system  of 
equation  characterizing  motion  of  gyro- 
sphere  relative  to  reference  system  0|r|£ 
and  rotation  of  gyrochambers  of  gyro¬ 
scopes  G^  and  Gg  inside  the  gyrosphere: 

2 H'  cos  («  —  2)  •  (a  —  ujp  -f-  u.J  = 

2 H‘  cos  (s  —  2)  •  ( $  +  uK  +  an»)  «  .Wfc 
2H'%in{t 

Vi'  sin  («  —  5)  •  —  u.7  -f  «,  *r  ■*  — 

(11.5.26; 

It  is  necessary  to  supplement  these  equations  with  equation  of  flow  of  liquid 
in  the  hydraulic  damper.  The  scheme  of  the  damper  (Fig.  11. 16)  is  the  same  as  that 
of  hydraulic  damper  of  GP  (Fig.  11.8),  the  principle  of  action  of  which  is  known 
(§  11.4,  Par.  5e).  Damper  is  fixed  in  the  N-S  direction  of  the  gyrosphere.  In 
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Fig.  11.16  there  are  designated:  P  —  angle  of  inclination  of  gyrosphere  to  plane  of 
horizon;  $  —  angle  of  Inclination  of  "mirror;"*  x2  “  angle  of  inclination  of  apparent 
horizon  to  true  horizen,  which,  by  analogy  with  relationship  (4.5.22),  is  determined 
by  formula 

r. 

(11.5.27) 

where  —  component  of  total  acceleration  of  object  along  axis  Or). 

Magnitude  of  torque,  introduced  by  surplus  of  liquid  in  right  vessel,  similarly 
to  (11.4.33),  is  determined  by  expression 

(11.5.28) 


Equation  of  flow  of  liquid  in  the  damper,  by  analogy  with  (11.4.43),  will  be 
written  in  the  form 

FQ  +  b+xJ,  (11.5.29) 

where  F  —  flow  factor  [71]. 

Joining  (11.5.29)  to  (11.5.26),  we  will  obtain: 


7H' co»(«  —  2)-^t  —  uj  -f-  a.) 
f//'cos(«  —  2).^  -f-  = 


Af 


f(?  +  »  +  X«)  J  (11.5.30) 

W  s|n(>  —  8).  (j  —  +  a,  +  =  —  Af, 

Single  angle  5  is  small,  it  is  possible  to  replace  cos  (e-5)  •»  cos  e  +  E>  sin  e, 
sin  (e-6)  •>  sin  e-5  cos  e  and,  considering  (11.5,6)  for  e  *  45°  and  omitting  in 
(11.5.30)  small  products  of  6  with  a,  0,  and  so  forth,  to  rewrite  these  equations  in 
the  form 

+  «c  +  «t*)  =  M,, 

H  (f  +  u\  +  +  V)  —  Mh 

•  * 

4-— /<?■+• +  X«)  I  (11.5.31) 

Hi-M, 

N(i- «4*  +  M,  +  «:?  ~ “*,a)  -“M, 

Let  us  find  expression  of  torques  applied  to  gyrosphere  and  to  gyroscopes. 
Torques  M  ,  M  ,  M  and  M  we  will  represent  in  the  form 


*By  this  angle  we  understand  the  angle  formed  by  the  line  connecting  centers  of 
rurfaces  of  liquid  in  vessels  of  the  damper  and  axis  Oz  of  the  sensing  device. 
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Ms,  m  Mu.  w)M  +'MV  +  A  (0 

*i,.-Mi,.»,+AO) 

*,-M.,  +  M,  +  /.(0 


(11.5.32) 


where  M.  v  —  components  of  torque  Tf  ,  due  to  action  of  gravity  and  forces 

Wj  gj  w 

of  inertia  as  a  result  of  accelerations  of  the  object; 

Mdx  —  dajnping  torque,  introduced  by  hydraulic  damper; 

Mgp  —  torque  due  to  tension  of  springs; 

Mfr  —  fluid  frictional  torque  in  axes  of  precession  of  gyroscopes; 
f1(t),...f4(t)  —  other  disturbing  torques. 

Torque  M  ,  by  analogy  with  (2.3.50),  can  be  written  in  the  form 

g,  W 

Mt t9  ~~lx(mg0  —  mir),  (11.5.33) 

where  m  —  mass  of  gyrosphere; 


(11.5.33) 


l  —  displacement  of  center  of  gravity  of  gyrosphere  from  its  geometric  center 
along  axis  Oy; 

"g0  —  acceleration  due  to  force  of  terrestrial  gravitation; 

"ft  —  total  acceleration  of  object. 

Projecting  (11.5.33)  onto  axes  Ox^y^z,  we  have: 

9)M  “  (f<M  ^ t)  m  (fuy 

**.l,  “  "t  ~ml.  (ft.  ~  r.)  (11.5.34) 

(foil  (ft. 

For  projections  of  vector  i  onto  axes  Ox^y^z  (Fig.  11.15) >  we  find 

/,-fy  /„«-*;  0.  (11.5.35) 

Projections  gQx,  gQy,  gQz,  according  to  Table  (11.5.9),  will  be 

fir  «  -fol-  for,*'  go,  *  ~  fqr4?  +  gyl 
9<i*  ™  ““  f<*#  "f"  fur,  T  /?o;P« 

Since  gQi  =  g0T]  »  1,  g0?  -  -gQ,  then 


(11.5.35) 


III  *  f 0u  **  ft>  for  c  f#?. 


(11.5.36) 


For  W  ,  W  ,  W  ,  according  to  Table  (11.5.9)*  we  have 

X  jr  ^ 

r. — r,-r,.;  r,  =  -  v$  +  rt: 
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(11.5.37) 


Putting  (11.5.35),  (11.5.56),  (11.5.57)  in  (11.5.54)  and  considering  that 
approximately  mgQ  *=  mg  =*  P  [see  (11.4.17)],  we  will  obtain: 


M, 


(11.5.58) 


Damping  torque  Mdx  created  by  surplus  of  liquid  in  one  of  the  vessels  of  hydraulic 
damper,  if  we  take  into  account  (11.5.28),  will  be 

At*,  ■»  Mgj  *=  c®- 

Torque  due  to  tension  of  springs  Sp  (Fig.  11.14)  connecting  shaft  with  gyrosphere, 
for  small  6  is  determined  by  relationship 

Aftp®-C,?,  (11.5.59) 

where  coefficient  c^  characterizes  stiffness  of  springs. 

Fluid  frictional  torque  in  axes  of  precession  of  gyroscopes  will  be* 

At,-— .  (11.5.40) 

where  n,^  —  coefficient  of  fluid  friction. 

Putting  (11.5.28)  and  (11.5.58)  -  (11. r  ”0)  in  (11.5. ^2),  we  will  obtain 

f  T-]+t#+/,w 

m„  -  ^[(i + ^)n-  -7-* + ^-]t + m 

M.  —  IP  [(l  +  lL)T-^lJ,-i._^5..]+/,(/) 

At,—  —  Ctl  —  «,*  +  /,(/) 

Let  us  Introduce  (11.5.41)  into  equations  (11.5.51);  considering  (11.5.27),  we 


(11.5.41) 


have 


+ “c +  “;*)—"’[('  + 71)?-  -7-*  + (0 

•  W(?+“i+“%«  +  “i?)-w>[(1  +  7-)?— 

*  —  f(?  +  #  +  7-) 

hJ+/p[(i  +  -^-)i-T-?7-7-7l*]“/.(') 

H  +  un  *f  u*?  cfi  ■»  /<  (0 


(11.5.42) 


♦Here  we  do  not  consider  dry  frictional  torque  in  bearings  of  vertical  axis  of 
precession. 

385 


We  have  obtained  different_al  equations  of  precessional  motion  of  two-rotor  GC 
in  general  form.  Certain  possible  simplifications  of  them  will  be  made  in  examining 
of  the  different  cases  of  operation  of  GC. 


3.  Transient  Responses  of  GC  on  Fixed  Base 


a)  Sustained  Oscillations  of  QC 

During  the  analysis  of  sustained  oscillations  of  GC  we  consider  the  case  of 
installation  of  it  on  a  base  which  is  motionless  with  respect  to  Earth.  Subsequently, 
during  our  short  account  of  theory  of  GC  we  will  be  interested  in  azimuthal  deflec¬ 
tions  a  of  gyrosphere,  and  also  in  deflections  (3  of  N-S  direction  of  gyrosphere  from 
plane  of  horizon.  Let  us  note  that  angle  7  of  transverse  s.^ope  of  gyrosphere  is 
minute;  angle  6  of  turn  of  gyrohousings  around  their  axes  of  precession  also  is  small, 
but  may  be  approximately  7-10  times  greater  than  angle  7. 

In  the  considered  case,  according  to  (1.2.21),  u^  =  0,  u^  =  U  cos  cp,  u^  =  U  sin  cp; 
components  of  total  acceleration  1?  of  ship,  if  we  disregard  induced  and  Coriolis 
accelerations,  will  be  W.  =  W  =  W.  =  0.  Then,  using  for  determination  of  sustained 
oscillations  of  gyrosphere  with  respect  to  coordinates  a  and  (3  the  first  two  equations 
of  system  (11.5.42)  and  considering  in  them  also  that  7=6=0,  c=0  (hydraulic 
damper  is  turned  off),  in  the  absence  of  disturbances  [f^(t)  =  f2(t)  =  Oj]  we  will 
obtain 

H(j  +(/cn»  ?.*J -0  1  (H.5.43) 

(/cos?«3 +  (/$jn5)  — /P3  —  0  I 

Let  us  determine  the  position  of  static  equilibrium  of  N-S  axis  of  gyrosphere; 
for  this  we  will  set  in  (11.5.43)  a  =  ^  =  0  and  will  introduce  designation  [20] 


(11.5.44) 


Then  for  coordinates  ar,  Pr  of  position  of  equilibrium  we  have 


«,-o 


P,- 


HU 

if  f  yi  tinf  co*y 


•t*-. 


A* 


'  IP 


|  4.  — - COS  J 


(11.5.45) 


whence  it  follows  that  in  position  of  equilibrium  N-S  axis  of  gyrosphere  is  in  plane 
of  meridian  (af  =  0)  and  is  raised  above  plane  of  horizon  by  angle  Sr  (  In  northern 
hemisphere) . 

HU 

Since  usually  for  GC  cos  <p  «  1,  then  for  we  have  approximately  expression 


386 


*  -  a- 


•  hu  ,  e/»  . 

P,-  — »inT  -  — »m?cos?, 


(11.5.46) 


which  coincides  with  the  earlier  found  relationship  (11.5,3).  As  was  shown  (par.  lb), 
rise  (3r  of  N-S  axis  of  gyrosphere  is  necessary  for  compensation  of  vertical  component 
of  terrestrial  rotation  and  retention  thereby  of  the  N-S  axis  in  plane  of  meridian. 

For  finding  of  law  of  motion  of  N-S  axis  of  gyrosphere  on  a  base  motionless 
relative  to  Earth  in  the  absence  of  damping,  we  will  use  equations  (11.5.43),  dis¬ 
carding  in  them  the  tern  HU  cos  <p-P,  which  is  small  as  compared  to  i PS;  then  we  have 

P+t/cos?i»=0 


i+Ut  !n»— 


(11.5.47) 


or,  considering  (11.5.44)  and  (11.5.46), 

P  +  i/C05?  a  «0 


U  coif 


(ii. r .48) 


whence 


i  +  A*a-0 

f  +  tfp-A*?, 


(11.5.49) 


General  solution  of  first  equation  will  be 

•  •*Cteo}kt  +  C#sinA/, 

where  constants  of  integration  and  Cg  are  determined  by  initial  conditions;  as 
initia.i  conditions  we  will  take:  at  t  =  0,  a(0)  ■  aQ,  a(0)  *  0.  Then  we  will  obtain 

•  ■»aaC0SJt/.  (11.5-50) 

Finding  a  and  putting  it  in  second  equation  of  system  (11.5.48),  we  will  obtain 

(11.5.51) 

Thus,  oscillations  of  N-S  axis  of  gyrosphere  are  determine  4  by  expressions 

«~«*C0S kt,  p  —  P,  »  —  »»  U\'-f  s*n kt> .  (11.5.52) 

which  characterize  its  undamped  harmonic  oscillations  with  frequency  k,  which  are 

shifted  from  each  other  in  phase  by  angle  Period  T  of  sustained  oscillations 

^  e>  •  c 

of  GC,  if  we  consider  (11.5.44),  is  determined  by  formula 


T  mm  —  ma  2*  1  /  ^ 

*  V  iPUtMl' 


(11.5.55) 


Let  us  find  trajectory  of  "vertex"  of  gyrosphere  on  representative  plane, 
considering  a  and  0  as  rectangular  coordinates  of  vertex  on  this  plane.  Eliminating 
lor  this  from  (11.5.52)  time  t,  we  will  obtain 
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«H£a5Tr 


r. 


U  — — ik*  k>  -lX  Ii  MOM.  - 


•L  +  JLz!'L_  ,i 

4  {*^)'  ‘ 


(11.5.54) 


whence  it  follows  that  trajectory  of  vertex  of  gyrosphere  is  an  ellipse  with  semiaxes 
a  and  a-U--°yB  $  and  with  center  at  point  (0,  0  ) .  Ellipse  will  be  strongly 


aQ  and  aQ'~ ^  *  411(1  with  center  at  point  (0,  0r) .  Ellipse  will  be 
elongated  in  horizontal  direction.  Actually,  ratio  of  its  semiaxes 


,  if  we  consider  (11.5.44),  is  a  large  quantity 


U  COS  <jr  X 

gyrocompass  IP  »  HU  cos  q>. 


cos  cp 


,  since  for  the 


Example  11,8:  To  calculate  parameters  of  sustained  oscillations  of  gyrocompass 

O 

[75]  for  jatitude  <p  *  60°,  for  which  H  =  1.55*10°  g*cm*sec,  weight  of  gyrosphere 
P  =  8500  g,  magnitude  1  «  0.66  cm,  pendulum  torque  IP  =  56IO  g*cm,  U  =  7.29*10 
1/sec . 

Solution:  1.  By  formula  (11.5.4)  we  find  directional  torque  Mgyr^  f’or  deflec¬ 
tion  of  axis  of  gyrosphere  in  azimuth  by  angle  a  =  1°: 

|Afr(j-i/(/cosf.«- l,55  10,  7,29.10-‘.0.5  0,01745»0.l  g.  cm. 

2.  According  to  (11.5.46)  we  calculate  angle  0r  of  rise  of  N-S  axis  of  gyro¬ 
sphere  above  plane  of  horizon: 

%,  .  sin f  ,  1.5510^7,29  Hr*  0  M  „  o.0017«|r«i.  =  6*. 

"  IP  1  8610 

5.  Using  expression  (11.5.44),  we  determine  frequency  of  natural  sustained 
oscillations  of  gyrosphere: 

_  ./  Ul°,rIP  _  1/  T.29  .O-V0,5  56l£  _  Vsec. 

V  »  r  I.6SI0* 

4.  By  formula  (11.5.53)  we  calculate  period  T  of  oscillations  of  gyrosphere: 

8  •  c 


r  ,h ,  i,« 

r  ,~  *  "  1,140.10— 3 


5473,17  nc.s  91,2  min. 


5.  We  determine  relation  vr  — .  of  semiaxes  of  ellipse  of  sustained  oscilla- 

U  cos  cp 

tions  of  vertex  of  gyrosphere: 

*  .  I.MMO-*  _  3J  5 

7,29- lO”5. 0,5 

For  bringing  N-S  axis  of  gyrosphere  into  plane  of  meridian,  it  is  necessary  to 
damp  the  above-indicated  elliptic  oscillations;  this  is  done  by  application  of 
different  damping  devices,  in  particular  the  hydraulic  damper. 

b)  Damped  Oscillations  of  GC 

For  revealing  the  general  character  of  motion  of  a  GC  supplied  with  a  hydraulic 
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i"  HfSKT  :  T” Vw -  ■ 


damper,  we  will  use  equations  (11.5.42) j  thus  we  will  be  Interested  in  changes  of 
coordinates  a  and  0.  Just  as  during  the  analysis  of  sustained  oscillations  of  GC 
(par.  a),  we  will  consider  the  case  of  installation  of  it  on  a  base  which  is  motion¬ 
less  with  respect  to  Earth.  Considering  what  has  been  said,  we  will  use  the  first 
three  equations  of  system  (11.5.42),  considering  in  them  =  0,  u^  =  0, 

u  =  U  cos  cp,  u^  =  U  sin  cp  [see  (1.2.21)],  7  =  6  =  0  and  f^(t)  -  f?(t)  =  0;  then  we 

will  obtain  equations 

H[$  +  U  cos  (?•«)«  0 

(«  —  U +  sin  —  c&«=0  (11.5.55) 

4- -FQ  +  b) 

which  for  c  =  0  and  $  =  0,  i  =  0  become  equations  (11.5.43)  of  sustained  oscillations 
of  the  GC. 


Disregarding  in  (11.5.55)  the  term  HU  cos  <p»0,  which  is  sma1!  as  compared  to 


IP0,  we  will  obtain 


-f  £/cos?-a)  -0 


(11.5.56) 


Let  us  determine  the  position  of  static  equilibrium  of  N-S  axis  of  gyrosphere 
and  levels  of  liquid  in  vessels  of  damper  relative  to  center  line.  For  this  in 
(11.5.56)  we  will  set  a  =  0  =  $  =  0.  Then  for  coordinates  a^,  0r,  of  position 
of  equilibrium,  considering  designations  (11.5.44)  and  (11.4.36),  we  will  obtain  [20] 


«,  =  0 

HU  tin  f  1  U* 

F$l„*cos? 


(11.5.57) 


I 

Thus,  in  the  position  of  equilibrium  in  the  presence  of  damping,  N-S  axis  of 
gyrosphere  is  in  plane  of  meridian;  angle  of  use  of  N-S  axis  above  plane  of  horizon 
in  the  presence  of  damping  will  be  larger  than  in  the  absence  of  it  [see  (11.5.46) 
and  (11.4.36)].  Since  in  position  of  equilibrium  angle  $r  =  -0r  [see  (11. 5. 57) ], 
then  in  the  considered  case  of  absence  of  acceleration  of  the  object,  level  of  liquid 
in  vessels  of  damper  is  parallel  to  plane  of  horizon. 

Taking  into  account  (11.5.57)  and  (11.5.44),  we  rewrite  equations  (11. 5. 56)  in 


the  form 


J-f  {/cos?-*  =  0 

i+r  (»  +  ?)  =  <> 
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(11.5.58) 


‘It- 


or,  designating  deflections  from  position  of  equilibrium 

we  will  obtain 

f,+(/cos?«  =  0 

a - *_a1_-L&1=s  o 

</e Off  "  H  1 

Considering  (11.4.56)  and  (11.5.44) ,  we  have 

f, +  £/co»9*a -»  0 

**  fc-77=rr0-rt*i“° 


(11.5.59) 


(11.5.60) 


«— 


(11.5.61) 


l/e o«f  ri  l/co*t 

+  P  +  Pi)  *“  ® 

For  analysis  of  natural  oscillations  of  GC  near  position  of  equilibrium,  it  is 
necessary  to  find  characteristic  equation  of  system  (11.5.61),  which  is  obtained 
if  determinant  A  of  this  system  is  equated  to  zero.  For  finding  A  we  will  write 


(11.5.61)  in  operator  form  (p  =  ^-) : 


“  Pi-77r-<l-P)»i  =  <> 


tfCOIf  "  C/cOSf 

1/ cos  9® -f  pjl,  “  0 

ff,+<p+m.=o 

Then  determinant  A  of  this  system  of  equations  will  be 

A*  A » 


(11.5.62) 


A- 


P  - 


l/COIf  (/coif 

V  cos  9  p  0 

0  f  p4-P 

-p,+h>’-MV  +  «Y 


(1-p) 


(11.5.63) 


Consequently,  from  condition  A  =  0,  replacing  p  by  X,  we  will  obtain  character¬ 
istic  equation  of  system  (11. 5.61)  in  the  form 

4; ctf  +  +  Oq  »  0,  (u.5.64) 

where 

I  _  I 


"’“wT 


(11.5.65) 


Comparing  (11.5.64)  and  (11. 5.65)  with  (11.4.58)  and  (11.4,59)*  we  see  that 
characteristic  equations  of  oscillations  of  GC  and  GP  were  obtained  to  be  Identical. 
Therefore,  when  the  earlier  found  condition  (11.4.42)  is  satislied: 

0  <  c  <  f  P 

natural  oscillations  of  GC  with  respect  to  coordinate?  a,  £3,  $  will  attenuate.  Know¬ 
ing  characteristic  equation  (11.5.64)  of  the  system,  we  can  simply  find  laws  of 
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£  iff 


oscillations  a(t),  ( t )  and  $^(t)  of  gyrosphere  and  liquid  in  vessels  of  the  damper.  J 

Since  for  parameters  of  the  GC  one  root  of  characteristic  equation  (11.5.64)  is  a  * 

negative  real  root,  and  the  two  others  are  complex  conjugate  with  the  negative  real 
part,  then  oscillations  a(t),  P^(t)  and  $^(t)  have  the  character  of  attenuating 
harmonic  oscillations  on  which,  there  is  superimposed  attenuating  aperiodic  motion, 
i.e.,  in  general  they  have  the  same  character  as  natural  damped  oscillations  of  active 
GS  (§  7.3,  Par.  2b).  Detailed  investigations  and  calculations  of  damped  oscillations 
of  GC  can  be  met  in  the  literature  (see,  for  instance,  [20,  6,  71,  64,  69,  75]). 


4.  Static  Errors  of  GC  Due  to  Vehicular  Motion. 
Ballistic  Errors  of  GC  and  Their  Compensation 


a)  Preliminary  Remark 

During  the  analysis  of  accuracy  of  GC,  of  the  greatest  interest  is  calculation 
of  its  errors  due  to  vehicular  motion;  thus  we  distinguish: 

1)  errors  due  to  motion  of  vehicle  (object)  with  constant  velocity  and  heading, 
or  rate  errors  of  the  GC; 

2)  errors  due  to  longitudinal  accelerations  of  object  and  its  circulation 
(turn),  or  ballistic  errors  of  the  GC. 

The  most  complicated  is  investigation  of  ballistic  errors  of  GC  and  establish¬ 
ment  of  fundamental  possibilities  of  their  compensation.  Solution  of  this  problem 
has  occupied  many  researchers,  among  which  we  should  mention  M.  Sclnler  [200],  I. 
Geckeler  [183],  A.  Rawlings  [196],  A.  N,  Krylov  [64,  69],  Ye.  L.  Nikolai  [105],  B.  V. 
Bulgakov  [20],  B.  I.  Kudrevich  [71],  A.  Yu.  Ishlinskiy  [44],  Ya.  N.  Roytenberg  [128], 
D.  R.  MerKin  [91],  V.  N.  Koshlyakov  [60,  6l],  E.  I.  Sliv  [135],  and  others. 

Further  there  is  given  short  information  on  the  theory  of  rate  and  ballistic 
errors  of  GC,  and  there  are  also  considered  general  principles  of  their  compensation. 


b)  Errors  of  GC  Due  to  Motion  of  Vehicle  with  Constant  Velocity  and  Heading 

For  determination  of  errors  of  GC  during  motion  of  the  object  with  constant 
velocity  and  heading  we  will  use  first  two  equations  of  system  (11.5.42);  we  will  not 
consider  damping.  By  analogy  with  par.  3b,  disregarding  components  of  induced  and 
Coriolis  acceleration,  we  will  take  =0,  7=6=0  and  c  =  0,  f^(t)  = 

=  f^(t)  =  0.  Then  the  first  two  equations  of  system  (11.5.42)  will  be  written  in 


the  form 


+  v)  =  0 

H  |'i  —  uj  +  «.J  — =  0 


(11.5.66) 


I 


*4 


1 

i 


i 

i 


where  components  u^,  u^,  u^  of  induced  angular  velocity  of  axes  0|q£  (Fig.  11.15) 
for  the  case  of  motion  of  object  with  constant  velocity  and  heading  and  with  geographic 
orientation  of  these  axes  are  determined  by  relationships  (1.2.25): 


«.«  i/sin?  +  tg?. 


(11.5.67) 


Expression  for  velocity  error  of  GC,  which  determines  position  of  static 
equilibrium  of  N-S  axis  of  gyrosphere  relative  to  plane  of  meridian  during  motion 
of  a  ship  with  constant  velocity  and  heading,  can  be  found  from  first  equation  of 
system  (11.5.66),  if  in  it  we  set  £  =  0;  then 

«  m—H  (11.5.68) 

*  s 

or  considering  (11.5.67), 


* 


»yv 


t/co** +  -^- 


RU  cos  f  +  oe 


(11.5.69) 


Since  v  =  v  cos  K  [see  (1.2,22)],  then  for  northern  headings  error  av  is 
n  s  l 

western,  and  for  southern  courses  —  it  is  eastern.  As  B.  V.  Bulgakov  showed  [20], 
this  error  "...  does  not  at  all  depend  on  construction  of  gyrocompass,  but  occurs 
due  to  the  fact  that  for  a  moving  support  the  figure  axis  tends  to  be  established 
along  the  horizontal  component  of  unknown  angular  velocity  of  the  Darboux  trihedron, 
which  is  formed  in  turn  from  eastern  component  u^  and  northern  component  u^."  It 
was  already  said  that  velocity  error  av .  determines  position  of  static  equilibrium  of 

S  l> 

N-S  axis  of  gyrosphere  during  motion  of  ship  with  constant  velocity  and  heading. 

During  motion  of  ship  with  variable  velocity  and  heading,  we  also  will  have  velocity 
error  av,  determined  by  formula  (11.5.69)*  but  it  will  be  variable  and  at  every 
given  moment  will  correspond  to  current  values  of  velocity  and  course  (for  greater 
detail  see  Par.  4b). 

Let  us  note  that  expression  (11.5.69)  for  velocity  error  a^.  of  GC  is  approximate, 
since  it  was  obtained  from  linearized  equations  of  motion  of  GC.  It  is  easy  to  obtain 

y 

exact  formula  for  fro sr  geometric  construction,  considering  what  was  said  above 

about  physical  essence  of  error  a^.,  Actually,  N-S  axis  (Oz)  (Fig.  11.17)  of 
gyrosphere  tends  to  be  established  along  horizontal  component  (u^£  +  u^q  )  of  angular 

velocity  u  of  axes  0$q(;,  i.e.,  it  will  be  deflected  in  azimuth  from  direction  Oq  to 
the  north  by  angle  a^.,  which  determined  from  Fig.  11.17  by  relationship 


•*(-*<%)  ”7- 
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or 

«( 

tgaJT“— —  .  (11.5.70) 

which  becomes  for  small  agt  formula  (11.5.68). 

Substituting  in  (11.5.70)  expressions  (11.5.67),  we  will  obtain) 


tg  *1 


wx 


(11.5.71) 


CT 


RU  cos  f 


TVe 


Fig.  11.17.  For  determination  of 
velocity  error  of  GC. 


Error  agt  can  attain  large  magnitudes, 
especially  at  high  latitude. 

Example  11.9:  To  calculate  velocity 
error  agt  of  a  GC  fixed  on  a  ship  proceeding 
with  speed  v  =  10  m/sec  with  constant  head¬ 
ing  K  =  45°  (the  ship  moves  along  a  loxodrome) 
at  latitude  cp  =  75°;  angular  velocity  of 
rotation  of  Earth  U  =  7.29*10"^  1/sec;  radius 
of  Earth  R  =  6371  km. 

Solution:  1.  By  formulas  (1.2.22)  we 
find  v£  and  v^: 


—  oiin  K  *=  10-0,707 *=  7,07  m/g«a;  *=  vc<»  K  =»  10-0,707=  7,07  m/sec. 

2.  According  to  (11.5.71)  we  calculate  velocity  error  agt: 


l’r 


•v 


7.07 


CT 


RUcotf  +  Cg  637  M0*.  7,29- 10— *.  0.2588-^7,07 

fit'. 


=  0,0556; 


<1 


From  Example  11.9  it  is  clear  that  velocity  error  agt  can  attain  large  magnitudes. 
Therefore,  in  GC  there  are  applied  corresponding  corrective  devices,  which  consider 

y 

magnitude  of  agt  in  readings  of  heading  of  ship  determined  by  this  instrument.  In 
the  absence  of  such  devices  for  calculation  of  velocity  error,  there  are  used  special 
tables  or  graphs  [71,  6]. 

During  motion  of  object  there  is  also  changed  magnitude  of  Pr  of  rise  above 
plane  of  horizon  of  N-S  axis  of  gyrosphere;  this  quantity  for  v  =  0  is  determined 
by  formulas  (11.5.45)  or  (11.5.46).  Expression  for  quantity  Pr,  which  for  v  /  0 
we  will  designate  can  be  obtained  from  second  equation  of  system  (11.5.66),  if 

in  it  we  set  a  =  0: 


r  __  *«c 

+  IP 


(11.5.72) 


or,  taking  into  account  (11.5.67), 


393 


*Vi 


f  ,  *(<>>l*t+ 


(11.5.7?) 


Since  usually 
have  formula 


_  «i. 


then  instead  of  (11. 5. 73)  we  approximately 


(11.5.74) 


which  for  v£  =  0  becomes  (11.5.46).  Necessity  of  rise  of  N-S  axis  of  gyrosphere 

above  plane  of  hori.zon  by  angle  which  is  determined  in  the  presence  of  motion 

of  ship  by  formula  (11.5.74),  is  fully  evident. 

It  is  necessary  to  note  that  during  motion  of  ship,  period  of  natural  sustained 

oscillations  of  GC  is  changed  as  compared  to  its  value  in  the  case  of  a  base  which 

is  motionless  with  respect  to  Earth.  This  value  was  determined  by  formula  (11.5.53). 

Thus,  for  instance,  if  we  consider  that  the  object  moves  with  constant  speed  and 

heading  and  do  not  consider  change  01  latitude,  then  from  (11. 5.66)  we  can  find 

expression  for  period  T  of  natural  sustained  oscillations  of  gyrosphere  with 

g « c 

respect  to  coordinates  a  and  0  in  the  form 


r  + 1 i^iP 


Hu 


or,  considering  as  before  that  if  3. j  £ipp roxlm&t g ly 


T.  «~2k1/  —  ; 

r 

then,  considering  (11. 5. 67),  we  have  formula 


(11.5.75) 


(11.5.76) 


r.  ■ 


H 


(11.5.77) 


which  for  vF  =  0  becomes  (11.5.53). 


In  the  more  general  case,  period  T  depends  on  latitude  <p  and  eastern  component 

S  •  c 

vE  of  velocity  of  ship,*  which  in  formula  (11. 5.77)  are  variable.  This  circumstance 
should  be  considered  during  solution  of  problem  of  compensation  of  ballistic  errors 

of  GC.  Let  us  note  that  if  we  take  into  account  eastern  component  v,-,  of  velocity 

__ __________________________  & 

*In  the  most  general  case  period  T^  c  depends  also  on  northern  component  v^  of 
velocity  of  ship  [cf.  further  (11. 5. 109)  and  (11,5.110)]. 
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of  ship,  there  is  changed  magnitude  of  directional  torque  of  GC;  thus,  for  v£  =  const 
the  expression  for  this  torque  instead  of  (11.5.4)  will  take  the  form 

c)  Ballistic  Errors  of  GC  and  Their  Compensation 

General  remark.  During  maneuvering  of  the  object  (which  we  will  subsequently 
consider  to  be  a  ship),  due  to  changes  of  its  velocity  and  heading,  in  GC  there 
appear  ballistic  errors,  the  nature  of  which  in  principle  is  the  same  as  those  in  GP 
(§  11.4,  Par.  4c) . 

Analysis  of  ballistic  errors  of  GC  during  change  of  speed  of  movement  and  head¬ 
ing  of  ship  is  the  most  important  and  complicated  question  of  the  theory  of  this 
instrument.  During  investigation  of  ballistic  errors  of  GC,  to  which  there  are 
dedicated  numerous  works  (see  Par.  4a),  usually:  1)  these  errors  are  determined 
for  different  forms  of  maneuvers  of  ship;  2)  possibilities  of  their  compensation 
are  revealed,  i.e.,  there  are  established  conditions  of  undisturbability  of  GC  by 
accelerations  of  the  ship;  3)  there  are  errors  found  appearing  due  to  inexact 
satisfaction  in  GC  of  the  condition  of  undisturbability,  presence  of  damping,  and 
so  forth.  Analysis  of  all  these  questions  goes  beyond  the  scope  of  the  present  book. 
Therefore,  considering  also  earlier  presented  material  on  ballistic  errors  of  GP 
(§  11.4,  Par.  4c),  we  will  clarify  only  the  essence  of  influence  of  accelerations 
of  ship  on  errors  of  GC  and  fundamental  possibilities  of  compensation  of  the  latter 
by  means  of  realization  in  the  GC  of  corresponding  condition  of  undisturbability. 

Forms  of  ballistic  errors  of  GC.  During  motion  of  ship  with  constant  speed 
and  heading  the  GC  has  velocity  error  in  azimuth,  which  is  determined  by  relationship 
(11.5,69)  or  (11.5.71).  Instantaneous  value  of  velocity  error  during  change  of  speed 
and  course  is  continuously  changed,  and  at  every  given  moment  of  time  corresponds 
to  their  current  values. 

Furthermore,  during  maneuvering  under  the  action  of  forces  of  inertia,  in  the 
GC  there  appears  ballistic  precession  (this  term  was  introduced  by  B.  I.  Kudrevich 
[71]),  which  tends  to  bring  the  axis  of  the  gyroscope  to  a  new  equilibrium  position 
corresponding  to  new  values  of  velocity  and  heading  of  the  ship.  As  B.  I.  Kudrevich 
indicated  [71] , "ballistic  precessio^al  motion  is  that  most  useful  phenomenon,  which, 
if  one  basic  requirement,  is  observed  ...  can  make  it  possibile  to  use  readings  of 
the  gyroscopic  compasses  during  variable  conditions  of  motion  of  the  ship,  i.e., 
during  change  of  motion  and  heading  ...  Ballistic  precessional  motion  caused  by 


(11. 5- 78) 


change  of  meridional  component  of  velocity  is  always  directed  toward  the  new  position 
of  equilibrium  which  corresponds  to  the  new  values  of  velocity  and  heading." 

In  the  presence  of  ballistic  precession,  axis  of  gyroscope  in  a  finite  interval 
of  time  will  obtain  a  corresponding  ballistic  shift  [71].  It  is  easy  to  see  that 
if  ballistic  shift  is  equal  to  difference  in  velocity  errors  of  GC  for  final  and 
Initial  values  of  velocity  and  heading  of  ship,  then  due  to  ballistic  precession  the 
axis  of  the  gyroscope  will  pass  to  new  position  of  equilibiium  a  periodically,  i.e., 
without  excitation  of  natural  oscillations.  This  circumstance  is  fully  analogous 
to  that  which  was  earlier  noted  with  respect  to  GP  (§  11.4,  Par.  4).  As  will  be 
sh  ;wn  further  on,  for  observance  of  the  condition  of  aperiodic  transitions,  the 
period  of  natural  sustained  oscillations  of  GC  should  be  in  first  approximation  equal 
to  84,4  minutes.  Then  the  GC  will  not  have  any  errors  other  than  velocity  errors, 
i.e.,  in  it  during  maneuvering  of  the  ship  ballistic  errors  will  be  absent. 

If  in  the  GC  the  condition  of  aperiodic  transitions  is  not  observed,  then  when 
the  ship  attains  new  values  of  velocity  and  heading,  axis  of  gyroscope  will  not  be 
in  position  of  equilibrium;  i.e.,  in  the  GC  there  wili  appear  ballistic  error.  Prom 
the  preceding  it  follows  that  ballistic  error  can  be  defined  [71]  as  the  difference 
between  magnitude  of  ballistic  shift  and  difference  in  velocity  errors  of  axis  of 
gyroscope  fur  final  and  initial  values  of  velocity  and  heading  of  ship. 

Ballistic  error  appearing  due  to  nonsatisfaction  of  condition  of  aperiodic 
transitions  in  azimuth  is  called  ballistic  error  of  the  first  kind  [71],  A  character¬ 
istic  peculiarity  of  this  error  is  the  fact  that  it  attains  the  biggest  magnitude 
at  the  time  of  termination  of  the  maneuver,  and  subsequently  axis  of  gyroscope  (N-S 
axis  jf  gyrosphere)  accomplishes  oscillation  with  amplitude  corresponding  to  this 
value  of  error. 

However,  even  when  in  the  GC  the  indicated  condition  of  aperiodic  transitions 
is  satisfied,  nevertheless  there  appear  ballistic  errors  caused  by  the  device  for 
damping  of  natural  oscillations  of  the  gyroscope.  These  errors  are  called  errors 
of  damping  of  acceleration  or  errors  of  the  second  kind  [71]. 

Further  we  will  give  certain  general  relationships  for  ballistic  errors  of  the 
first  kind  appearing  during  uniformly  accelerated  motion  of  ship  with  constants 
heading  and  during  circulation;  thus  we  will  mainly  be  interested  in  deviations  of 
axis  of  gyroscope  in  azimuth  and  in  height. 

Rectilinear  uniformly  accelerated  motion  of  ship.  Being  interested  in  ballistic 
errors  in  coordinates  u  and  0,  which  characterize  position  of  N-S  axis  of  gyrosphere, 
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we  will  use  first  two  equations  of  system  (11.5.42);  we  will  consider  that  damping 
is  ceased.  For  simplification  we  will  disregard  eastern  component  v„  of  velocity 
of  ship  as  compared  to  component  of  velocity  RU  cos  q>  due  to  rotation  of  Earth,  which 
on  equator  (<p  =  0)  is  equal  to  900  knots;  then  instead  of  (11.5,67)  we  will  obtain 


u^^Ucosy,  a.^f/sin?. 


(11.5.79) 


Under  these  conditions,  disregarding  components  of  induced  and  Coriolis  acceler¬ 


ation,  we  will  take 


V=°-  W'-ij  F,-#.  (11.5.80) 

Then,  considering  in  first  two  equations  of  system  (11.5.42)  that  7=6=0, 

c  =  0,  f^(t)  =  f?(t)  =  0  and  considering  (11. 5.79)  and  (11.5,80),  we  will  rewrite 

IP 

them  in  the  form  (U  cos  <P  «  ) 


$  +  U  COS?  *9 - -  =  0 


(11.5.81) 


or,  considering  (11.5.44),  (11. 5.69)  and  (11.5.74)  (considering  in  them  by  condition 


that  vE  =  0  and  replacing  a^.,  0^  by  the  designations  av,  0V) 


Let  us  designate 


$  +  U  cos  ?  •  (a  —  a*)  =  0 

(p-y  + 

l/co*f  \f  ‘  t  }i 

Py 


(11.5. 82) 


(11.5.85) 


£ICC  £LC  C 

In  accordance  with  the  above  Introduced  designations,  a  and  0  are  ballistic 
errors  of  the  GC.  Then  for  determination  of  these  errors  we  obtain  the  following 


system  of  differential  equations: 


0y+  l/cos?-ay  *=  0 

Ucosf*  / 


RU  cos  j 


(11.5.84) 


where  vd  is  defined  by  relationship  (11.4.69). 


Eliminating  from  (11,5,84)  at  first  0  ,  and  then  aacc,  we  will  obtain 


;y+*v 


co»f  \>*  /  *v 


RU  coif 


P+*V-(«  --7)| 


(11. 5. 35) 
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Integrating  these  equations,  we  find  ballistic  errors  a  ,  fJ  of  the  OC  for 
an  arbitrary  law  of  change  of  meridional  component  vN(t)  of  velocity  of  movement  of 
ship.  For  determination  of  aacc  and  0acc,  during  integration  of  equations  (11.5.85) 
we  will  assume  zero  initial  conditions  [69]#  i.e.,  at  t  ■  0,  aacc(0)  =  3acc(0)  *  0, 
aacc(0)  ■  0acc(O)  -  0;  this  will  allow  us  to  find  ballistic  errors  aacc,  0acc  caused 
by  change  of  velocity  of  movement  of  ship,  and  not  by  initial  deflections  of  the  GC. 


Solution  of  second  equation  of  system  (11. 5. 85)  has  the  form 


-jj-(l  —  -£)  f iv  (t)s|n*  «  —  *)dr.  (11.5.86) 

here  t  is  time  of  action  of  acceleration  vN(t),  i.e.,  formula  (11.5.86)  is  valid  In 
the  interval  0  <  t  <  £,  where  £  is  limiting  value  of  time  t. 

For  determination  of  aacc  it  is  possible  to  differentiate  (11.5.86)  and  to 
place  the  obtained  result  in  the  first  equation  of  system  (11.5.84),  whence  there 


is  directly  determined  a 


We  have 


p -  JL (l  -  -£)  j  iv(t) cos* (/  - ?) d’\ 


(11.5.87) 


putting  (II.5.87)  in  the  first  equation  of  system  (11.5.84),  we  will  obtain 


■’-fe 


(11.5.88) 


Thus,  for  aacc  and  0acc  we  have  the  following  expressions: 


•'  “  wW(7  ~ ■)  j  *  <'>«“*<'  - ')  * 

V  ~  jt  (>  —  £)f »,» w  •)<<•• 


(11.5.89) 


When  M.  Schuler's  condition  of  aperiodic  transitions  of  GC  is  satisfied,  k  =»  v, 
which  is  analogous  to  the  corresponding  condition  (11.4.104)  for  GP,  ballistic 

Q  AA  fi.CC 

errors  of  GC  a  =  0  ■  0.  As  will  be  shown  further  on,  this  condition  is  valid 

in  reference  to  any  character  of  maneuvering  of  the  ship  only  in  the  plane  of  the 
meridian. 

Formulas  (11. 5. 89)  can  be  rewritten  in  somewhat  different  form,  if  in  them  we 
introduce  coefficient  b  ballistic  error,  which  is  determined  by  relationship  (11.4,78); 


then  we  will  obtain 


(11.5.90) 
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Into  equations  (11,5. 85)  and  their  solutions  (li.5.89)  or  (11. 5, 90),  in  place 
of  quantity  k  it  is  possible  to  introduce  time  constant  T  of  the  GC,  which  js  deter¬ 
mined  by  analogy  with  (11.4.82)  by  expression  [see  (11.5.44)] 


T-  1  -  1/  * 

k  V  Ucotf  lP  * 


(11.5.91) 


Of  the  greatest  interest  is  determination  of  ballistic  error  aacc  of  the  GC  in 


azimuth.  Let  us  consider  the  most  simple  case,  when  ship  moves  with  constant  heading 
and  with  constant  acceleration  vN  =  const.  Then  from  (11.5,88)  we  have 


HU  co» 


(11.5.92) 


where  as  before  t  is  in  the  interval  0  <  t  <  |,  and  £  is  limiting  time  of  action  of 
acceleration  v. 

*4 

If  acceleration  vN  acts  during  a  short  interval  of  time,  which  is  small  as 

g.c 


compared  to  period  of  natural  oscillations  of  GC  T„  .  =  [see  (11. 5. 5?)],  then  it 


is  possible  to  set  sin  kt  *=  kt  and  to  rewrite  (11. 5. 92)  in  the  form* 

Since  v^t  constitutes  the  difference  between  current  velocity  vN(t)  of  the  ship 
and  its  value  vN(0)  at  the  time  of  beginning  of  the  action  of  acceleration,  i.e., 

***-»*(  0— ov(0),  (11.5.94) 

that  Instead  of  (11. 5*95)  we  will  obtain 

|)»v(,1-’v<01  (11.5.95) 

"  )  «/CM» 

or,  considering  (11. 5.69)  (for  v£  -  0), 

•’-(■£•- 1)[««  m-.«  (0)].  (u.5.96) 


PpA 

i.e.,  ballistic  error  a  is  proportional  to  difference  in  velocity  errors  of  GC 


by  the  end  and  by  the  beginning  of  maneuver  of  the  ship. 


•Formula  (11.5.93)  can  be  used  for  determination  of  error  a  cc  during  the  action 

&CC  ^ 

of  acceleration.  For  finding  of  a  upon  completion  of  the  action  of  acceleration, 
i.e.,  at  t  >  i,  it  is  possible  to  apply  formula 


where  t  is  current  time,  and  4  is  the  small  time  of  action  of  acceleration.  This 
formula  can  be  obtained  from  the  corresponding  relationship  (see  [135,  P.  211]). 


‘T 
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Example  11,10:  To  determine  ballistic  error  or  of  QC  with  increase  of  velocity 
of  motion  of  the  ship  in  plane  of  meridian  (K  ■  0)  from  vN(0)  tc  „(t)  *  1°  m/eec 
in  10  min.  Parameters  of  GC  are  taken  from  Example  11.8;  -  0.8".  •10"'5  1/sec, 

v  -  1.24*10‘5  1/sec,  R  -  6?71*103  m,  U  -  7.29*10-5  1/sec,  ■=  75  .  Error  aacc  by  the 

moment  of  termination  of  maneuver  is  calculated. 

Solution;  1.  We  determine  acceleration  vN  in  plane  of  meridian: 


9M 


_MOzM5_jo._j_  2 
I  <00  <0 


filC  c 

2.  By  formula  (11,5.93)  we  calculate  ballistic  error  a  of  the  GC: 


i’ 


1  600 

•aL  t«  |V-  «° _ /«■«”•■  l(r‘  A. 

#(/  cos  f  \  v*  J  637l.|0,.7,29- IQ” 4  0,2588  \  1,24*  I0-*  / 

■■  —0,04006  rad.-  — 2°  18'. 


Circulation.  Let  us  assume  that  at  the  time  of  beginning  of  circulation,  the 

. 

ship  was  moving  with  heading  KQ.  During  circulation  of  ship  with  constant  angular 
velocity  a>clrc  and  constant  velocity  v,  the  current  value  of  course  K  during  left 
(counter-clockwise)  circulation  is  determinec  by  relationship  (11.4.90):  K  » 

=  ^0-cJJclrct .  Then  for  northern  component  vN  of  velocity  of  ship  and  for  acceleration 
vN  we  have 

ov-®co *(K0“*V):  (11.5.97) 


Let  us  be  limited  to  consideration  of  the  particular  case  when  in  the  beginning 
of  circulation  KQ  =  0;  then 

*»  p cos u>t /;  Py  —  t^sin^/.  (11.5.98) 

filC  C 

For  determination  in  this  case  of  ballistic  error  a  we  will  use  expression 
(11.5.88),  putting  in  it  formula  (11.5.98);  then  we  will  obtain  expression 

«y  - ! — —  l\  f  pu»  sin  w  *  cos  k{t  (11.5.99) 

RUco%i\*  f]  * 

integration  of  which  by  parts  gives 


« 


r 


*V cost* 


(COS  uiu/  —  COS*/). 


(11.5.100) 


From  (11,5.100)  it  follows  that  ballistic  error  cf  GC  when  the  condition  of 
aperiodic  transitions  is  satisfied  (k  *  v)  is  equal  to  zero.  If  thi3  condition  is 

on  C 

not  satisfied,  then  error  a  constitutes  a  superposition  of  two  periodic  oscillations 
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with  frequency  (Ucirc  equal  to  angular  velocity  of  circulation  of  the  ship,,  and  with 
frequency  k  of  natural  sustained  oscillations  of  the  GC.  The  first  motion  A.  N. 
Krylov  [69]  called  forced  motion,  and  the  second  —  accompanying  motion. 

When  frequency  u>clrc  =  k  or  period  Tcirc  of  circulation  is  equal  to  period  Tg  Q 
of  natural  sustained  oscillations  of  the  GC,  then  there  occurs  resonance;  however, 
the  probability  of  this  equality  of  periods  is  extraordinarily  small.  Furthermore, 


natural  oscillation  of  the  GC  attenuate.  Usually  Z. 


of  (11,5,100)  we  approximately  have 


jl 

T'„. 


^  1;  therefore,  instead 


*1-1 

v* 


(COSV-COS*/). 


(11.5.101) 


If  time  of  circulation,  as  usually  occurs,  is  comparatively  small,  then  it  is 
possible  to  take  cos  kt  *  1;  then  instead  of  (11.5.101)  will  obtain 


*i_» 


(11.5.102) 


Since  at  the  time  of  beginning  of  circulation  the  ship  moved  with  heading  to 
the  north,  then  according  to  (11. 5. 98)  v  «  vN(0)  810(1  v  cos  tucirct  =  VN(t);  then 
(11.5.102)  will  be  written  in  the  form  (11.5.95)  s 


RU  co»f 


(11.5.105) 


acc 


Consequently,  for  ballistic  error  a  of  the  GC  during  circulation  of  the  ship, 
in  the  first  approximation  we  have  the  same  relationship  (11. 5. 96)  as  for  error  of 
GC  during  change  of  velocity  of  movement  of  the  ship: 


«’ =  (•£  - ')  [••  «-•*  <P>]. 


(11.5.104) 


on  n 

Example  11.11:  To  determine  ballistic  error  a  of  GC  by  the  end  of  circulation 
of  a  ship  accomplishing  turn  for  5  minutes  from  the  heading  0°  to  the  heading  180°; 
velocity  of  movement  of  ship  v  -  10  m/sec ;  other,  initial  data  are  the  same  as  in 
Example  11.10. 

Solution:  1.  We  determine  period  Tcirc  and  angular  velocity  ^circ  of  circula¬ 
tion  of  the  ship: 

7*4  ■*  3-2  *=  6  Bin; 

•*-  —  « »  1,047  l/«l n*=  0,01745  1/mo. 

T*  • 


2.  By  formula  (11. 5. 101)  we  find  ballistic  error  aacc  of  the  GC: 
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(cot  0,01745  190  -  cos 0,000693- ISO)—  0,07956  r*!U*=  W. 


Certain  remarks.  Earlier  there  were  briefly  considered  simple  cases  of  maneuver¬ 
ing  of  ship  and  presented  :;ral  relationships  characterizing  the  appearing  ballistic 
errors  of  the  OC,  More  detailed  information  about  such  errors  of  QC  for  different 
character  of  maneuvering  of  ship  can  be  found  in  the  earlier  indicated  literature 
on  the  theory  of  gyrocompasses.  Here  we  will  be  limited  to  only  certain  general 
remarks . 

Above  there  were  considered  ballistic  errors  of  GC  on  the  assumption  that  the 
device  for  damping  of  natural  oscillations  is  turned  off.  With  damping  present  and 
during  maneuvering  of  the  ship  there  appear,  as  was  shown,  ballistic  errors  of  the 
second  kind,  or  damping  errors.  For  determination  of  these  errors  it  is  necessary 
to  start  with  equations  of  GC  on  a  moving  base,  taking  into  account  operation  of 
the  damper,  i.e.,  with  equations  of  type  (11. 5. 56),  if  in  them  we  further  introduce 
terms  due  to  motion  of  the  ship;  such  equations  can  be  obtained  directly  from  system 
(11.5,42),  Integration  of  equations  found  in  such  a  way  permits  us  to  determine 
ballistic  errors  of  the  second  kind  [64,  71#  20,  135,  6], 

Presence  in  the  GC  of  a  device  for  damping  of  its  natural  oscillations  is 
connected  with  one  more  peculiarity.  Let  us  assume  that  in  the  GC  there  is  satisfied 
the  condition  of  aperiodic  transitions,  and  that  the  period  of  its  natural  sustained 
oscillations  is  84.4  minutes.  With  use  of  the  damper,  period  of  damped  oscillations 
of  GC  will  be  larger  than  indicated;  therefore,  in  GC  with  damper  it  is  not  possible 
to  exactly  satisfy  conditions  of  aperiodic  transitions.  In  connection  with  this, 
during  maneuvering  of  the  ship,  besides  ballistic  errors  of  second  kind  there  further 
appear  errors  of  the  first  kind  due  to  lack  of  satisfaction  in  the  GC  of  the  above- 
indicated  condition.  Therefore,  during  maneuver*,  of  the  ship  sometimes  there  is 
applied  "turning  off  of  damping"  [71].  However,  this  means  does  not  make  it  possible 
to  fully  remove  ballistic  errors  of  GC  during  maneuvering  of  the  ship  [71,  135#  7#  6], 

Above  we  discussed  ballistic  errors  of  GC  during  isolated  maneuvers  of  the  ship. 
Under  real  conditions  of  prolonged  maneuvering,  consiting  of  a  series  of  consecutive 
maneuvers  with  change  of  heading  and  speed  of  movement  of  the  ship,  there  occurs 
accumulation  of  ballistic  errors  of  the  GC.  This  is,  as  A.  N.  Krylov  [64]  Indicated, 
the  phenomenon  of  "heredity  of  oscillations."  To  this  question  there  have  been 
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dedicated  a  number  of  investigations  [64,  20,  1?5], 


d)  Compensation  of  Ballistic  Errors 

Compensation  of  ballistic  errors  of  GC  is  based  mainly  on  the  use  of  the  theorem 
of  M.  Schuler.  From  formulas  (11. 5. 89)  and  (11.5.100)  it  follows  that  when  the 
condition  k  =  v  is  satisfied,  the  GC  with  damping  turned  off  does  not  have  ballistic 
errors;  for  realization  of  condition  k  =  v,  the  period  of  natural  precesslonal  sus¬ 
tained  oscillations  of  GC,  if  we  consider  (11.4.104),  should  be 

T]  H  -  =  £  »2t:  j/*-J-  =  5064  mc.=  84.4  min.  (11.5.105) 

Thus,  the  GC  with  period  of  84.4  minutes  in  the  absence  of  damping  does  not 
have  ballistic  errors,  and  the  effect  of  action  on  it  of  acceleration  of  the  ship 
will  appear  in  transition  of  axis  of  the  gyroscope  (N-S  axis  of  gyrosphere)  to  a 
new  position  of  equilibrium  (corresponding  to  new  values  of  velocity  and  heading  of 
the  ship)  aperiodically,  without  excitation  of  natural  oscillations.  Relationship 
k  =  v,  if  we  consider  (11.5.44)  and  (11,4.104),  can  be  represented  in  the  form 


H  *■  y  RU  COif 


(11.5.106) 


¥-*t7S€C* 


(11.5.107) 


i.e.,  for  realization  of  condition  of  aperiodic  transitions  the  ratio  should  be 
changed  in  the  Instrume  nt  depending  upon  latitude  of  the  place. 

In  the  majority  of  GC  there  is  absent  a  device  for  control  of  latitude,  and 
therefore  in  them  the  condition  of  aperiodic  transitions  is  satisfied  for  one  so- 
called  calculating  latitude.  In  certain  GC  the  period  is  regulated  according  to 
latitude  by  means  of  change  of  rpm  rate  of  the  gyroscopes  [75].* 

For  GC  with  period  of  84.4  minutes,  angle  Pr  of  deflection  of  N-S  axis  of  gyro- 
sphere  from  plane  of  horizon  will  be  according  to  (11.5.46), 


P,  ■“-—•inf  e°»?  *»  ~-sin?cos*  ■=  y-~-sin2?.  (11.5.108) 

Comparing  (11.5,108)  with  (2.2.5),  we  see  that  Pr  is  angle  of  deflection  of  the 
force  of  gravity  from  the  direction  of  the  usual  force  of  terrestrial  gravitation 
due  to  the  influence  of  centrifugal  force  arising  from  rotation  of  the  Earth  (Fig. 
2.11).  Consequently,  in  aperiodic  GC  (k  «  v)  the  axis  of  the  gyroscope  (N-S  axis 
o.'  gyrosphere)  is  located  in  the  plane  of  the  geocentric  horizon. 

♦For  possible  methods  of  control  of  period  of  GC  see  p.  578. 


(11.5.108) 
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M.  Schuler's  condition  of  apiriodic  transitions,  which  was  mentioned  above,  is 
approximate.  It  is  valid  only  during  motion  of  the  ship  according  to  any  3 aw  in  the 
plane  of  the  meridian,  i.e.,  when  eastern  component  v^  of  velocity  movement  is  equal 
to  zero.  With  consideration  of  v£,  which  is  especially  important  for  high  latitudes, 
the  condition  of  aperiodic  transitions  of  OC  was  obtained  by  Ya.  N.  Roytenberg  (see 
[44])  and  E.  I.  Sliv  [135]  in  the  form 

H  »  +  »,)•  (11.5.109) 


Calculations  show  [135]  that  this  condition  in  practice  ensures  compensation  of 
ballistic  errors  of  the  GC. 

A.  Yu.  Ishlinskiy  [44]  obtained  instead  of  (11.5.109)  the  exact  condition  of 
compensation  of  ballistic  errors  of  GC  in  the  following  form:* 


a 

K(W co. < . 


(11.5.110) 


This  condition  is  absolutely  exact,  and  valid  not  only  for  small,  but  also  for 
all  finite  angles  of  deflection  of  axis  of  gyroscope  from  plane  of  meridian.  In 
reference  to  two-rotor  GC,  condition  (11.5.110)  can  be  written  in  the  following  way: 

Hm  2//' COS*  *  -y  |/r(/?C/cos -x  f-  +  (11.5.111) 

For  the  case  of  a  two-rotor  GC,  this  condition  will  be  automatically  satisfied 
during  observance  of  relationship  [44] 


(j/T)1  tin » cost 
IPR 


(11.5.112) 


which  determines  magnitude  of  torque  which  should  be  applied  relative  to  the  axis 
of  precession  of  one  of  the  gyroscopes.  In  connection  with  this,  let  us  note  that 
in  existing  two-rotor  GC,  to  axes  of  precession  of  gyroscopes  there  are  applied  torques 
developed  by  springs  and  determined  by  relationship  (11.5.39). 

When  conditions  (11.5,111)  and  (11.5.112)  are  satisfied,  deflection  of  N-S  axis 
of  gyrosphere  from  plane  of  meridian  is  determined  only  by  velocity  error,  independ¬ 
ently  of  character  of  maneuvering  of  the  ship;  thus  angle  7  (Fig.  11. 15)  of  turn  of 
gyrosphere  around  the  N-S  axis  is  equal  to  zero;  i.e.,  7  =  0.  This  question  will  be 
considered  in  more  detail  in  Par,  6.  Let  us  note  that  conditions  (11.5.106)  of  M. 
Schuler  and  (11. 5. 109)  of  Ya.  N.  Roytenberg  and  E.  I.  Sliv  can  be  obtained  as 

*As  A.  Yu.  Ishlinskiy  [44]  indicated,  condition  (11. 5. 110)  in  the  approximate 
theory  of  GC  was  formulated  by  V.  G.  Zheleznov, 
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particular  cases  from  the  general  condition  (11. 5. 110)  of  aperiodic  transitions  due 
to  A.  Yu.  Ishlinskiy. 

5.  Dynamic  Errors  of  GC 

a)  General  Characteristics  of  Dynamic  Errors 

Among  dynamic  errors  of  GC  there  are  Included  errors  appearing  under  conditions 
of  operation  of  the  instrument  during  variable  external  disturbances.  Such  errors 
take  place  in  cases  of  oscillations  of  the  object,  vibration  of  place  of  installation 
of  the  GC,  and  so  forth. 

1 

For  concreteness  we  will  consider  dynamic  errors  of  GC  under  conditions  of  rock¬ 
ing  of  a  ship.  Oscillatory  motion  of  a  ship  on  sea  swells  shows  up  basically  due  to 
unbalance  of  the  gyroscope  and  friction  in  axes  of  the  suspension.  Since  frictional 
torques  in  axes  of  suspension  of  contemporary  GC  are  reduced  to  a  minimum,  we  will 
consider  only  dynamic  errors  of  GC  on  a  rocking  ship  due  to  unbalance  of  the  sensing 
device.  In  the  beginning  we  will  consider  these  errors  for  single-rotor  GC,  and 
then  for  two-rotor  GC. 


b)  Dynamic  Errors  of  Single -Rotor  GC  on  a  Rocking  Ship 

Single-rotor  GC,  which  began  to  be  used  on  ships  in  the  beginning  of  the  present 
century  (fur  instance,  GC  of  Anschutz  type  and  Sperry  type  [71,  20]),  had  appreciable 
errors  due  to  rocking.  Appearance  of  these  errors  is  connected  with  the  fact  that 
sensing  device  of  such  GC,  constituting  a  rotor  with  displaced  c.g.  (center  of 
gravity),  does  not  have  stabilization  relative  to  axis  of  rotor,  i.e.,  in  the  E-W 
plane  (with  location  of  axis  of  rotor  in  plane  of  meridian).  Therefore,  oscillations 
of  sensing  device  in  this  plane  have  the  same  character  as  oscillations  of  the  usual 

physical  pendulum  with  a  small  period  of  several  tenths  of  a  second. 

Analysis  of  errors  of  single-rotor  GC  on  a  rocking  ship  usually  [20]  is  produced 
for  the  case  of  pure  rolling  of  the  ship,  which  most  essentially  affects  these  errors. 
It  is  easy  to  see  that  during  motion  of  ship  in  plane  of  meridian  (K  =  0°,  180°), 
rolling  does  not  cause  errors  of  the  GCj  the  same  is  true  during  motion  of  ship  along 
a  parallel  (K  =  90°,  270°) .  Errors  of  GC  due  to  rolling  appear  during  motion  of  the 
ship  with  intermediate  headings.  They  attain  the  biggest  values  on  quarter  (inter¬ 
cardinal)  headings  (K  =  45°,  155°,  225°,  315°)  >  arid  therefore  errors  of  the  GC  on 

a  rocking  ship  are  called  quarter,  or  lntercardlnal  errors  [20].* 

*It  is  necessary  to  note  that  in  the  general  case  of  rocking,  for  instance  during 
simultaneous  rolling  and  pitching  oscillations  of  the  ship,  magnitude  of  error  of  GC 
lue  to  rocking  in  principle  is  determined  by  the  same  method  as  error  of  GC  due  to 
rolling,  but  then  in  formulas  (11.5.125)  below,  for  accelerations  wx  and  Wy  it  is 
necessary  to  consider  components  not  only  due  to  rolling,  but  also  due  to  pitching  of 
the  ship. 


— ■ 
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We  will  consider  intercardinal  error  of  QC  due  to  rolling  of  ship  which  have 
random  character. *  For  this  we  will  use  equations  of  motion  of  axis  of  gyroscope. 


supplementing  them  with  equation  of  oscillatory  motion  of  sensing  device  (around  axis 
of  rotor),  the  character  of  oscillations  of  which  is  analogous  to  oscillations  of 
physical  pendulum. 

We  will  take  equations  (11.5.48)  of  motion  of  QC  on  a  base  which  is  motionless 

W 

with  respect  to  Earth  and  into  the  first  of  them  will  introduce  torque  IP  y  [see 
second  equation  of  system  (11.5.42)],  which  is  caused  by  oscillations  of  sensing 
device  about  axis  of  gyroscope;  then  instead  of  (11.5.48)  we  will  obtain 

t  +  C/cos  f «  —  ~  •  -j1 1  —  0 

or,  considering  (11.5.44)  (where  H  is  angular  momentum  of  gyroscope). 


(11.5.113) 
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Let  us  introduce  damping  of  natural  oscillations  of  the  gyrocompass.  B.  V. 
Bulgakov  [20]  distinguishes  two  methods  of  damping  of  oscillations  of  GC:  1)  with 
the  help  of  a  couple  with  a  vertical  axis;  2)  with  the  help  of  a  couple  with  a 
Horizontal  axis.  In  the  first  of  them  there  are  included  the  method  of  air  streams, 
which  is  applied  in  the  single-rotor  GC  of  Anschutz  type  [20,  71],  and  the  method  of 
eccentric  suspending  of  the  pendulum,  which  is  utilized  in  single-rotor  GC  of  Sperry 
type  [20,  71].  In  the  second  method  there  is  applied  a  hydraulic  damper,  just  as  in 
two-rotor  GC. 

Let  us  assume  that  in  single-rotor  GC  there  is  applied  method  of  damping  with 

the  help  of  a  couple  with  vertical  axis,  the  moment  of  which  with  respect  to  axis 

W 

Oy.  (Fig.  11.15)  is  determined  by  expression  M  =  -  S(P  +  —*),  which  is  analogous 

-*■  O’  A  B 

to  relationship  (2.3.65).  Introducing  in  the  first  equation  of  system  (11.5.113) 
and  designating 


we  will  obtain 


$  +  (/«*?•«  + +  "f1)"* 
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(11.5.114) 


(11.5.115) 


U  cos  j  I 

whence  for  the  coordinate  interesting  us  a  we  have  equation 

♦Analogous  problem  in  reference  to  the  single-rotor  GC  with  mercury  vessels  is 
considered  in  [129]. 
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,  +  ,,  +  *.,_  _._^(?,  +  ii)T_£_.il1.  (11.5.116) 
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The  first  term  -x  ^  co'^  (Py  +  -£)  of  the  right  side  of  this  equation  is  caused 
by  damp  ing-accele  rat  ion  error,  and  therefore,  we  will  not  consider  it;*  then  equation 
(11,5.116)  will  be  written  in  the  form 


-  .  ,,  M  W. 

«  +  M  +  kl\  —  - - - - -if 


(/*COS*f 

where  variable  a  denotes  error  of  GC  due  to  rocking  of  the  ship. 
Let  us  designate 

I-W, 

where  £  is  relative  attenuation  factor. 

Then  equation  (11.5.117)  will  take  the  form 

;+**+*<«-.  *  r' 


(11.5.117) 


(11.5.118) 


(11.5.119) 


we  will  rewrite  (11.5.120)  in  the  form 

ii  +  ^  4 


(11.5.121) 


(11.5.122) 


where  n  is  frequency  of  natural  sustained  oscillations  of  sensing  device  of  GC 
around  axis  Oz; 


♦Let  us  note  that  quantity  —  * — — — 

*  w.  Utotf 


Sf  is  not  connected  with  influence  of  rocking 


of  ship;  term  —  m— -  .  -J  due  to  acceleration  of  rocking  has  mathematical  expec- 

U  coif  i  *1 

tation  equal  to  zero  (as  it  is  shown  further  on,  *0);  therefore,  it  does  not 
affect  the  mathematical  expectation  a  determined  subsequently, 
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V*  toff  t 

Besides  this,  it  is  necessary  to  compose  equation  for  angle  7,  which  characterizes 
oscillations  of  sensing  device  about  axis  Oz  (Pig.  11.15)  of  the  rotor  due  to  perturb¬ 
ing  acceleration  acting  along  axis  0£. 

Since  the  sensing  device  of  single -rotor  OC  oscillates  around  axis  Oz  as  an 
ordinary  physical  pendulum,  then  the  equation  of  its  oscillations  with  respect  to 
angle  7,  by  analogy  with  (4.5.12),  will  be  written  in  the  following  way: 

^.7  4*7  +  /^ (11.5.120) 

where  Jz  is  moment  of  inertia  of  sensing  device  of  GC  relative  to  axis  Oz: 
b  is  damping  factor  of  oscillations  of  pendulum  around  this  axis. 

Introducing  by  analogy  with  (4.5.14),  (4.5.16)  and  (4.5.17)  the  designations 


f 

L 


^  is  relative  attenuation  factor. 

Thus,  for  determination  of  error  a  of  GC  during  rocking  of  the  ship,  we  have 
the  following  system  of  equations: 


i  3(jh  +  ik**  ■ 


A* 


U* cotff  f 


(11.5.125) 


1  +  ^  +  n'-f- 

From  these  equations  it  is  easy  to  perceive  the  cause  of  appearance  of  azimuthal 

error  of  single-rotor  OC  during  rocking  of  the  ship.  Actually,  due  to  eastern 

W. 

component  of  acceleration  of  rocking  there  appears  torque  which  is  directed 

along  the  axis  Oz  of  the  gyroscope  and  cuases  inclination  7  of  sensing  device  of  GC. 

Inclination  7  in  the  presence  of  northern  component  W  of  acceleration  of  rocking 

W  n 

causes  torque  l P-~  7,  which  is  directed  along  the  vertical  axis.  This  torque  causes 
6 

precessional  motion  with  respect  to  height  and  thereupon  azimuthal  motion  a(t)  of 
axis  of  gyroscope.  If  we  consider  only  rolling,  then  W^(t)  and  7(t)  are  coupled 

W 

random  functions  of  time.  Mathematical  expectation  7  of  the  above-indicated 

torque  causes  systematic  deviation  a  of  GC  on  a  rocking  ship. 

We  will  determine  accelerations  W,  and  W  due  to 

4  n 


rolling  of  ship  decoding  Fig.  11. 18  we  have 

Wk  ■=  wM  sin  K  +  wycmK\ 


W^  —  wmcosK  —  wf  sin/C 


(11.5.124) 


For  w  and  w  ,  if  we  consider  (2.2.45),  during  pure 
x  y 

rolling  of  the  ship  we  obtain 

*4~0;  <£>,-  —  A.  (11.5.125) 

Substituting  (11.5.125)  in  (11.5,124),  we  find 

r,  — rfcos/C;  r,«*0sin/C.  (11.5.12*) 

Let  us  introduce  (11.5.126)  into  (11.5.125);  then 


Fig.  11.18.  For  deter¬ 
mination  of  components  of 
accelerations  of  rocking 

V  V 


>  sin  K  x 


(11.5.127) 


(/*C03*f  i  ' 

From  (11.5.127)  it  follows  that  the  disturbance  is  random  function  0(t);  there¬ 
fore,  motion  a(t)  of  axis  of  gyroscope  in  azimuth  also  is  a  random  function  of  time, 
probability  characteristics  of  which  can  be  determined  from  system  of  equations 
(11. 5. 127).  Of  the  greatest  interest  is  finding  of  mathematical  expectation  ci  =  M 
[a(t)]  of  azimuthal  drift  of  GC  on  a  rocking  ship. 

First  we  will  determine  a  approximately,  and  then  we  will  indicate  the  exact 
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solution.  In  the  considered  case,  oscillations  of  sensing  device  of  the  GC  around 
axis  Oz  (Fig,  11.15)  are  similar  to  oscillations  of  short-period  physical  pendulum. 
Therefore,  by  analogy  with  (4,6.137)*  from  second  equation  of  system  (11. 5. 127)* 
disregarding  in  the  first  approximation  the  dynamic  correction,  we  can  assume  that 

T(0»—  (11.5.128) 

Putting  (11.5.128)  into  first  equation  of  system  (11.5.127)*  we  will  obtain 


«  +  20k*  +  Jk*a 


.-£4*sin2/C, 


(11.5.129) 


t/*CO**f  jj1 

whence  it  follows  that  a(t)  is  a  steady-state  random  function. 

For  finding  of  a  we  will  apply  to  (11.5,129)  the  operation  of  mathematical 
expectation: 


•  -f  2U> 


U* co»*f  tg* 

whence  after  termination  of  transient  response  we  have 

*•  !• 


•^-D[S]sln2/C. 


£-D[i]  sin  2/C. 


(ll. 5. 130) 


(11. 5. 131) 


(/» CO*f  1g* 

We  have  obtained  an  approximate  expression  for  intercardinal  error  of  a  single¬ 
rotor  GC  during  irregular  rocking  of  the  ship.  From  (11.5.131)  it  follows  that 
error  a  is  proportional  to  dispersion  D[0]  of  angular  acceleration  of  rocking.  The 
biggest  value  of  a  is  attained  on  quarter  headings. 

Replacing  in  (11.5,131)  D[6]  by  an  expression  of  type  (2.1. 77),  we  will  obtain 


£(|.;  +  >’),0|fj|sin2K. 


(11.5.132) 


(/■ratPf 

If  in  the  GC  there  is  realized  the  period  of  M.  Schuler,  then,  according  to 
(11.5,105),  k2  =  v2  =  &,  and  Instead  of  (11.5,132)  we  have 


(11.5.133) 


*t/*cos*f  Ig 

Example  11,12:  To  determine  intercardinal  error  a  of  single-rotor  GC;  z  =  -3  m 

o  -2 

latitude  cp  =  60  ;  parameters  of  rocking  of  ship:  D[0]  =  3. 79. 10  ,  X2  =  0.42  1/sec, 

p.  =  0.04  1/sec  (Example  4.6);  heading  of  ship  K  =  45°. 


Solution:  By  formula  (11.5.133)  we  determine  intercardinal  error  a  of  the  GC: 


sr  W + *J)*°  w  *in  ,K  - 


4</*coa*f  2f 


I 


6371- 10* (7.29)*  I0-W.0,2S  2  9.81 

-—0.00506  rad. at  —  3r44\ 


—  (0,04*  ^  0.42*)*  3.79  I0-7- 1 


From  Example  11.12  it  follows  that  error  a  of  single-rotor  GC  can  attain  very 
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large  values. 

Near  position  of  equilibrium,  which  is  determined  by  mathematical  expectation 
a,  axis  Oz  of  gyroscope  accomplishes  random  motions,  which  are  characterized  by 
dispersion  D[a]  of  random  function  a(t).  For  finding  D[a],  in  the  first  approximation 
it  is  possible  to  use  equation  (11,5.129).  Without  giving  the  solution  of  this 
problem,  we  will  note  that  the  value  of  D[a]  is  obtained  to  be  small,  since  in  the 
right  side  of  equation  (11.5.129)  the  disturbance  is  [6(t)]  —  a  small  quantity  of 

second  order.  Therefore,  error  of  QC  on  a  rocking  ship  is  characterized  basically 
by  mathematical  expectation  a  determined  by  formulas  (11.5.131)  or  (11.5.132). 

These  formulas  are  approximate. 

Let  us  show  how  to  find  exact  formula  for  a.  Let  us  use  for  this  equations 

2  2 

(11. 5. 127).  Dividing  the  first  of  them  by  k  ,  and  the  second  by  n  and  introducing 


designations 


we  will  obtain 


(11.5.134) 

(11.5.135) 


r4+r,ri+«- 


zsin* 


CPeos’f 


«t; 


(11.5.136) 


V,T  +  T 


tcoiK 

« 


8. 


(11.5.137) 


where  T  —  time  constant  of  QC; 

—  time  constant  of  oscillations  of  GC  with  respect  to  angle  7. 

Let  us  represent  disturbance  0(t),  by  analogy  with  (4.6.149),  in  the  form  of 
spectral  expansion 

m 

•«)-  J  </*(«).  (11.5.138) 

where  d<t>(cs)  possesses  properties  of  (4.6.150). 

Putting  (11.5.138)  in  (11.5.137),  we  will  obtain  upon  completion  of  transient 
response,  by  analogy  with  (4.6.153),  the  steady-state  solution  of  this  equation  in 
the  form 

T(0--  J  fT,0 ty /■'<**(•).  (11.5.139) 

where  amplitude -phase  characteristic  of  oscillation  :>f  gyrosphere  with  respect  to 
coordinate  7,  according  to  equation  (11.5.137),  will  be 
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•«o*  K 


r,</.)  -  - — n* - 


(11.5*140) 


Then 


f  ,cmK 

lW  J  1-iV  +  Vrf- 


(11.5.141) 


In  virtue  of  equation  (11.5.156),  considering  (4.6.155),  for  mathematical 
expectation  a  of  random  function  a(t)  we  have 

t- (11.5.142) 
where  WQ(Jw)  —  amplitude-phase  characteristic  of  oscillations  of  GC  with  respect  to 
coordinate  a  —  is  determined  by  relationship 

A*  tilnK 


v  (fa) — ! — . 
•v  '  i-rv  +  a;!/-  * 


(11.5.145) 


whence 


■7  ij  &  $  tin  K 

Putting  (11.5.144)  in  (11.5.142),  we  will  obtain 

r  *•  tain  AT  T 

•"■5^7— ,T 

or,  considering  (II.5.I58)  and  (11.5.141), 

*•  *• 


(11.5.144) 


(11.5.145) 


«a—  — isin2^  f - rr - s-(»)dm.  (11.5.146) 

IPcot'f  2 1  J  rj-2T  V  ’ 


Let  us  designate 


m 

f - rr" - 5.  («)  rfi*. 

J  l-T?«,+  25lT1/«  * 


consequently. 


*  —sin  2/C/. 


t/*  cos*  f  2g* ' 


(11.5.147) 


(11.5.148) 


For  small  time  constant  T^,  which  exists  for  a  single-rotor  GC,  instead  of 
(11.5.147)  we  will  obtain 

Substituting  I  *=  D[0]  in  (11.5.148),  we  find  for  a  the  approximate  formula 
(11.5.151).  In  order  to  obtain  exact  formula  for  a,  it  is  necessary  to  calculate 


4H 


s 


integral  (11,5.147). 

In  the  beginning  we  will  find  Sg(o)),  According  to  (2.1,84)  and  (2,1.58)  we 


have* 


(11.5.149) 


where  ■  D[0];  ag  -  pJ-Xg;  bg  “  ^2  +  X2  £see  (2*i*59)] 
Putting  (11.5.149)  in  (11.5.147) ,  we  will  obtain 

I  _  f  nr  At  **4 


-Is? 


0(6] - - - - - 

(I  —  f?-*  +  T ,/•»)  (w4  -f  2a2J  +  64) 


(11.5.150) 


Reducing  (11.5.140)  to  an  integral  of  the  type  (4.6.71)  and  using  for  its 
calculation  tables  [153],  by  the  same  method  which  we  repeatedly  applied  earlier  we 


will  obtain 


i 


<{(!"•  ~  *1*t)  ~  Vt 


(i  - 1?®* + 4  +  r*  (ct  +-i>J  + 


0(6|. 


(11.5.151) 


Let  us  introduce  (11.5.151)  into  (11.5,148);  then  we  will  obtain  exact  formula 
for  intercardinal  error  a  of  single-rotor  GC  during  irregular  rocking  of  ship: 


,  '  *"  l/w7Vt,x 

0  -  *M)*+ « [TiHi!  +  +  t^)  +  rfw>l 


(11.5.152) 


D  [6]  sin  2/C. 


Example  11,13:  To  calculate  intercardinal  error  a  of  single-rotor  GC  for  the 

conditions  of  Example  11.12;  period  of  natural  oscillations  of  sensing  device  around 

2st 

axis  Oz  =  1  sec,  frequency  n  and  time  constant  of  these  oscillations 

«  -6.2lU,c.r,=  v  1,24  I0-1 1/sec,  c,  -  0.5. 

Solution:  By  formula  (11. 5. 152)  we  find 

.'--0,0610  rad.  =>— 3’30'. 

Comparing  results  of  calculations  of  Examples  11.12  and  11.13,  we  see  that  values 
of  a  calculated  by  approximate  and  exact  formulas  little  differ.  Therefore,  during 
practical  calculations  of  intercardinal  error  a  of  single-rotor  GC  for  conditions 
of  irregular  rocking  of  ship,  it  is  possible,  in  general,  to  use  the  approximate 
formula. 

The  considerable  magnitudes  of  intercardinal  errors  of  single -rotor  GC  on  a 
rocking  ship  lead  to  the  necessity  to  apply  in  these  types  of  GC  appropriate  measures 
for  decrease  of  these  errors.  Thus,  for  instance,  in  the  Sperry  single-rotor  GC  [71], 
♦For  determination  of  spectral  density  Sg(cu)  see  [120,  p.  80]. 
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there  is  realized  gyroscopic  stabilization  of  the  place  of  connection  of  the  pendulum 
with  the  g  '■rohousing  relative  to  the  vertical.  This  considerably  decreases  angles 
7  of  turn  of  sensing  device  around  axis  Oz,  and  therefore  error  a  is  lowered. 

Another  method  of  decrease  of  error  of  GC  on  a  rocking  ship  consists  of  appli¬ 
cation  of  multigyroscope  systems,  among  which  the  two-rotor  GC  is  included.  Here, 
due  to  gyroscopic  stabilization  of  gyrosphere  around  N-S  axis,  angles  7  of  its 
inclination  will  be  very  small,  and  therefore  magnitude  a  of  intercardinal  error  of 
two-rotor  GC,  as  will  be  shown  below,  is  minute.  There  is  known,  furthermore,  the 
following  method  of  decrease  of  influence  of  rocking  of  ship  on  GC:  there  is  realized 
phase  shift  of  torque,  applied  to  GC  on  the  rocking  ship  relative  to  oscillations 
of  sensing  device  around  axis  Oz.  This  method  is  applied  in  GC  having  mercury  vessels, 
where  by  selection  of  parameters  of  system  (period  of  natural  oscillations  of  mercury 
in  ballistic  vessels)  we  make  phase  shift  of  oscillations  of  liquid  in  vessels 
relative  to  oscillations  of  sensing  device  of  GC  equal  to  90°. 

c)  Dynamic  Errors  of  Two-Rotor  GC  on  a  Rocking  Ship 

One  of  the  most  effective  methods  of  removal  of  influence  of  rocking  of  ship 
on  GC  is  the  creation  of  multigyroscope,  in  particular  two-gyroscope,  compasses. 

As  was  shown  during  determination  of  intercardinal  error  of  single-rotor  GC  (Par.  b) , 
appearance  of  considerable  error  on  a  rocking  ship  is  due  to  the  fact  that  because 
of  smallness  of  period  of  oscillations  of  sensing  device  around  axis  Oz,  angles  7 
of  its  slope  relative  to  plane  of  horizon  are  obtained  on  the  rocking  ship  to  be 
large.  This  circumstance,  as  can  be  seen  from  first  equation  of  system  (11.5.123), 
leads  to  considerable  errors  a  of  the  GC. 

In  two-rotor  GC,  due  to  application  in  it  of  two  gyroscopes,  the  sensing  device 
—  the  gyrosphere  —  has  gyroscopic  stabilization  with  respect  to  the  N-S  axis.  Period 
of  oscillations  of  gyrosphere  around  this  axis  is  12-15  minutes  [71],  i.e., 
by  many  times  exceeds  periods  of  rocking  of  the  ship.  Therefore,  angles  7  of  turn 
of  gyrosphere  around  N-S  axis,  i.e.,  angles  of  inclination  of  its  E-W  diameter  with 
respect  to  plane  of  horizon,  are  negligible,  and  consequently,  the  error  of  a  two- 
rotor  GC  during  rocking  of  a  ship  is  minute.  Gyroscopic  stabilization  of  gyrosphere 
around  N-S  axis,  as  has  been  shown,  is  caused  by  presence  in  it  of  two  gyroscopes 
connected  by  a  shaft.  Actually,  if  disturbing  torque  due  to  rocking  is  applied 
relative  to  N-S  axis  (Fig.  11.14b),  then  this  causes  precessional  motion  of  gyroscopes 
-round  their  axes  of  precession  by  angle  5;  the  thus  appearing  component  of  gyroscopic 
torque  along  N-S  axis  will  compensate  the  external  disturbing  torque. 
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(11.5.153) 


Let  us  determine  the  random  error  during  rocking  of  a  ship  of  a  two-rotor  GC.# 
For  this  we  will  first  compose  differential  equations  of  motion  of  two-rotor  QC  dur¬ 
ing  rocking  of  the  ship.  Let  us  use  equations  (11.5.42);  disregarding  in  them 
insignificant  terms  and  considering  disturbances  f^(t),...,  f^(t)  to  be  absent,  we 
will  obtain 

H  (i  +  «,)  -  -  IP  ^  -  e*  -  0 

*(f  +  «k  +  v)-«’-y-l-0 

4— F[t  +  »  +  %) 

Hi+IPi  —  IP—f-  “0 

a(i + e,*-° 

For  u^,  u^,  u^  in  the  case  of  a  motionless  ship,  according  to  (11.5.67),  we 
have  u^  =  0,  u^  =  U  cos  qp;  u^  =*  U  sin  cp;  then  we  will  rewrite  equations  (11.5.153)  in 
the  form 

f  +  -jj-  *g1 

k+u«n^JL}-JLb.!L.Z± 
k+JL^JL.H 

T  H  1  Hi 

;_fU_iL 8  ._//{/ cos? 

1  H  H  r 

Being  interested  only  in  errors  of  GC  due  to  rocking  of  ship,  we  will  omit  in 
second  and  in  last  equations  terms  U  sin  qp  and  —  HU  cos  qp,  which  affect  position  of 
equilibrium  of  sensing  device  of  GC  due  to  rotation  of  Earth;  considering  designations 
of  (11. 5.44)  and  (11.4.56),  instead  of  (11.5.154)  we  will  obtain 

» 

^  +  £/cos?-a  — 


(11.5.154) 


•  — 


l/COSf 


U  cos 


U  cos? 


U  coif 


1+  Ki*t  +  -  r'in  -y-  +  n*  -y- 


(11.5.155) 


*An  analogous  problem  is  consiaered  in  [130], 
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where 


*•  _  £ll*.  •  V  m  m»  •  r  «,  *i  1 f  IL 

*  H*  *  r'1  Hx  ’  *  2//|/  0  • 


(11.5.156) 


Discarding  in  (11.5.155)  term  2£,n--»-,  which  is  caused  by  presence  of  damping  and 
characterizes  damping-acceleration  error  of  the  GC,  and  replacing  W^,  by  relation¬ 
ships  (11.5.126),  we  will  rewrite  (11.5.155)  In  the  form 


.  L I 

p  +  U cos?**  ■■ - 

r  r  (/cost 


*  sin  K  .. 

“i  *7 


«  —  — = — (1-r.)  8-— - 

U  cos  a  U  cot  1  U  cotf  t  (11.5.157) 

•  «• 

Since  disturbance  6(t)  is  a  random  function  of  time,  then  error  a(t)  of  GC,  and 
also  angles  D(t),  7(t)  and  angle  *(t)  of  slope  of  the  "mirror"  are  also  random 
functions . 

Of  the  greatest  interest  is  determination  of  mathematical  expectation  a  =  M 
[a(t)]  of  azimuthal  drift  of  the  GC  on  a  rocking  ship.  For  this  we  will  apply  to 
equations  of  system  (11.5.157)  the  operation  of  mathematical  expectation;  considering 


(11.5.157) 


that  9  =0,  we  will  obtain 


u  cotf  a 

« - il_| - *l_(i_(,)5_o 

V  co»f  U  coif  (11.5.158) 

l  +  fi  +  Fj-0 
T+2V»f+  0 

From  the  last  equation  it  follows  that  upon  completion  of  transient  response 


7-0. 


(11.5.159) 


For  determination  of  a  from  first  equation  it  is  necessary  at  first  to  find  6y. 
Analogous  problem  was  solved  by  us  during  the  analysis  of  intercardinal  error  of 
single-rotor  GC  [see  (11.5.145)].  In  order  to  use  the  earlier  obtained  result,  we 
will  rewrite  last  equation  of  system  (11,5,157)  in  the  form 


7li  +  K.r.i  + 1  — 


where 


(11.5.160) 


r  I 
'1  "T 


(11.5.161) 
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constitutes  time  constant  of  oscillations  of  gyrosphere  around  N-S  axis. 

Equation  (11.5.160)  is  analogous  to  equation  (11. 5. 137).  Therefore,  for  quantity 
@7,  considering  (11,5.145)  and  (11.5.146),  we  have 

T~  _  ttoiK 


{ i-r ?-•+ w 


'  5j,-  (u») 


(11.5.162) 


or 


(11.5.165) 


where  I  is  determined  by  formula  (11.5.147)  or  (II.5.15I). 

System  of  homogeneous  equations  (for  67  =  0)  of  the  first  three  equations  of 
(11.5.158)  Is  analogous  to  system  (11. 5.61),  the  characteristic  equation  (11.5.64) 
of  which  determines  natural  damped  oscillations  of  the  GC.  Therefore,  in  accordance 
with  (II.5.I58),  upon  completion  of  transient  responses  we  have 


a  — 


x  sin  K 


(11.5.164) 


C/*coi*f  * 

P  -  0;  $  -  0 

Quantity  a  constitutes  mathematical  expectation  of  error  of  GC  during  rocking 
of  ship.  Putting  in  a  the  value  of  £*7  from  (II.5.I65),  we  will  obtain  the  expression 


•  --sin  2/C*/, 


(11.5.165) 


2|* 

which  coincides  with  formula  (11.5.148)  of  intercardinal  error  of  single-rotor  GC. 
Introducing  (11.5.151)  into  (11.6.165),  we  will  obtain  exact  formula  for  intercardinal 
error  a  of  two-rotor  GC: 


i1  it 


-7»X 


(i  -  rj*})’ + +  J>,  (;,  +  r# J  + 


D(6|sin2/C. 


(11.5.166) 


Example  11,14;  To  calculate  lntercardlnal  error  of  two-rotor  GC.  Initial  data: 
k  =  v  =  1.24*10”^  1/sec,  U  ■  7.29.10”^  l/sec,  cp  =  60°,  period  of  oscillations  of 
gyrosphere  around  N-S  axis  T^  =  15  minutes,  frequency  n  and  time  constant  T^  of 

these  oscillations  n  =  -  0.698*10”^  l/sec  T^  =  ^  =  145.5  sec, 

^  =  0.05;  data  on  rolling  of  ship  are  taken  from  Example  11.12. 

Solution:  By  formula  (11.5.166)  we  find  Intercardinal  error  a: 

J- 0.1718  Mr «  nd.-4*. 

Comparing  values  of  a  obtained  in  Examples  11.15  and  11.14,  we  see  that 
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Intercardinal  error  of  two-rotor  GC  is  considerably  less  than  error  of  single-rotor 
GC.  This  result,  as  it  was  shown  earlier,  is  explained  by  the  large  magnitude  of 
period  of  oscillations  of  gyrosphere  around  N-S  axis.  Actually,  magnitude  of 
this  period,  if  we  consider  (II.5.I56),  will  be 


-  2k 

* 


H 


(11.5.167) 


i.e.,  is  proportional  to  angular  momentum  H.  Period  in  the  known  models  of  two- 
rotor  GC  is  12-15  minutes  [71]. 

This  analysis  of  influence  of  rocking  of  a  ship  on  the  two-rotor  GC  is  valid  if 
hydraulic  damper  is  made  in  the  form  of  two  interconnected  vessels  with  round  cross 
section  (Fig.  11.16). 

Above  there  were  considered  errors  of  GC  during  pure  rolling  of  the  ship. 

Problem  of  determination  of  error  of  GC  in  the  general  case  of  rocking  of  the  ship, 
taking  into  account  vertical  accelerations  and  terms  of  the  second  order  of  smallness, 
requires  special  consideration. 


6.  Gyrohorizon  Compass 

Briefly  we  will  consider  one  of  the  varieties  of  GC,  which  has  acquired  the 
name  of  space  gyrocompass,  or  gyrohorizon  compass  (GHC) .  As  was  shown  in  Par.  la 
this  device  represents  a  combination  of  the  gyrohorizon  and  gyrocompass,  i.e.,  it 
permits  us  to  determine  angles  of  rocking  of  ship  (gyrohorizon)  and  its  heading 
(gyrocompass) ;  three  principle  axes  of  space  GC  are  gyroscopically  stabilized  in 
the  east -north-zenith  directions. 

Such  a  system  was  realized  in  the  space  gyrocompass  of  Anschutz  [30,  184,  75], 
Its  main  peculiarity  was  that  the  period  of  natural  sustained  oscillations  of  the 
gyrosphere  about  the  three  axes  of  its  rotation  waB  84.4  minutes.  Therefore,  here 
it  was  possible  to  completely  remove  intercardinal  error  of  the  GC.  Besides  heading 
of  the  ship,  the  instrument  determined  angles  of  rolling  and  pitching. 

Sensing  device  (sensitive  element)  of  space  GC  also  is  the  gyrosphere;  the 
location  in  it  of  the  two  gyroscopes  is  shown  in  Fig.  11. 19.  Axes  of  gyroscopes  G., 
and  Gg  in  initial  position  (with  non-rotating  rotors)  are  directed  along  E-W  diameter 
of  gyrosphere;  gyrochambers  are  connected  by  shaft  Sh. 

Approximate  theory  of  space  GC  was  initially  developed  by  I.  Geckeler  [184] 

(.ee  also  [30]).  He  showed  that  period  of  oscillations  of  gyrosphere  around  the 
three  axes  is  equal  to  84.4  minutes.  This  is  attained  by  application  to  axes  of 


precession  of  gyroscopes  0^  and  Gg  of  an  appropriate  torque.  Here,  in  distinction 
from  single-rotor  and  two-rotor  GC,  period  of  oscillations  [see  (11.5.53)]  of  sensing 
device  does  not  depend  on  latitude  of  the  place.  Space  GC  has  the  same  velocity 
error  as  the  usual  GC  [see  (11.5.71)].  Ballistic  errors  of  space  GC  are  small  [50], 

{ 

and  considerably  less  than  for  two -rotor  GC. 

Designs  and  parameters  of  space  GC  of  Anschutz  type  are  given  in  a  number  of 

Strict  theory  of  gyrohorizon  compasB 
is  given  by  A.  Yu.  Ishlinskiy  [44],  Due 
to  the  importance  of  the  results  obtained 
by  him,  we  will  consider  briefly  peculiar¬ 
ities  of  the  theory  of  GHC,  using  this  work, 
in  which  as  the  sensing  device  of  the  GHC 
there  is  used  a  gyrosphere  analogous  to  the 
gyrosphere  of  the  two-gyroscope  GC  (Fig. 

11.14). 

During  investigation  [44]  of  GHC  there 
is  used  the  method  of  the  non-rotating 
sphere  S  (see  §  11.4,  Par.  6)  surrounding 
Earth  and  preserving  constant  orientation 
relative  to  inertial  space.  Motion  of  the 
shift  of  its  point  of  suspension  relative 
to  sphere  S.  At  the  basis  of  the  investigation  there  is  assumed  precessional  theory. 
Sensing  device  (Fig.  11.20)  is  considered  as  a  set  of  gyroscopes  and  Gg  whose 
axes  of  precession  are  connected  by  frame  F;  coupling  of  the  gyrochambers  is 
arbitrarily  shown  in  the  form  of  a  gear  transmission,  which  in  its  action  is  identical 
to  shaft  Sh  (Fig.  11,14).  This  system  will  form  a  gyroscopic  frame.  Total  angular 
momentum  H  of  gyroframe,  by  analogy  with  (11,5.6),  is  determined  by  expression 
H  =  2H'  cos  e  (where  H'  =  =  Hg)  and  is  directed  along  the  bisector  of  angle  2e. 

With  frame  F  there  is  connected  coordinate  system  Oxyz,  axis  Oy  of  which  is  parallel 
to  vector  IT,  and  axis  Oz  —  to  axes  of  precession  of  gyroscopes.  Besides  this  system 
of  coordinates,  there  is  introduced  also  a  translationally  moving  system 
the  origin  of  which  is  located  at  point  of  suspension  of  frame,  and  axes  £*,  r|*, 
are  constantly  oriented  relative  to  Inertial  space,  i.e.,  relative  to  non-rotating 
sphere  S. 


works  (see,  for  Instance,  [50]). 


Fig.  11.19.  Diagram  of  sensing  device 
(sensitive  element)  of  space  GC. 


instrument  is  considered  during  arbitrary 
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Fig.  11.20.  Diagram  of  frame  of 
sensing  device  (sensitive  element). 


In  the  considered  case,  the  gyroframe 
constitutes  a  mechanical  system  with  four 
degrees  of  freedom;  equations  of  its  motion 
relative  to  axes  0£*t )*£*  are  obtained  on  the 
basis  of  precessional  theory  in  the  form  [44], 


—  w£H'  COS  t  e  M 


mM2H' cost  «=  Mt 
—  u»^2 H*  sin  i*s  iV 


(11.5.168) 


where  Mx,  My,  Mz  —  external  torquer  acting  on  the  frame; 

N  =  Mz,  -  Mz„  ;  Mz,  ,  and  Mz,,  are  torques  acting  relative  to  axes  of 

precession  of  gyroscopes;  torque  N  is  created  by  spring  device 
Sp  (Fig.  11.14)  and  is  a  function  of  angle  e; 

d)  —  projections  of  angular  velocity  uj  of  axes  Oxyz  relative  to  non- 
y  rotating  sphere  S  on  to  corresponding  axes. 

As  external  forces  acting  on  the  frame, there  are  considered  gravity  force  F 
which  is  directed  toward  center  of  Earth,  reactive  force  of  suspension  and  inertia 
force  Q  of  translational  induced  motion  of  axes  Since  gravity  force  F, 

reactive  force  of  suspension  and  component  Q  of  inertia  force  of  induced  motion  are 
directed  along  the  axis  Oz,  then  their  moment  relative  to  point  of  suspension  of 
frame  is  equal  to  zero,  and  for  finding  My,  M z  [see  (11.5.163)]  there  are 
considered  only  components  and  Qy.  As  a  result.  Instead  of  (11.5.168)  there  is 
obtained 


-  cos « -  mlR  1^-  —  ,  iaa2H'  cos  •  —  0 

(2  V'  cos  «)  ■»  mlR  -f-  uiMma j ;  —  «^2 H'  sin  i  ■=  N 


(11.5.169) 


where  m  —  mass  of  frame  together  with  gyroscopes; 

l  —  distance  of  center  of  gravity  of  frame  from  point  of  its  suspension; 

R  —  radius  of  Earth  taken  as  a  sphere. 

Thus  linear  velocities  v  ,  v  ,  v  of  point  of  suspension  of  frame  relative  to 

X  jr  Z 

sphere  S  will  be 


p4  *  *» — <»4  R\  vt  mm  o. 

From  third  equation  of  system  (11.5.169)  we  have 

•«-0. 

From  first  two  equations  there  can  be  obtained 

2//'  cos  • » 


(11.5.170) 

(11.5.171) 
(I.. 5. 172) 
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whence,  taking  into  account  the  fourth  equation,  we  find  condition 

jy  2*^).  cos  «sim,  (11.5.173) 

*/# 

which  is  analogous  to  (11.5.112). 

Resulting  expressions  permit  us  to  obtain  the  following  relationships: 

•f-0,  (11.5.174) 

fA/'cos«  —  mtv,  (11.5.175) 

where  v  is  velocity  of  point  of  suspension  of  frame  relative  to  sphere  S. 

From  (11.5.170)  end  (11.5.174)  it  follows  that  at  the  initial  moment  axis  Ox  should 
be  directed  along  tangent  to  trajectory  of  point  of  suspension  of  frame  during  its 

motion  over  sphere  S.  According  to  (II.5.I75),  for  initial  velocity  vQ  initial 

angle  is  determined  by  expression 

(11.5.176) 

Investigation  [44]  of  motion  of  frame  relative  to  Earth  shows  that  axiB  Oy  of 

frame  (Fig.  11.20)  in  position  of  equilibrium  forms  with  the  N-S  direction  angle 

which  is  velocity  error  and  is  determined  by  the  same  formula  (11.5.71)  as  that  for 
the  two-rotor  compass. 

Since  absolute  velicity  v  of  point  of  suspension  of  frame  (i.e.,  its  velocity 
relative  to  non-rotating  sphere  S)  is  determined  by  the  evident  relationship 

K  (tft/cos? +  b,)*  +  «V  (11.5.177) 


where  v,-,  and  v.r  are  eastern  and  northern  components  of  velocity  relative  to  Earth, 

.h  ri 


then,  putting  (13.5.177)  In  (11.5.175) ,  we  will  obtain  condition 

H  «=*  2//'  cos  1  *=  ml  Y[RU  cos  ?  -j-  vc)*  +  v\  • 


(11.5.178) 


which  is  analogous  to  (11.5.111). 

If  there  are  satisfied  condition  (11.5.173)  [for  which  (II.5.I78)  is  valid]  and 
the  earl:'  r  indicat  d  initial  conditions,  then  the  GHC  does  not  have  any  errors 
besides  the  velocity  errors  determined  by  formula  (11,5.71).  Consequently,  for  GHC 
during  maneuvering  of  the  ship  there  will  be  absent  ballistic  errors.  Thus  axis  Oz 
of  frame  is  directed  along  geocentric  vertical,  i.e.,  along  radius  of  Earth. 

Further  there  is  introduced  [44]  the  Darboux  trihedron  0x°y°z°  with  vertex 
at  point  of  suspension  of  frame.  Its  axis  0z°  is  normal  to  sphere  S,  and  axis  0x° 
is  directed  along  vector  v  of  point  of  suspension.  Position  of  axes  Oxyz  of  frame 
relative  t.n  axes  0x°y  'z°  is  defined  by  angles  a,  0,  7,  where  a  is  angle  of  azimuthal 
turn  of  frame,  0  is  angle  of  its  rise  relative  to  plane  of  horizon,  and  7  is  angle 
of  rotation  of  frame  around  axis  Oy,  i.e.,  around  N-S  axis.  As  a  result,  there  were 
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obtained  the  following  differential  equations  of  motion  of  frame  relative  to  Darboux 
trihedron:* 


—  (sin  «  sin  7  —  cos  a  sin?  cos  7)  -f 

+  (•  +  •—)  cos^cosi  +  sin<j|2//'cos«  *= 

do 

m*mt~  sin  a  cos  p  —  ml  mu  cosacos£-f- 

~  2H' cos  1 «  ml  ~  (cos  a  cos  7  —  si  n  a  sin  {I  s in  1 )  + 

w  pi 

•f  mho  (sin  a  cos  7  -f  cos  a  sin  ?  sin  t)  + 

+  |m/~  —  cos  p  sin  7 

J-J-(sln«cosj  +  cos  a  sin  ?  sin  7)—  -f-  -^-Jcos^sin-j-f 

+  cos  ^2#' cost  «  0  ✓ 

>- [^-cos* cos?  +  («*  +  sin ?  +  |Jj2/r sin « «  JV (1) 


"N 


(n.5.179) 


> 


(11.5.179) 


J 


These  equations  are  identically  satisfied  if  in  them:  we  set  a  =  p  =  7  =  0, 
replace  e  by  relationship  (11. 5. 175),  and  N(e)  by  formula  (11.5.173).  Thus  independ¬ 
ently  of  the  form  of  functions  v(t)  and  u>(t),  which  characterize  motion  of  point  of 
suspension  of  frame  over  sphere  S,  vector  If  which  is  directed  along  the  axis  Oy, 
will  be  perpendicular  to  vector  v  of  velocity  c?  this  point  relative  to  sphere  S, 
and  axis  0z  is  directed  along  radius  of  the  Earth. 

Thus,  if  there  are  satisfied  conditions  (11.5.173)  sod  (11.5.175),  then  a  =  p  = 

=  7=0,  and  consequently  equatorial  plane  Oxy  of  frame  ’/.ill  be  always  horizontal 
(gyrohorizon) ,  and  axis  Oy  with  accuracy  up  to  the  velocity  error  will  indicate  north 
(gyrocompass),  i.e.,  the  considered  instrument  indeed  is  a  gyrohorizon  compass.  If 
the  above-indicated  conditions  are  satisfied  and  at  the  initial  moment  of  time 
a  =  p  =  7  =  0,  then  the  instrument  will  always  indicate  the  vertical  and  the  direc¬ 
tion  to  the  north. 

For  small  angles  a,  p,  7  and  angle  6  of  turn  of  gyroscopes  from  their  undisturbed 
position  eQ  (current  angle  e  *  eQ  +  5),  considering  (11.5.173)  and  (H.5.175),  we 
will  obtain  perturbation  equation  of  frame  in  the  form 


*In  these  equations  we  considered  only  gravitational  torques,  inertial  torques 
and  torque  N(e),  created  by  the  spring  device. 
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A 

it 


mh  —  — •  m/  —  *  +  —  «»2//'  sin  »,  8 

4  it  r  f 

.  P  _ 4  .  %  q 

+T  n:  s-+-^«— 

^(Mf'»lns.«)  +  ltF-2±-')i  -  «m/« 


(11.5.180) 


If  v  and  a)  are 
tions  with  constant 


constant,  then  expressions  (11.5.180)  become  differential  equa- 

mv2 

coefficients.  If  we  approximately  set  F  -  — »  F  *  mg,  then 


roots  of  characteristic  equation  of  system  (11.5.180)  will  be  +  j(v  +  cu) ,  +  j(v  -  o>), 

where  v  =  is  frequency  corresponding  to  period  T  =  2 n  f f of  M.  Schuler, 
w  n  6  •  c  ^  n 


g 


From  this  sliort  account  of  the  content  of  the  article  of  A.  Yu.  Ishlinskiy  [44], 
it  can  be  seen  that  it  has  important  value  for  explanation  of  the  properties  of  a 
GHC  and  more  precise  solution  of  a  number  of  problems  of  the  theory  of  GC. 

Some  of  these  properties  of  GHC  were  later  explained  by  D.  R.  Merkin  [91]  by 
another  method.  The  question  of  the  reducibility  of  equations  of  disturbed  motion 
of  GHC  to  a  system  with  constant  coefficients  was  considered  by  V.  N.  Koshlyakov  [62]. 
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§  11.6.  Gyro  Inertial  Navigational  Systems 

1.  General  Information  about  Inertial  Navigation  Systems  (INS). 

Principles  of  Construction  of  INS 

a)  Purpose  of  INS 

Among  the  different  gyroscopic  navigational  systems,  in  the  last  decades  there 
have  been  developed  so-called  gyro  inertial  navigational  systems  —  one  of  the  types 
of  INS.  The  appearance  of  INS  first  of  all  is  explained  by  the  desire  to  carry  out 
with  high  accuracy  self-contained  determination  of  position  of  an  object  and  parame¬ 
ters  of  its  motion.  Practical  realization  of  INS  on  ships  and  aircraft  turned  out 
to  be  possible  after  certain  successes  achieved  in  production  of  different  elements 
of  inertial  systems:  gyroscopes,  accelerometers,  servo  systems,  computers,  etc., 
to  the  accuracy  of  which  there  are  presented  very  high  requirements. 

An  INS  is  designed  for  determination  of  position  of  an  object,  parameters  of 
its  motion,  and,  if  necessary,  for  automatic  control  of  its  motion.  In  connection 
with  this,  INS  can  solve  the  following  problems: 

1)  determine  position  of  object,  which  is  characterized,  for  instance,  by  lati¬ 
tude  q)  and  longitude  X; 

2)  develop  certain  parameters  for  stabilization  of  the  object  about  its  center 
of  gravity  and  retention  of  center  of  gravity  of  object  on  its  assigned  trajectory; 

j5)  carry  out  automatic  control  of  motion  of  object,  and  others. 

For  solution  of  these  problems,  in  the  INS  there  have  to  be  determined  the 
following  data:  geographic  coordinates  of  position  of  object,  components  of  its 
linear  velocity,  heading,  distance  passed  over,  lateral  displacement  of  center  of 
gravity  from  assigned  trajectory,  altitude,  and  others.  From  what  has  been  said  it 
follows  that  an  INS  can  operate  in  the  readout  mode,  when  it  produces  data  necessary 
for  navigation  of  the  object,  and  in  the  control  mode,  when  data  determined  by  it 
are  used  for  automatic  control  of  motion  of  the  object.  In  accordance  with  this, 
we  distinguish  Inertial  navigational  BystemB  and  inertial  control  systems.  In  the 
present  book  we  will  consider  only  inertial  navigational  systems. 


* 

Such  an  abbreviated  designation  is  used  also  in  the  book:  V.  G.  Denisov. 
Navigational  equipment  of  aircraft.  Oboronglz,  196?. 
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b)  Essence  and  Types  of  INS 


Principle  of  Inertial  navigation.  Inertial  navigation  is  a  method  of  deter¬ 
mination  of  position  of  an  object  and  control  of  its  motion  based  on  measurement  of 
accelerations  of  the  object,  their  subsequent  integration,  and  calculation  of  coor¬ 
dinates  of  the  object  and  control  parameters. 

Accelerations  of  object  and  all  other  self-contained  measurements  are  carried 
out  in  INS  relative  to  an  inertial  system  of  coordinates,  which  preserves  constant 

orientation  with  respect  to  fixed  stars.  This  is  the  reason  for  introduction  of  the 

* 

term  "inertial  navigation." 

The  essence  of  INS  consists  of  the  following:  Input  variables  of  the  system 
are  accelerations  of  the  object,  which  are  measured  by  sensitive  elements  —  accelero¬ 
meters  —  which  are  usually  installed  on  a  gyro-stabilized  platform  (GSP),  which 
holds  them  in  a  definite  position  relative  to  the  inertial  system  of  coordinates. 
Measured  accelerations  enter  integrators,  at  the  output  of  which  there  are  obtained 
components  of  linear  velocity  of  object  relative  to  the  inertial  system.  With  the 
help  of  computers  these  components  are  converted  into  components  of  velocity  of  the 
object  relative  to  the  Ear'th,  Subsequent  integration  of  components  of  velocity  of 
object,  taking  into  account  a  series  of  corrections  introduced  by  the  computer  for 
the  action  of  gravity  force,*  for  non-sphericity  of  the  Earth  and  for  the  influence 
of  other  factors,  makes  it  possible  to  determine  coordinates  of  the  object.  From 
what  has  been  said,  it  follows  that  an  inertial  system  in  principle  makes  it  possible 
to  solve  the  problem  of  an  "absolute  log,"  since  in  it  therj  is  determined  the  actual 
motion  of  the  object  relative  to  the  Earth. 

The  main  elements  of  INS  are  accelerometers,  gyroscopic  devices,  integrators, 
computers.  Taking  into  account  the  fact  that  earlier  there  were  given  dynamic 


translation  Ed.  Note:  This  footnote  in  the  Russian  text  pertains  to  the  re¬ 
lative  merit  of  using  either  of  two  Russian  words  for  "inertial." 

Certain  authors  [1171  consider  the  term  "inertsionnaya  [inertial]  navigation," 
to  be  more  correct  [than  inert sial'naya  navigation"],  since  determination  by  ac¬ 
celerometers  of  accelerations  of  the  object  is  carried  out  by  means  of  measurement 
of  corresponding  inertial  forces.  However,  it  has  not  obtained  wide  usage. 

As  will  be  shown  further  on,  accelerometers  measure  only  acceleration  caused 
by  non-gravitational  forces  (engine  thrust,  lift,  drag  of  the  atmosphere),  and  do 
not  measure  acceleration  due  to  forces  of  gravitation. 
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characteristics  of  different  types  of  GD,  we  will  consider  below  also  certain  de¬ 
signs  and  dynamic  characteristics  of  accelerometers. 

Certain  relationships*  Essence  of  the  above-stated  method  of  determination  of 
coordinates  and  parameters  of  motion  of  an  object  can  be  clarified  by  certain  simple 
relationships.  Let  us  assume  that  the  gyrostabilized  platform  applied  in  INS  is 
held  in  plane  of  horizon,  and  also  has  azimuthal  stabilization  in  plane  of  meridian; 
we  will  not  yet  consider  stabilization  errors.  On  the  platform  there  are  located 
two  accelerometers,  axes  of  sensitivity  of  which  are  directed  towards  north  and  on 
east;  these  accelerometers  will  arbitrarily  be  called  "northern"  and  "eastern." 
Disregarding  components  of  induced  and  Coriolis  accelerations,  we  will  consider  that 
the  northern  accelerometer  measures  component  vN,  and  the  eastern  —  component  v£ 
of  acceleration  of  object  relative  to  Earth  along  north  —  south  and  east  —  west  axes. 
Variables  vN  and  v£  go  to  integrators,  at  the  output  of  which  for  zero  initial  condi¬ 
tions  we  will  obtain 


f  f 

®/v  =  U.v*;  v^-.. 


(11.6.1) 


After  second  integration  we  find  displacements  of  object  SN  and  S£  in  northern 
and  eastern  directions;  for  zero  initial  conditions  we  have 


'  tt  t  t  i 

‘.v  *  J  vxdz  -  j  j J  v£dx  -  j  j v£d-.*.  (11.6.2) 


Consequently,  displacements  of  object  are  found  by  means  of  double  integration 
of  its  accelerations,  which  are  measured  by  accelerometers. 

According  to  relationships  (1.2.22),  heading  K  of  the  object  can  be  calculated 
in  a  computer  by  the  formula 


(11.6.5) 


Since  by  virtue  of  (1.2.26),  during  motion  over  sphere  of  radius  R,  rate  of 


change  of  latitude 


'  *  ' 


(11.6.4) 


then  latitude  cp  is  determined  in  computer  by  the  formula 


T  oo 


(11.6.5) 
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where  $0  le  Initial  value  of  latitude,  which  should  be  introduced  into  the  Bystem. 
For  rate  of  change  of  longitude,  according  to  (1.2.27)  we  have 


1,  . 

•  Jlcotf 


(11.6.6) 


Then  for  X  the  computer  gives 

I 


l.*e+  f  -  »e+  f  f  vM\  (11.6.7) 

J  R cosy  J  R coif  J  * 

where  XQ  is  initial  value  of  longitude  which  should  be  introduced  into  the  system. 


Fig.  11.21.  Diagram  of  a  simple  INS. 

The  presence  in  the  inertial  navigational  system  of  a  GSP  permits  us  to  deter¬ 
mine  also  angles  of  rotation  of  object  relative  to  its  center  of  gravity.  If  on 
the  GSP  we  install  a  third  accelerometer  and  direct  its  axiB  of  sensitivity  along 
the  vertical,  then  we  can  determine  vertical  acceleration  of  the  object,  and  then 
by  means  of  integration  we  can  determine  vertical  velocity  and  altitude  of  the  ob¬ 
ject.  Thus,  application  in  the  system  of  these  elements  permits  us  to  find  neces¬ 
sary  coordinates  and  parameters  of  motion  of  the  object. 

Inertial  system  of  open  type,  A  simple  Inertial  system  of  open  type  which 
realizes  the  above  mentioned  analytic  dependences  for  coordinates  of  position  and 
parameters  of  motion  of  the  object  is  shown  in  Fig,  11.21.  On  the  GSP,  which  pre¬ 
serves  horizontal  position  and  orientation  which  is  constant  in  azimuth  relative 
to  the  N-S  direction,  there  are  installed  northern  AN  and  eastern  A£  accelerometers. 

The  latter  measure  northern  w^  and  eastern  wE  components  of  acceleration  of 

the  object,  which  are  intorduced  into  the  first  integrators  IT  ,  T  .  At  the 

XN  ana  iIE 

output  of  these  integrators  there  are  obtained  northern  v^  and  eastern  vE  components 
of  velocity  of  the  object,  and  by  them  there  is  calculated  its  heading  K.  Components 


vN  and  Vg  are  introduced  into  the  second  integrators  Ijj  and  Ijj  ,  at  the  output 

N  E 

of  which  there  are  obtained  increments  A< p  and  AX  of  latitude  and  longitude.  After 
summation  of  them  with  initial  values  cpQ  and  XQ,  there  are  found  the  current  values 
cp  and  X  of  latitude  and  longitude  of  the  object. 

It  is  easy  to  see  that  with  ideally  exact  stabilization  of  the  platform,  the 
given  system  in  principle  makes  possible  self-contained  determination  of  geographic 
coordinates  and  parameters  of  motion  of  the  object.  However,  in  reality  the  GSP, 
due  to  different  disturbances,  will  deviate  from  the  plane  of  the  horizon.  Due  to 
this,  readings  of  accelerometers  will  be  distorted  by  magnitudes  equal  to  components 
of  acceleration  due  to  gravity  force.  This  leads  to  the  appearance  of  errors  of 
geographic  coordinates  <j>,  X  and  value  of  heading  K  which  are  accumulated  In  time. 
Furthermore,  in  the  scheme  there  are  not  considered  corrections  for  rotation  of  the 
Earth  and  other  factors.  The  accuracy  of  such  a  scheme  is  very  low,  and  therefore, 
such  simplified  open  systems  of  inertial  navigation  have  not  found  practical  appli¬ 
cation.  Let  us  note  that  such  systems  are  called  open  because  in  them  there  is 
absent  a  connection  between  accelerations  measured  by  the  accelerometers  and  the 
position  of  the  GSP. 

Principle  of  construction  of  closed  inertial  system.  Simulation  of  the  pendu¬ 
lum  of  M.  Schuler.  For  solution  of  problem  of  inertial  navigation,  it  is  necessary 
first  of  all  to  obtain  the  exact  vertical,  i.e.,  the  exact  horizontal  platform  on 
which  the  accelerometers  are  installed.  Creation  of  an  exact  gyro-vertical  (gyro 
horizon)  is  extraordinarily  complicated.  The  basic  problem  of  obtaining  a  precision 
gyro-vertical  consists  of  realization  of  the  condition  of  Its  undisturbability  by 
accelerations  of  the  object.  For  this,  as  It  is  known,  the  period  of  natural 
sustained  oscillations  of  the  system  should  be  84.4  minutes.  In  §  4.5,  Par.  5  it 
was  shown  that  it  is  impossible  in  practice  to  create  a  physical  pendulum  with  such 
a  period.  Construction  of  a  gyroscopic  pendulum  undisturbed  by  accelerations  is  a 
quite  complicated  problem  (§  11.4,  Par.  5). 

At  present,  practical  solution  of  this  problem  has  proceeded  by  the  way  shown 
in  1932  by  Soviet  engineer  Ye.  B.  Levental'.  He  proposed  a  scheme  of  artificial 
simulation  of  an  undisturbable  physical  pendulum  with  period  of  natural  oscillations 
of  84.4  minutes  by  means  of  use  of  gyroscopes,  accelerometers  and  integrators. 

This  model  of  M.  Schuler's  pendulum  is  a  closed  dynamic  system.  Continuous 
erection  in  it  of  the  vertical  is  based  on  turning  of  the  GSP  by  an  angle  equal  to 
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angle  of  rotation  of  the  local  vertical  during  motion  of  the  object  along  surface 
of  the  Earth.  For  this  on  the  QSP  there  are  installed  accelerometers,  which  mea¬ 
sure  horizontal  accelerations  of  the  object.  The  latter  are  integrated,  and  corre¬ 
sponding  signals  are  introduced  to  the  torquers  of  the  gyroscopic  system]  this 
causes  precessional  motion  of  platform  following  the  local  vertical.  Such  a  method 
of  correction  of  GSP  has  the  name  of  integral  correction.  Thus,  by  means  of  selec¬ 
tion  of  transmission  coefficients  of  the  system,  it  is  possible  in  practice  to 
realize  the  condition  of  its  undisturbability  by  horizontal  accelerations  of  the  ob¬ 
ject. 

The  artificial  vertical  obtained  by  such  a  method  is  called  an  inertial  verti¬ 
cal  (IV).  It  is  the  basis  of  the  inertial  navigational  system,  since  simultaneously 
with  erection  of  the  vertical  it  determines  components  of  linear  velocity  of  the 
object,  by  which  the  computer  calculates  coordinates  of  position  of  the  object  and 
parameters  of  its  motion. 

Let  us  note  that  the  IV,  in  distinction  from  the  physical  pendulum,  Indicates 
direction  of  vertical  not  due  to  action  on  it  of  gravity,  but  as  a  result  of  double 
integration  of  horizontal  acceleration  of  the  object  measured  by  an  accelerometer. 
Actually,  acceleration  goes  to  the  first  integrator.  The  signal  from  the  output  of 
the  integrator,  through  the  torquer,  causes  precessional  motion  of  the  platform. 

The  angle  of  rotation  of  the  platform  is  proportional  to  the  integral  of  readings 
of  the  first  integrator,  i.e.,  to  the  double  Integral  of  horizontal  acceleration  of 
the  object.  Consequently,  angle  of  rotation  of  platform  is  equal  to  angle  of  ro¬ 
tation  of  vertical  during  motion  of  object  over  surface  of  Earth,  which  is  pro¬ 
portional  to  the  path  passed  over.  Therefore,  IV  will  without  oscillations  follow 
the  local  vertical.  If,  however,  the  IV  did  not  occupy  in  the  beginning  a  vertical 
position,  or  has  drifts  in  virtue  of  different  circumstances,  then  in  it  there 
appear  oscillations  with  period  of  84,4  minutes]  thus  the  average  position  of  It 
coincides  with  the  local  vertical.  Oscillations  of  the  IV  are  not  affected  by 
horizontal  accelerations  of  the  object. 

Subsequently,  we  will  consider  mainly  questions  connected  with  methods  of  con¬ 
struction  and  analysis  of  errors  of  IV,  and  will  only  briefly  touch  upon  the  opera¬ 
tion  of  other  elements  of  the  INS. 

Requirements  made  of  inertial  systems.  Certain  of  their  peculiarities.  An 
inertial  system  should  have;  1)  very  high  accuracy]  2)  high  sensitivity;  5)  possi¬ 
bility  to  work  for  a  prolonged  period  of  time,  especially  in  the  case  of  its  use 
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in  navigation;  4)  wide  range  of  change  of  input  variables;  5)  sufficiently  accurate 
initial  setting  of  GSP  relative  to  vertical  and  in  azimuth;  6)  high  noise  immunity 
and  independence  of  the  presence  of  external  information;  7)  high  shock  and  vibra¬ 
tion  resistance,  and  also  small  weight  and  dimensions,  especially  for  use  in  air 
navigation. 

An  essential  advantage  of  INS  as  compared  to  other  navigational  systems  is  that 
it  is  completely  self  contained!  INS  determines  coordinates  of  object  and  parameters 
of  i^s  motion  in  the  absence  of  any  connection  with  other  objects  or  reference  points. 
Inertial  system  makes  it  possible  to  completely  automate  processes  of  navigation  and 
can  in  principle  be  used  under  different  conditions  of  motion  of  the  object.  System 
does  not  require  ground  installations;  in  it  all  radio  emission  is  absent. 

Advantages  of  INS  are  evident,  but  the  question  about  their  creation  and  practi¬ 
cal  application  still  has  by  far  not  been  solved.  This  is  explained  by  the  excep¬ 
tionally  high  requirements  for  accuracy  of  separate  elements  and  subassemblies, 
especially  in  the  GD,  and  in  the  entire  eystem  as  a  whole.  Inertial  systems  in  a 

certain  sense  are  analogous  to  navigational  systems  in  which  there  is  realized  the 

* 

method  of  dead  reckoning,  and  their  errors  are  accumulated  in  time.  Therefore,  the 
question  of  creation  of  inertial  systems  operating  for  a  long  time,  for  instance  for 
navigation,  is  exceptionally  complicated  in  practical  solution.  In  connection  with 
this,  along  with  further  development  and  improvement  of  INS,  there  has  appeared  a 
tendency  to  create  combined  systems,  which  combine  INS  with  other  navigational  sys¬ 
tems.  One  of  such  systems  consists  of  INS  and  a  Doppler  navigational  system  [142, 
149],  Here  the  INS  is  supplemented  with  radar  using  the  Doppler  effect.  The  latter 
makes  it  possible  continuously  or  discretely  to  correct  velocity  of  object  deter¬ 
mined  by  the  inertial  system;  this  considerably  decreases  accumulated  errors  of 
inertial  system  in  determination  of  coordinates  and  parameters  of  motion  of  the  ob¬ 
ject,  Let  us  note  that  Doppler  system  makes  it  possibile  to  measure  velocity  of  ob¬ 
ject  with  a  high  accuracy,  reaching  tenths  of  a  percent.  Correction  of  velocity  of 
object  with  help  of  Doppler  system,  i.e.,  introduction  into  the  INS  of  external  in¬ 
formation,  has  a  series  of  peculiarities!  it  permits  change  of  frequency  of  natural 


Method  of  dead  reckoning  is  based  on  obtaining  of  necessary  data  about  motion 
of  object  by  means  of  continuous  or  discrete  time  integration  of  acceleration  or 
velocity  of  the  object  [142], 


sustained  oscillations  of  the  system  with  retention  of  property  of  its  undisturb- 
ability  by  accelerations  of  the  object j  It  ensures  damping  of  oscillations,  etc. 

In  another  type  of  combined  system  there  is  used  INS  and  astronavigational 
system  [142,  149].  Such  systems  have  obtained  the  name  of  astroinertial  naviga¬ 
tional  systems.  The  main  element  of  such  a  system  is  the  optical  telescope,  which 
is  usually  Installed  on  a  QSP  and  carries  out  tracking  of  celestial  bodies  (stars). 
Due  to  this  there  is,  for  instance,  the  possibility  to  correct  drift  of  the  QSP, 
and  consequently,  to  eliminate  accumulation  of  errors  of  the  inertial  system.  Re¬ 
quirements  for  accuracy  of  gyroscopic  devices  of  astroinertial  navigational  syBtemB 
can  be  considerably  lowered.  If  there  is  temporary  loss  of  the  celestial  body,  the 
presence  of  gyroscopic  device  provides  "memory"  of  the  navigational  system. 

There  are  also  possible  other  types  of  combined  navigational  systems.  All  of 
them  are  deprived  of  the  basic  advantage  of  inertial  systems  —  their  self-contained 
character.  However,  in  a  number  of  cases,  application  of  combined  systems  permits 
solution  of  problem  of  navigation  of  objects  with  smaller  requirements  for  accuracy 
of  separate  elements  and  subassemblies  of  the  system;  this  leads  to  decrease  of 
weights,  dimensions,  and  also  cost  of  the  system  as  a  whole.  Subsequently,  we  will 
consider  only  gyro  inertial  navigational  systems.  Those  wishing  to  become  acquainted 
with  combined  navigational  systems  we  refer  to  the  corresponding  literature  (see, 
for  instance,  [142,  149,  117]) • 

Types  of  inertial  systems.  The  classification  given  below  of  INS  is  to  a  cer- 
i  in  extent  arbitrary  and  is  based  on  propositions  accepted  In  a  number  of  works  on 
inertial  navigation  (see,  for  instance,  [149*  121,  142,  162,  117]).  As  the  basis  of 
classification  of  INS  it  is  possible  to  uses 

1)  purpose  of  system; 

2)  applied  type  of  QDj 

3)  location  of  QSPj 

4)  method  of  erection  of  vertical j 

5)  orientation  of  axes  of  sensitivity  of  accelerometers  in  azimuth) 

6)  magnitude  of  period  of  natural  oscillations  of  the  vertical) 

7)  method  of  damping  of  oscillations  of  vertical. 

Depending  upon  purpose,  we  distinguish  the  following  INSt 

a)  working  in  readout  modej 

b)  working  in  mode  it  control  of  object. 
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Depending  upon  type  of  GD  applied,  +o  provide  for  reproduction  of  terrestrial 

# 

or  inertial  systems  of  coordinates,  we  distinguish! 

a)  INS  using  astatic  gyroscopes  with  two  or  three  degrees  of  freedom,  operat¬ 
ing  in  readout  mode  or  in  mode  of  active  stabilization; 

b)  INS  using  positional  gyroscopic  devices,  for  instance  the  gyro  horizon 
compass. 

In  inertial  systems  of  the  first  type,  the  condition  of  undisturbability  of 
system  by  accelerations  of  object  is  ensured  by  means  of  artificial  simulation  of 
physical  pendulum  with  period  of  84.4  minutes.  In  inertial  systems  of  the  second 
type,  the  condition  of  undisturbability  is  realized  by  means  of  realization  in  the 
gyro  horizon  compass  of  the  condition  of  aperiodic  transitions  by  means  of  selec¬ 
tion  of  appropriate  parameters  of  the  instrument. 

In  Inertial  systems  one  of  basic  elements  is  gyro-stabilized  platform.  De¬ 
pending  upon  location  of  GSP,  we  distinguish! 

a)  INS  with  gyro-stabilized  platform  oriented  along  axes  of  terrestrial  sys¬ 
tem  of  coordinates;  here  GSP  coincides  with  plane  of  horizon  and  retains  its  as¬ 
signed  azimuthal  direction; 

b)  INS  with  GSP  oriented  along  axes  of  inertial  system  of  coordinates;  here 
GSP  retains  constant  position  in  inertial  space,  which  is  connected  with  the  motion¬ 
less  stars. 

Basic  characteristic  of  INS  Is  method  of  construction  of  vertical;  depending 
upon  this,  we  distinguish  the  following  INSi 

a)  with  gyroscopic  vertical; 

b)  with  mechanical  (geometric)  vertical  erector; 

c)  with  analytic  vertical  erector. 


* 

By  terrestrial  system  of  coordinates  we  will  understand  the  coordinate  sys¬ 
tem,  two  axes  of  which  are  located  in  plane  of  geocentric  horizon,  and  whose  third 
axis  is  directed  along  radius  of  Earth,  i.e.,  along  geocentric  vertical.  Orienta¬ 
tion  of  axes  of  Inertial  system  of  coordinates  will  be  stipulated  further  on. 

#  * 

The  division  of  inertial  systems  into  the  types  shown  in  Par.  a  and  b  is  to 
a  certain  extent  arbitrary,  since  the  gyroscope  also  is  a  mechanical  device. 

However,  here  there  is  stressed  the  circumstance  that  the  vertical  in  one  case  (Par. 
a)  Is  reproduced  with  the  help  of  gyroscopes,  and  in  the  other  (Par,  b)  with  the 
help  of  an  erector  without  the  use  of  gyroscopes. 
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In  INS  with  gyroscopic  vertical,  accelerometers  (usually  two)  are  installed 
on  GSP  and  a^e  connected  with  it  by  an  integral  correction  circuit,  thanks  to  which 
the  GSP  is  oriented  in  terrestrial  system  of  coordinates,  i.e.,  preserves  its  hori¬ 
zontal  position  and  also  its  assigned  orientation  in  azimuth.  Parameters  of  motion 
of  the  object  and  its  coordinates  are  determined  analytically  with  help  of  a  com¬ 
puter.  Considering  what  has  been  said,  such  an  inertial  system  sometimes  is  called 
semianalytic  [121]. 

In  INS  with  mechanical  (geometric)  vertical  erector,  accelerometers  are  in¬ 
stalled  on  the  platform,  which  composes  together  with  them  a  vertical  erector  In 
which  the  vertical  is  reproduced  on  the  basis  of  readings  of  the  accelerometers 
without  the  application  of  gyroscopes.  The  GSP  in  the  system  is  oriented  along 

axes  of  inertial  system  of  coordinates;  GSP  is  used  for  "memorization"  of  position 

# 

of  vertical  at  the  initial  moment.  Coordinates  of  object  are  determined  by  means 
of  measurement  of  angles  of  turn  of  erector  of  vertical  relative  to  GSP.  There  to 
this,  such  an  inertial  system  is  sometimes  called  geometric  [121]. 

In  INS  with  analytic  erector  of  vertical,  accelerometers  (usually  three)  are 
installed  on  the  GSP,  which  is  oriented  along  axes  of  inertial  system  of  coordinates. 
Corrections  In  readings  of  accelerometers  for  accelerations  due  to  forces  of  gravi¬ 
tation  are  taken  into  account  when  necessary  with  help  of  external  correction  or 
by  means  of  autocompensation.  On  the  basis  of  accelerations  measured  by  accelero¬ 
meters  and  corrected  for  accelerations  due  to  forces  of  gravitation,  there  is  pro¬ 
duced  determination  of  vertical  by  the  analytic  method,  which  is  used  also  for 
finding  of  coordinates  of  the  object.  Therefore,  the  considered  Inertial  system 
Is  sometimes  called  analytic  [121,  142], 

In  an  IN?  with  gyroscopic  vertical,  axes  of  sensitivity  of  accelerometers  can 
have  different  orientation  in  plane  of  horizon,  i.e.,  different  azimuthal  orienta¬ 
tion.  Depending  upon  it,  we  distinguish  the  following  INS: 

a)  with  geographic  orientation; 

b)  with  orthodromic  orientation; 

c)  with  free  orientation  in  azimuth; 


* 

GSP  are  not  always  used  in  INS  with  mechanical  vertical  erector  for  memori¬ 
zation"  of  plane  of  horizon  at  the  initial  moment.  If  the  GSP  has  equatorial 
orientation,  then  it  indicates  plane  of  the  equator. 


d)  with  compass  and  arbitrary  orientations  of  axes. 

In  INS  with  geographic  orientation  axes  of  sensitivity  of  accelerometers  are 
directed  along  north-south  and  west-east  axes,  and  determine  components  of  acceler¬ 
ation  of  the  object  along  these  axes.  By  means  of  subsequent  integration  of  these 
accelerations  and  further  mathematical  transformations  with  help  of  a  computer,  we 
obtain  latitude  and  longitude  of  position  of  object. 

In  INS  with  orthodiomic  orientation,  axes  of  sensitivity  of  accelerometers  are 
directed  along  axes  of  assigned  orthodrome  of  motion  of  the  object  and  perpendicular 
to  it  and  determine  components  of  acceleration  of  the  object  along  these  axes.  Sub¬ 
sequent  integration  of  these  accelerations  and  mathematical  transformations  with  the 
help  of  a  computer  make  it  possible  to  determine  path  passed  over  by  the  object  along 
the  assigned  orthodrome,  and  also  Bhift  of  object  in  direction  perpendicular  to  the 
orthodrome. 

In  INS  with  free  orientation  in  azimuth,  axes  of  sensitivity  of  accelerometers 
have  in  plane  of  horizon  constant  orientation  relative  to  inertial  space.  Thus  they 
will  revolve  relative  to  plane  of  meridian  around  the  local  vertical  with  angular 
velocity  p  expressed  by  relationship  (1.2.28) 

(11.6.8) 

Accelerometers  determine  components  of  acceleration  of  the  object  along  axes 
of  Inertial  system  of  coordinates.  According  to  readings  of  accelerometers  the 
computer  produces  shifts  of  the  object  along  the  given  Inertial  axes. 

For  transition  from  a  system  of  coordinates  which  is  free  in  azimuth  to  a 
geographic  system  of  coordinates,  we  must  take  into  account  angle  p,  which  is 
determined,  according  to  (11,6.8),  by  expression 

t 

tgrj*.  (11,6.9) 

In  INS  with  compass  orientation,  axes  of  sensitivity  of  accelerometers  are 
directed  along  the  axis  which  forms  the  angle  of  velocity  error  (§  11.5,  Par.  4b) 
with  the  plane  of  the  true  meridian,  and  along  the  axis  perpendicular  to  it. 

In  INS  with  arbitrary  orientation,  axes  of  sensitivity  of  accelerometers  can 
rotate  in  plane  of  horizon  according  to  an  arbitrarily  assigned  law. 


f  —  f  -f-  -y 
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Depending  upon  period  of  oscillations  cf  inertial  vertical,  we  distinguish 
the  following  INSi 

a)  with  period  of  natural  oscillations  of  vertical  of  84.4  minutes; 

b)  with  period  of  natural  oscillations  of  vertical  differing  from  84.4  min, 

By  means  of  us  of  external  information,  in  principle  it  is  possible  to  create 

an  inertial  system  with  period  of  natural  oscillation  of  vertical  differing  from 
84.4  min.  which  retains  the  property  of  undisturbability  by  accelerations  of  the 
object. 

Finally,  in  dependence  upon  the  method  of  damping  of  natural  oscillations  of 
the  vertical,  we  can  distinguish  the  following  INS; 

a)  with  damping  of  oscillations  of  vertical  with  the  help  of  internal  forces; 

b)  with  damping  of  oscillations  of  the  vertical  by  means  of  use  of  external 
information. 

The  given  division  of  INS  has  basically  a  methodological  purpose  and  is  given 
to  make  the  subsequent  account  more  systematic. 

c)  Methods  of  Construction  of  Vertical  in  INS 

As  was  shown,  a  basic  characteristic  of  INS  is  method  of  construction  in  it 
of  the  local  vertical.  Depending  upon  this,  we  distinguish  inertial  systems  with 
gyroscopic  vertical,  with  mechanical  (geometric)  vertical  erector,  with  analytic 
vertical  erector. 

Let  us  turn  to  characteristics  of  corresponding  schemes  of  INS  and  to  a  short 
mathematical  explanation  of  them. 

Inertial  system  with  gyroscopic  vertical.  This  type  of  INS  is  characterized 
by  the  fact  that  the  vertical  in  it  is  constructed  with  the  help  of  gyroscopes  by 
means  of  artificial  simulation  of  an  undisturbed  physical  pendulum  with  period  of 
natural  oscillations  of  84.4  minutes  according  to  the  scheme  of  Ye.  B.  Levental*, 
which  consists  of  gyroscopes,  accelerometers  and  integrators  and  constitutes  a 
closed  dynamic  system.  On  the  QSP  there  are  installed  accelerometers  (usually  two) 
which  measure  horizontal  accelerations  of  the  object;  the  latter  are  integrated, 
and  corresponding  signals  are  introduced  to  torquers  of  the  GSP;  due  to  this  it  pre- 
cesses  following  after  the  local  vertical;  i.e.,  it  retains  its  horizontal  position. 
As  was  indicated,  such  a  method  of  correction  of  the  GSP  has  the  name  of  integral 
correction.  By  means  of  selection  of  corresponding  transmission  coefficients  of 
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the  system,  it  is  possible  in  practice  to  realize  the  condition  of  undisturbability 
of  the  vertical  by  horizontal  accelerations  of  the  object.  The  obtained  gyroscopic 
vertical  by  horizontal  accelerations  of  the  object.  The  obtained  gyroscopic  vertical, 
which  is  frequently  called  the  inertial  vertical,  is  the  basis  of  the  considered  type 
of  INS, 

For  explanation  of  principle  of  construction  of  gyroscopic  vertical  with  use 
of  integral  correction,  we  will  use  a  simple  scheme  of  gyrovertical  (Fig.  2.16), 
which  is  based  on  three-degree-of-freedom  astatic  pendulum  gyroscope,  often  modify¬ 
ing  it  and  somewhat  supplementing  it  with  new  elements. 


Fig.  11.22.  Fundamental  scheme  of  undisturbable  GV 
with  integral  correction. 


Fundamental  scheme  of  undisturbable  QV  with  integral  correction,  which  simu¬ 
lates  physical  pendulum  with  period  of  84.4  minutes,  is  shown  in  Fig.  11.22.  Let 
us  assume  that  as  the  gyroscopic  device  there  is  used  a  sufficiently  "powerful" 
astatic  gyroscope  with  three  degrees  of  freedom.  On  its  gyrohousing  there  are 
located  accelerometers  AN  and  A£.  Since  axes  0|t^  will  be  considered  to  be  criented 
geographically  (axis  Oq  -  to  the  north,  axis  0£  -  to  the  east,  axis  0£  —  along  the 
geocentric  vertical,  i.e.,  along  radius  of  the  Earth),  then  axis  of  sensitivity  of 
accelerometer  AN  will  be  directed  towards  north,  and  that  of  accelerometer  A£  — 
to  the  east.  Initial  position  of  axes  Oxyz,  which  are  connected  with  gyrorotor,  and 
of  axes  0^T)C  is  shown  in  Fig.  11.22.  Position  of  axis  Oz  of  gyroscope  relative  to 
vertical  direction  OC  assigned  to  it,  or,  which  Is  the  same,  position  of  Resal  axes 
Ox^z  (Fig.  1.6)  relative  to  is,  determined  by  angles  a  and  P,  which  are  errors 
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of  the  GV 


For  composition  of  equations  of  motion  of  the  GV  we  will  use  shortened  Euler 
equations  (1.6.9)* 

Jfy-Af,,;  —  Hpx  ■*  Mft,  (11.6.10) 


where  for  and  q1>  taking  into  account  induced  motion  of  axes  0£t)£,  and  consi¬ 
dering  a  and  p  to  be  small,  we  have 

Pi  —  «c*  I  (11.6.11) 

Projections  u^,  u^,  u^  of  induced  angular  velocity  u  of  axes  01*  ^  for  geo¬ 
graphic  orientation  of  axes  0£  and  0t)  are  determined  by  relationships  (1.2.25). 

For  clarification  of  principle  of  integral  correction  of  a  GV  we  will  consider 

.  * 
the  Earth  to  be  non-rotatingj  then,  according  to  (1.2.25),  we  will  obtain 


<1 


« 


(11.6.12) 


Putting  (11.6.12)  in  (11.6.11)  and  disregarding  for  not  too  large  latitudes 
the  small  terms  u^a  and  u^P,  we  have  approximately 


Pi 


**-  +  f  • 


(11.6.15) 


As  torques  Mx  and  we  will  consider  only  torques  M„o),  ^  and  K-,or  y>  which 
are  applied  to  the  GV  by  the  system  of  integral  correction,  i.e.. 


AJ,  -Af:  M  =  Af  .  (11.6.14) 

Let  us  find  expressions  for  torques  M  and  M._  ,  ,  .  For  this,  in  accordance 

tOl  X  JO i  ^ 

with  the  diagram  in  Fig.  11.22,  it  1s  necessary  to  know  accelerations  determined 

by  accelerometers  A.,  and  A„j  then  correcting  torques  M  and  M  will  be  pro- 

J  N  E  ^  cor  x  cor  y  1 

portional  to  Integrals  of  readings  of  the  accelerometers.  Accelerations  a  and 

X1 

a  ,  which  are  measured  by  accelerometers  along  Resal  axes  Ox.  and  0y.  (Fig.  1.6), 

yl 

if  we  consider  matrix  (6.2.5),  will  be  determined  by  relationships 


* 

For  illustration  of  the  basic  properties  of  an  inertial  vertical,  the  Earth 
is  taken  as  a  sphere  with  radius  Rj  consideration  of  the  non-spherical  nature  of 
the  Earth  is  discussed  further  on. 
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-  ri  -  Ft  +  ft)  *:  a,,  ”  ~  (*’:  +  ft)  ?■ 


(11.6.15) 


where  W^,  W^,  —  components  of  total  linear  acceleration  of  point  0; 

gQ  —  acceleration  due  to  force  of  terrestrial  gravitation. 

Since  during  horizontal  motion  of  the  object  «  gQ,  then  instead  of  (11.6.15) 
we  will  obtain 

ftp.  (11.6.16) 


Disregarding  components  of  induced  and  Coriolis  accelerations,  according  to 
(2.2.28),  for  Wjj  and  Wt  we  have  approximately 

r  IT  (11.6.17) 

where  vE  and  vN  are  components  of  acceleration  of  object  relative  to  Earth. 
Considering  (11.6.17),  we  will  rewrite  (11.6.16)  in  the  form 

oa  •*-**-« o?-  (11.6.16) 


Accelerations  a  and  a  proceed  to  integrators  I_  and  IT  (Fig.  11.22)] 

X1  yl  XE  XN 

output  signals  from  integrators  are  introduced  into  torquers  TQ.  ai.d  TQ1.  The 
latter  apply  to  the  gyroscope  corrective  torques  Mcor  x  and  Mcor  ,  which,  if  we 
consider  what  has  been  said  and  relationship  (11.6.18),  will  be  determined  by  the 
following  expressions i 


I 

‘fV ' 

I 


(11.6.19) 


where  p.  Is  some  proportionality  factor. 

Taking  into  account  (11.6.13),  (11.6.14)  and  (11.6,19),  we  will  rewrite  equa 
tions  (11.6.10)  in  the  form 


(11.6.20) 
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-  j  W&H 


whence  after  differentiation  we  will  obtain 


If  the  following  condition  is  satisfiedt 

j L.± 

H  R 

then  instead  of  (11.6.21)  we  have 

i+t*  =  o 


(11.6.21) 


(11.6.22) 


(11.6.23) 


It  follows  from  this  that  when  condition  (11.6.22)  1b  satisfied,  the  GV  is 
not  disturbed  by  horizontal  accelerations  of  the  object.  Frequency  of  natural 
sustained  oscillations  of  GV 

(11.6.24) 

period  T.  of  oscillations  of  GV,  i.e.,  of  the  inertial  vertical,  will  be 

Tm  b  -—  *=  2«  J^/" ~  s=  5064  sec.  *=  84,4  min..  (11,6.25) 

Consequently,  integral  correction,  when  there  is  satisfied  the  condition  of 
undisturbabillty  (11.6.22),  provides  simulation  of  the  pendulum  of  M.  Schuler.  If 
at  the  initial  moment  axis  Oz  of  the  gyroscope  is  established  exactly  along  the 
geocentric  vertical  0£,  i.e.,  at  t  =  0  a(0)  =  P(0)  =  0  and  a(0)  =  $(0)  =  0  then  in 
the  future  the  axis  of  the  gyroscope  will  follow  the  indicated  vertical  independently 
of  the  accelerations  of  the  object.  If  initial  conditions  differ  from  zero,  then 
axis  of  gyroscope  accomplishes  sustained  oscillations  with  the  period  of  M.  Schuler 
near  the  vertical. 

Besides  erection  of  the  vertical,  in  the  considered  scheme  after  the  first  in¬ 
tegrators  we  obtain  northern  vN  and  eastern  v£  components  of  velocity  of  the  object. 
This  permits  us  (by  means  of  application  in  the  inertial  system  of  second  inte¬ 
grators  and  computer) ,  by  the  same  method  as  in  the  scheme  in  Fig.  11.21,  to  deter¬ 
mine  latitude  <p  and  longitude  X  of  position  of  the  object  and  its  heading. 
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In  the  above  considered  case,  we  for  simplicity  did  not  consider  diurnal  ro¬ 
tation  of  the  Earth.  If  we  take  it  into  account,  then  the  inertial  vertical  will 
have  certain  velocity  (systematic)  errors,  which  in  systems  of  inertial  navigation 
usually  are  compensated.  Analysis  of  these  errors  is  given  further  on. 

In  order  to  realize  undisturbability  of  the  inertial  vertical  by  horizontal 
accelerations  of  the  object,  it  is  necessary  to  satisfy  condition  (11.6.22),  i.e., 
to  select  corresponding  value  of  transmission  coefficient  uj  this  is  fully  possible 
in  practice.  In  distinction  from  this,  the  condition  of  undisturbability  of  GV 
of  the  gyropendulum  type  is  difficult  to  satisfy  (§  11.4,  Par.  4).  This  fact  con¬ 
stitutes  one  of  the  essential  advantages  of  inertial  verticals  over  verticals  of 
the  gyropendulum  type.  We  will  note  that  equations  (11.6.2?)  of  motion  of  inertial 
vertical  (Pig.  11.22)  coincide  with  equations  (11.4.71)  of  natural  oscillations  of 
the  gyropendulum  for  which  velocity  and  ballistic  errors  are  compensated. 

More  detailed  analysis  of  Inertial  system  with  GV  will  be  given  further  on. 

Inertial  system  with  mechanical  (geometric)  vertical  erector.  This  type  of 
inertial  system  is  characterized  by  the  fact  that  the  local  vertical  in  11  is  ob¬ 
tained  not  with  the  help  of  gyroscopes,  but  with  help  of  a  geometric  erector,  on 
the  platform  of  which  there  are  located  accelerometers.  The  gyroscopic  device  used 
in  the  system,  in  the  form  of  a  GSP,  is  oriented  along  the  axes  of  the  inertial 
system  of  coordinates.  Thus,  the  GSP  is  used  for  "memorization"  of  the  position 
of  the  vertical  at  the  initial  moment. 


Let  us  consider  the  principle  of  operation  of  the  mechanical  (geometric') 
erector  of  the  vertical  (VE)  and  clarify  the  condition  of  undisturbability  of  the 
system  by  accelerations  of  the  object.  For  simplicity  we  will  consider  erection 
of  the  vertical  only  in  one  plane.  Let  us  assume  that  the  object  moves  along  the 


arc  of  a  groat  circle,  i.e.,  along  an  orthodrome j  rotation  of  the  Earth  we  will  not 
consider  in  the  beginning. 

Simplified  fundamental  scheme  of  mechanical  erector  of  the  vertical  is  shown 
in  Pig.  11.23.  On  the  platform  of  the  VE  there  is  installed  an  accelerometer  A, 
axis  of  sensitivity  of  which  is  directed  along  trajectory  of  motion  of  the  object. 
The  signal  taken  from  the  accelerometer  proceeds  to  the  first  and  second  integra¬ 
tors  Ij  and  Ij-  and  further,  through  the  computer,  to  motor  Mo;  the  latter  rotates 
the  platform  of  the  VE  relative  to  the  QSP  by  angle  7,  which  is  proportional  to  the 
second  integral  of  the  horizontal  accelerations  of  the  object  (i.e.,  to  path  passed 
over  by  the  object  S),  if  we  assume  that  at  the  initial  moment  both  platforms  are 
horizontal. 

Actually,  if  at  the  initial  moment  platform  of  VE  coincides  with  the  QSP  and 
occupies  horizontal  position,  then  acceleration  measured  by  the  accelerometer  a 

is  equal  to  horizontal  acceleration  v  of  the  object* 

(11.6.26) 

At  the  output  of  first  and  second  integrators 
respectively  we  will  obtain 

where  S  is  path  passed  over  by  the  object. 

Angle  7  of  turn  of  platform  of  the  VE  relative  to  the  GSP,  according  to  the 
diagram  in  Fig.  11.23,  will  be 


(11.6.27) 


Fig.  11.24.  Position  of 
VE  and  GSP. 


T“ 


(11.6.28) 


where  x  is  p  import  tonality  factor. 

From  Fig.  11.24  it  follows  that  in  order  to  make  platform  of  VE  horizontal 
during  motion  of  the  object,  angle  7  should  be  determined  by  relationship 


T- 


(11.6.29) 


Then,  according  to  (11.6,28)  and  (11.6.29),  we  have 


s 


£ 

* 
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or,  considering  (11.6.27), 


(11.6.50) 


1 

*“  R  * 

Consequently,  when  condition  (11*6,50)  is  satisfied,  platform  of  VE  will  re¬ 
main  horizontal,  independently  of  accelerations  of  the  object;  i.e.,  equality 
(11.6.5C)  is  the  condition  of  undisturb  ability  of  the  VE  by  horizontal  accelera¬ 
tions  of  the  object. 

It  is  easy  to  show  that  the  VE  constitutes  an  oscillatory  system  with  period 
of  84.4  minutes;  i.e.,  it  simulates  the  pendulum  of  M.  Schuler.  Let  us  assume  that 
at  initial  point  (Pig.  11.24)  platform  of  the  VE  and  the  GSP  coincide  with  plane 
of  horizon.  At  a  certain  current  point  M2  the  GSP  retains  constant  its  initial 
position  in  inertial  space,  but  platform  of  VE  deviates  from  plane  of  horizon  (de¬ 
picted  at  point  M2  of  the  dotted  line)  by  angle  6.  Then  the  reading  of  the  accel¬ 
erometer,  by  analogy  with  (11.6.1 6),  will  be 

a -if— g£. 

At  the  output  of  the  second  integrator  we  will  obtain  the  quantity 

which  should  be  proportional  to  the  angle  between  platform  of  VE  and  GSP;  the 
latter  is  equal  to  (7  +  P) ,  Then,  by  analogy  with  (11.6.28),  we  have 

T  +  (11.6.51) 

or,  considering  (11.6.29)# 

?  +  (11.6.52) 

After  differentiating  twice  we  obtain 

p+ ■!■-*(»- *«?) 

•  •  e 

or,  since  S  =  v, 

P  +  *(*—  j)-  (11.6.55) 

If  condition  (11.6,50)  is  satisfied,  then  instead  of  (11.6.55)  we  will  obtain 
equation  of  sustained  oscillations  of  platform  of  VE  with  the  period  of  M.  Schuler 
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[ see  (11.6.25)] 


P+yP*=0-  (11.6.54) 

Consequently,  when  condition  (11,6.50)  Is  satisfied,  the  VE  Is  undisturbable 
by  accelerations  of  the  object,  i.e«,  In  inertial  systems  with  mechanical  (  met- 
r.'u  )  VE,  there  is  artificially  simulated  the  pendulum  of  M,  Schuler,  Just  as  in 
Inertial  systems  with  GV.  If  at  initial  moment  the  platform  of  the  VE  is  horizon¬ 
tal  and  in  the  system  there  is  satisfied  condition  (11.6.50),  then  subsequently 
the  platform)  independently  of  accelerations  of  the  object,  will  retain  its  hori¬ 
zontal  position,  i.e.,  we  obtain  a  mechanical,  or  geometric,  erector  of  the  local 
vertical. 

In  an  actual  system  on  the  platform  of  the  VE  there  have  to  be  installed  two 
accelerometers,  axes  of  sensitivity  of  which  are  mutually  perpendicular.  Further¬ 
more,  platform  of  VE  should  ensure  the  given  orientation  of  axes  of  sensitivity  of 
accelerometers  in  plane  of  horizon.  Consequently,  inertial  system  with  mechanical 
(geometric)  VE  should  have  two  Cardan  suspensions:  one  for  installation  of  plat¬ 
form  of  the  VE,  and  the  other  for  suspension  of  the  GSP.  Let  us  note  that  in  an 
inertial  system  with  gyroscopic  vertical  there  is  applied  only  one  Cardan  suspen¬ 
sion. 

In  the  considered  inertial  system,  there  are  made  very  high  requirements  of 
the  accuracy  of  the  GSP.  Here  the  gyroscopic  system  operates  under  more  complicated 
conditions,  which  are  caused  by  the  variable  action  of  gravitational  field  of  the 
Earth,  since  the  GSP  should  retain  constant  orientation  in  inertial  space.  A  con¬ 
siderable  Increase  of  accuracy  of  GSP  can  be  obtained  in  the  given  system  with  the 
help  of  so-called  astro-correction.  For  this,  on  the  GSP  we  install  two  telescopes 
with  servo  systems,  which  correct  position  of  the  GSP  by  means  of  sighting  of 
celestial  bodies.  In  this  case,  requirements  of  accuracy  of  the  GD  can  be  lower 
than  in  a  gyroinertial  navigational  system. 

In  an  inertial  system  with  mechanical  (geometric)  VE  coordinates  of  the  object 
are  determined  by  means  of  measurement  of  angles  of  turn  of  platform  of  VE  relative 
to  the  GSP.  In  reference  to  the  scheme  represented  in  Fig.  11.25,  this  can  be  ex¬ 
plained  in  the  following  way:  Let  us  assume  that  the  object  moves  in  plane  of 
meridian;  then  the  path  S  passed  over  by  it  is  proportional  to  change  Acp  of  local 
latitude: 


442 


(11.6.55) 


or,  if  we  consider  (11.6.29)  (see  Fig.  11.24), 

if  aj,  ( 11.6.56) 

i.e.,  angle  7  of  turn  of  platform  of  VE  relative  to  GSP  (Fig.  11.25)  is  equal  to 
change  of  latitude  A<p  of  position  of  the  object.  Therefore,  quantity  Acp  is  di¬ 
rectly  taken  from  the  VE.  In  connection  with  this,  the  considered  inertial  system 
is  sometimes  called  geometric  [121],  Application  in  it  of  GSP  provides  a  reference 
for  measurement  of  angle  7  of  turn  of  platform  of  the  VE,  which  is  proportional  to 
path  passed  over  by  the  object.  Question  about  determination  of  coordinates  of  an 
object  in  the  general  case  of  its  motion  with  the  help  of  inertial  system  of  the 
geometric  type  will  be  considered  further  on. 

Inertial  system  with  analytic  vertical  erector.  In  this  system  with  analytic 
vertical  erector.  In  this  system  there  is  applied  a  GSP  oriented  along  axes  of 
inertial  system  of  coordinates;  on  the  GSP  there  are  installed  three  accelerometers. 
Readings  of  accelerometers  are  corrected  for  accelerations  due  to  forces  of  gravi¬ 
tation  with  the  help  of  external  correction  of  auto  compensation.  Erection  of  the 
vertical  is  carried  out  by  the  analytic  method.  Coordinates  of  object  are  deter¬ 
mined  on  the  basis  of  readings  of  accelerometers  corrected  for  accelerations  due  to 
forces  of  gravitation. 

Let  us  consider  the  principle  of  action  of  the  analytic  VE.  For  simplicity  we 
will  consider  that  the  object  moves  along  the  arc  of  a  great  circle;  rotation  of 
the  Earth  will  not  be  considered.  In  Fig.  11.25  there  are  shown  axes  OxQyQZ0  of 
the  inertial  system  of  coordinates,  relative  to  which  the  GSP  maintains  constant 
orientation.  In  the  considered  case  we  assume  that  on  the  GSP  there  are  installed 
two  accelerometers,  axes  of  sensitivity  of  which  coincide  respectively  with  axes 
0yQ  and  0zQ.  On  the  same  figure  there  are  shown  axes  0£rj£  of  the  terrestrial  sys¬ 
tem  of  coordinates  (axis  —  the  geocentric  vertical  —  is  directed  along  the  radius 
of  the  Earth);  angle  of  rotation  of  axes  relative  to  Ox0yQZ0  we  will  designate 

by  7q.  Let  us  introduce  also  axes  Oxyz,  which  are  turned  relative  to  terrestrial 
axes  by  angle  P;  and  relative  to  Inertial  axes  0x0y0z0  by  angle  7;  axis  Oz  is 

the  instrument  vertical,  which  is  reproduced  by  the  analytic  VE;  i.e.,  Oz  is  the 

"analytic"  vertical.  Consequently,  angle  P  is  error  of  analytic  VE;  thus, 

T-Te  +  P*  (li.6.57) 
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In  the  considered  case  the  object  move*  with 
acceleration  v  along  axis  0t|;  acceleration  due 
to  force  of  terrestrial  gravitation  directed  along 
axis  0 £  will  be  designated  by  gQ. 

We  will  compose  equation  of  motion  of  iner¬ 
tial  mass  m  of  accelerometer  relative  to  the 
motion  system  of  coordinates: 

mv  —  mg0  +7 

where  mg0  —  force  of  terrestrial  gravitation] 

T  —  force  of  elastic  deformation  of  spring  connecting  mass  m  with  housing 
of  accelerometer. 

We  will  designate  acceleration  miasured  by  the  accelerometer  by  "a;  it  is  pro¬ 
portional  to  force  f,  i.e.,  a  =  ^  f,  Then  the  above  equation  can  be  written  in  the 
form 

-*  T*  -* 

By  projecting  the  obtained  vector  equality  onto  axes  0yQ  and  0zQ,  we  find  ex¬ 
pressions  for  accelerations  a  and  a  ,  measured  by  the  accelerometers  along  in- 

y0  z0 

ertial  axes  0yQ  and  0z0,  in  the  form 

fl*-,,*cos?o  +  tfos*n7o'*  »»n To  +  ft cos V  (11.6.38) 


Fig.  11.25.  Erection  of  analy¬ 
tic  vertical. 


Accelerations  a  and  a  are  projected  onto  axes  Oy  and  Oz  of  the  analytic 
y0  z0 

VE,  and  with  the  help  of  the  computer  is  there  determined  angle  7  of  turn  of 
"analytic"  vertical  relative  to  inertial  system  of  coordinates.  Reaxly,  by  project¬ 
ing  a  and  a  into  axis  Oy,  we  will  obtain  acceleration  a  in  the  form 

y0  0  y 

“  afcc<»  t  —  *in  t.  (11.6.39) 


By  means  of  double  integration  of  acceleration  a  we  find  angle  7  of  turn  of 

J 

analytic  vertical  relative  to  its  initial  position,  when  the  object  is  at  point  M, 
i.e.,  by  analogy  with  (11.6,28)  we  have 


where  x  —  proportionality  factor. 


(11.6.40) 
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Angle  y  obtained  In  such  a  way  Is  used  in  relationship  (11.6.59)  -or  determi¬ 
nation  of  acceleration  a  .  Thus,  analytic  construction  in  computer  01  angle  y, 
which  characterizes  position  of  vertical,  is  carried  out  on  the  basis  of  equations 
(11.6.59)  and  (11.6.40)  with  the  bulk  of  the  well  known  method  of  a  "reduction  of 
balance thiB  is  directly  seen  from  the  block  diagram  in  Pig.  11.26. 


r 


Fig.  11.26.  Block  diagram  of  analytic  VE. 


It  is  easy  to  show  that  analytic  VE  is  an  oscillatory  system  with  period  of 
84.4  minutes,  i.e«,  it  simulates  the  pendulum  of  M.  Schuler.  For  this  we  will 
substitute  in  (11.6.40)  in  place  of  a  its  expression  (11.6.59);  considering 

v 

(11.6.58)  and  (11.6.57),  we  will  obtain  for  small  P  the  relationship 

+  g£)d'\  (11.6.41) 

which  is  analogous  to  (11.6.51). 

Formula  (11.6.41),  if  we  take  into  account  the  fact  that  (Fig.  11,25) 


can  by  the  same  method  as  (11.6.52)  easily  be  transformed  to  the  form  (11.6.55)  1 

If  there  is  satisfied  the  condition  of  undisturbability  (11.6.50) 


then  we  obtain 

i.e.,  analytic  vertical  accomplishes  sustained  oscillations  with  period  of  M. 
Schuler,  and  consequently,  is  undisturbed  by  horizontal  accelerations  of  the  object. 

Besides  erection  of  the  vertical,  in  the  system  there  is  determined  path  passed 
over  by  the  object  S.  Indeed,  the  value  of  S  worked  out  by  the  system  is  expressed 
by  relationship 
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S-R r. 


(11.6.42) 


or.  If  we  consider  (11.6.37)  and  the  above  formula 

S  -  /?(7,  +  ?)  =  *T.  +  W  =  So  +  *?.  ( H.6.43) 

where  SQ  —  true  value  of  path; 

RP  —  error  in  determination  of  path  caueed  by  error  P  in  erection  of  vertical. 

As  was  shown,  in  inertial  systems  with  analytic  VE,  there  appears  the  problem 
of  correction  of  readings  of  accelerometers  for  accelerations  due  to  forces  of 
gravitation.  More  detail  about  methods  of  solution  of  this  problem  in  the  general 
case  of  motion  of  the  object  will  be  given  further  on. 

Above  there  were  given  characteristics  of  different  methods  of  construction  of 
the  local  vertical  in  inertial  systems.  In  examining  of  certain  questions  of  theory 
of  inertial  verticals  and  their  errors,  we  will  mainly  consider  inertial  systems 
with  GV. 


2.  Dynamic  Characteristics  of  Inertial  Verticals  (IV) 

a)  Preliminary  Remark 

Dynamic  characteristics  of  IV  determined  by  its  differential  equations  and 
transfer  functions,  will  be  found  in  reference  to  an  inertial  system  with  gyro¬ 
scopic  vertical,  which  will  subsequently  be  called  an  inertial  vertical.  Orienta¬ 
tion  of  axes  will  be  taken  as  geographic,  in  which  axes  of  sensitivity  of  acceler- 
oraeters  are  directed  along  the  north-south  and  east-west  lines. 

Geometric  and  kinematic  parameters  of  IV,  if  we  consider  selection  of  Euler 
angles  according  to  Fig.  1.6,  will  be  the  same  as  for  GV  using  astatic  gyroscope 
with  ordinary  (not  integral)  pendulum  correction  (§  6.2,  Par.  1).  Only  expressions 
for  projections  u^,  u  ,  u^  of  angular  velocity  u  of  axes  0£t]£,  which  for  IV  are 
assumed  to  be  oriented  geographically,  will  differ,  since  for  the  GV  considered  in 
§  6.2  GV  they  were  connected  with  the  trajectory  of  the  object. 

In  the  beginning  we  will  give  dynamic  characteristics  of  the  accelerometer 
which  is  the  sensing  device  of  the  inertial  vertical. 

b)  Dynamic  Characteristics  of  Accelerometer 

Accelerations  measured  by  accelerometer.  Accelerometer  measures  accelerations 
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caused  by  non-gravitational  fore#*,  among  which,  for  Instance  in  reference  to  air¬ 
craft,  there  are  included!  thrust  of  motors,  drag,  lift,  and  others.  Accelerations 
due  to  forces  of  gravitation  are  not  measured  by  the  accelerometer,  since  they  act 
equally  on  lte  housing  and  on  its  sensitive  element.  As  the  rensltlve  element  there 
is  applied  a  certain  mass  connected  with  housing  of  the  instrument  with  the  help  of 
a  spring.  Therefore,  the  accelerometer  does  not  register,  for  example,  free  fall 
acceleration  of  the  body.  Due  to  this  peculiarity  of  the  accelerometer,  inertial 
systems  determine  distance  passed  over  by  the  object  (vehicle;  under  the  action  of 
nongravitational  forces,  but  do  not  take  into  account  distance  passed  over  under 
the  action  of  forces  of  gravitation.  This  leads  to  the  necessity  to  compensate  in 
inertial  systems  accelerations  due  to  forces  of  gravitation. 

We  will  clarify  what  has  been  said  with  several  simple  formulas;  thus,  we  con¬ 
sider  that  the  object  moves  near  surface  of  Earth.  Let  us  assume  that  sensing  de¬ 
vice  of  accelerometer  is  an  inertial  mass  connected  with  housing  of  the  instrument 
with  the  help  of  a  spring.  Readings  of  accelerometer  are  proportional  to  displace¬ 
ment  x  of  mass  m  relative  to  the  housing  of  the  instrument!  x  =  kax,  where  ax  is 
acceleration  measured  by  accelerometer  in  the  direction  of  input  axis  Ox,  i.e., 
acceleration  of  its  mass  relative  to  the  housing  in  the  direction  of  this  axis.  By 
analogy  with  the  preceding,  the  equation  of  motion  of  mass  m  of  accelerometer  rela¬ 
tive  to  motionless  system  of  coordinates  in  projections  onto  axis  Ox  will  be  written 
in  the  form 

(mo),  -  (mj  +  /),. 

or 

(7), (11.6.44) 

Since  (f)  «  cx  (c  is  stiffness  coefficient  of  spring,  and  x  is  displacement 

of  inertial  mass),  then,  designating  acceleration  measured  cy  accelerometer  along 

c  1. 

axis  Ox  by  ax  =  — x  =«  ^x,  we  have 

o,~W4-g9M,  (11.6.45) 


where  W  »  (v)  —  projection  of  absolute  acceleration  of  object  (vehicle)  onto 

*  x  axis  Oxj  1 

g0  «  (gQ)  —  projection  of  acceleration  due  to  force  of  terrestrial  gravi- 
ux  u  x  tation  (gravitational  acceleration)  onto  the  same  axis. 

From  formula  (11,6,45)  it  is  clear  that  accelerometer  measures  so-called 


apparent  acceleration,  i.e.,  difference  between  absolute  linear  acceleration  of  ob¬ 
ject  and  gravitational  acceleration*  If  axle  Ox  is  directed  vertically  upwards, 
then  gQ  ■  -gQ.  During  motion  of  object  vertically  with  acceleration  Wx  >  0  the 

accelerometer  measures  acceleration  ftx  “  Wx  +  gQ.  During  motion  of  object  downwards 
with  acceleration  Wx  <  0,  if  we  designate  in  this  case  the  projection  of  accelera¬ 
tion  of  object  onto  axis  Ox  by  -W,  we  will  write  the  expression  for  acceleration 
measured  by  the  accelerometer  in  the  form.  ftx  ■  -W  +  g0*  During  free  fall  of  body 
| W I  »  gQ,  and  consequently  a^  -  0,  i*e.,  the  accelerometer,  as  was  shown  earlier, 
does  not  register  free  fall  acceleration  of  the  body. 

Let  us  add  to  (11.6.44)  the  equation  of  motion  of  the  object  relative  to  in¬ 
ertial  system  of  coordinates;  this  equation  can  be  written  in  the  form 

Mi)  *=  Mg%  +  P, 

where  M  —  mass  of  object  (vehicle)  j 

v  —  absolute  acceleration  of  center  of  gravity  of  object; 

F  —  resultant  of  all  non-gravitational  forces  acting  on  the  object. 

From  tnls  equation  we  find 


By  substituting  the  last  equality  into  (11.6.44)  and  considering  (11.6.45), 
we  obtain 

As  was  shown,  the  accelerometer  measures  difference  between  absolute  accelera¬ 
tion  of  object  and  gravitational  acceleration.  This  difference  is  sometimes 

called  "thrust  acceleration,"  since  the  greatest  of  the  forces  acting,  for  instance, 
on  an  aircraft,  is  the  thrust  of  the  engine. 

If,  in  accordance  with  what  has  been  said,  the  axes  of  sensitivity  of  the 
three  accelerometers  is  directed  along  axes  0£,  Oq,  0£  of  coordinate  system  0{t)£, 
then  accelerations  measured  by  these  acclerometers  a^,  a  ,  a^  will  be 

*-*!“**  =  =  -*):•  (11.6.46) 

where  W^,  W  ,  —  components  of  absolute  acceleration  of  object  along  axes  0£t)£; 
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g o| ■»  g0r)#  g0£  -  components  of  gravitational  acceleration  along  the  same  axes. 

Prom  formulas  (11.6,46)  it  directly  follows  that  for  determination  of  components 
W^,  W^,  Wp  of  absolute  acceleration  of  the  object  along  axes  0£q£  it  is  necessary  to 
compensate  components  g^,  g0^,  gQ^  of  gravitational  acceleration.  In  INS  operating 
in  a  terrestrial  system  of  coordinates,  this  compensation  is  carried  out  by  means 
of  Installation  of  the  accelerometers  on  a  platform  gyro-stabilized  in  the  plane  of 
the  horizon.  In  INS  operating  in  inertial  system  of  coordinates,  accelerations  due 
to  forces  of  gravity  are  taken  into  account  with  the  help  of  external  correction  or 
auto  compensation. 

In  connection  with  the  above  noted  peculiarity  of  accelerometers,  sometimes  we 
say  that  they  determine  not  real  accelerations  of  the  object,  but  only  apparent 
accelerations;  therefore,  after  Integration  of  signals  from  accelerometers  we  ob¬ 
tain  not  real  velocities  and  displacements  of  the  object,  but  apparent.  For  finding 
of  real  values  of  velocities  and  displacements  of  the  object.  It  would  be  necessary 
for  instance,  to  Introduce  into  the  input  of  the  first  integrators  correcting  sig¬ 
nals  proportional  to  corresponding  components  of  accelerations  due  to  forces  of 
gravitation. 

Principle  of  operation  of  accelerometer  and  its  dynamic  characteristics.  As 
was  said,  sensitive  element  of  accelerometer  is  the  Inertial  mass,  which  usually 
with  the  help  of  a  spring  is  connected  with  housing  of  the  instrument,  and  conse¬ 
quently  also  with  the  body  of  the  object  (vehicle).  Accelerometers  are  divided 

into  linear,  or  axial,  and  pendulum.  In  the  linear  accelerometer,  acceleration  of 

the  object  is  determined  by  deflection  of  the  inertial  mass  along  axis  of  sensi¬ 
tivity  of  the  accelerometer;  in  the  pendulum  accelerometer,  acceleration  is  found 
by  angle  of  displacement  of  pendulum.  Subsequently  we  will  consider  the  linear 
accelerometer,  Bince  accelerometers  of  pendulum  type  were  considered  in  Chapter  4. 

Fundamental  scheme  of  linear  accelerometer  is  shown  in  Fig.  11.27.  Housing  of 
the  instrument  H  is  fixed  on  gyro-etabilized  platform.  Sensitive  element  of  the 
accelerometer  —  mass  M  —  is  connected  with  housing  H  by  spring  Sp.  Axis  Oq,  along 
which  mass  M  can  shift  is  axis  of  sensitivity,  or  input  axis.  Displacement  of  mass 
M  along  axis  Oq,  which  is  designated  further  by  x,  is  taken  in  the  form  of  a  voltage 
from  potentiometer  Pj  consequently,  x  is  the  output  variable.  Acceleration  of  ob¬ 
ject  along  axis  Oq  will  be  designated  a^  «  qj  It  is  for  the  accelerometer  the  Input 

variable.  For  damping  of  natural  oscillations  of  mass  M  there  serves  damper  D. 
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Differential  equation  of  motion  of  inertial  mass  M  can  be  written  in  a  form 
analogous  to  the  equation  of  motion  (4.3.12)  of  a  physical  pendulum  (pendulum 
accelerometer) , 

mx  +  bx  +  cx  =  rna^,  (11.6.47) 


where  m  —  magnitude  of  inertial  mass; 
b  -  damping  factor; 
c  —  stiffness  coefficient  of  spring. 

In  this  equation  there  is  not  contained  acceleration  due  to  forces  of  gravita¬ 
tion,  since  it  is  assumed  that  axis  0r\  is  located  strictly  horizontally.  In 
(11.6. 47)  there  is  also  not  considered  friction  or  influence  of  certain  other  factors 
for  instance  accelerations  due  to  rotation  of  the  object  around  its  center  of  gravity 
the  difference  between  accelerations  due  to  forces  of  gravitation  at  the  center  of 
gravity  of  the  object  and  at  the  place  of  installation  of  the  accelerometer,  and 
others  [142].  Let  us  represent  equation  (11.6,47)  in  the  form 

*+4-*  +  -=-*-^  iiue.kB) 

A 

Let  us  designate 

-»  n*  mx  —  (11.6.49) 

m  ' 

where  n  is  frequency  of  natural  sustained  oscilla- 

Fig.  11.27.  Schematic  diagram  tions  of  the  accelerometer 
of  linear  accelerometer. 
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Period  of  natural  oscillations  of  the  accelerometer  will  be 


Ratio  b/m  will  be  transformed  In  the  following  wayt 


(11.6.50) 


(11.6.51) 


*The  positive  direction  of  displacement  x  of  mass  M  in  the  presence  of  accelera¬ 
tion  a  of  the  object  is  chosen  ir  such  a  manner  that  for  a^  >  0  we  have  displace¬ 
ment  x  >  0. 
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M 


(11.6.52) 


=  2Cn, 


where 

'-Tib1  (“•«•») 

quantity  £  constitutes  relative  damping  factor. 

Considering  (11.6.49)  and  (11.6.52),  we  rewrite  equation  (11.6.48)  In  the 
following  way i 

z  +  Znx  +  n*x  -  a^.  (11.6.54) 

Let  us  represent  (11.6.54)  In  another  form;  for  this,  by  analogy  with 
(4.3.2 3),  we  will  lntorduce  time  constant  T  of  the  accelerometer 

T-J-.  (11.6.55) 

p 

Dividing  equation  (11.6.54)  by  n  and  considering  (11.6.55),  we  have 

Tti  +  T.Tx  +  x~  r*an.  (11.6.56) 

Applying  to  (11.5.56)  the  Laplace  transform,  we  will  obtain  the  expression 
for  transfer  function  of  the  accelerometer 


B7  (»)  —  -£<£L 

•,(») 


T» 

rv+2;rs+i  * 


(11.6.57) 


whence  It  follows  that  the  accelerometer,  similarly  to  the  physical  pendulum 
(Chapter  4)  and  the  gyrotachometer  (Chapter  8),  Is  an  oscillatory  network. 

In  the  position  of  static  equilibrium  (for  ■  const) 

*n-Pav  (11.6.58) 

i.e.,  displacement  of  Inertial  mass  of  accelerometer  relative  to  Its  housing  Is 
proportional  to  acceleration  a^  of  the  object. 

Considering  what  has  been  said,  for  frequency-response  characteristics  of  the 
accelerometer  we  can  easily  obtain  formulas  of  the  same  form  as  for  frequency- 
response  characteristics  of  physical  pendulum  and  gyrotachometer  (see  §  4.3,  Par.  3 
and  §  8.2,  Par.  3). 

There  exist  various  types  and  designs  of  accelerometers.  In  recent  years 
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accelerometers  of  camponsatlon&l  type  have  come  into  use,  analogous  in  concept  to 
gyrotachometere  with  zero  drive  (§  8.2,  Par.  7).  Creation  of  accelerometers  Intended 
for  INS  Is  a  very  complicated  problem  If  we  consider  that  of  such  accelerometers 
there  are  made  requirements  of  high  sensitivity,  large  range  of  measured  accelera¬ 
tions,  strict  linearity  of  readings.  Insensitivity  to  vibration  and  shock,  and  so 
forth.  Different  schemes  of  accelerometers  can  be  met  In  the  literature  (see,  for 
Instance,  [149,  117*  142,  108]). 

o)  Block  Diagram  of  an  IV 

As  was  shown  (Par.  1,  c),  the  position  of  the  IV  relative  to  the  geocentric 
vertical  Is  determined  by  angles  a  and  P.  In  connection  with  this,  block  diagram  of 
IV  consists  of  two  Identical  channels,  each  of  which  simulates  a  plane  physical  pendu¬ 
lum  with  period  of  84.4  minutes. 


Fig.  11.28.  Block  diagram  of  "northern"  channel' 
of  IV. 


Let  us  consider  the  block  diagram  of  the  "northern"  channel,  the  input  variable 

* 

of  which  is  the  northern  component  of  acceleration  of  the  object,  and  the  output 
variable  of  which  is  angle  P  of  turn  of  the  gyroscope.  Block  diagram  of  this  chan¬ 
nel  [142,  p.  458]  Is  shown  in  Fig,  11.28.  At  the  Input  of  the  system  there  enters 
the  northern  component  of  acceleration  vN  ■=  pvN  (P  =  dR  “  differential  operator), 
which  is  measured  by  the  northern  accelerometer  AN  with  transfer  coefficient  k^  = 

_  [t  is  time  constant  of  accelerometer,  see  (11. 6. 58)].  Readings  of  the  acceler¬ 
ometer  enter  the  firs',  integrator  IT  ,  the  transfer  characteristic  o'  which  is 

* 

Here  there  1b  considered  a  simplified  scheme  of  IV,  in  which  there  are 
considered  only  relative  accelerations  of  the  object. 
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k2 

—  (k2  —  transfer  coefficient  of  integrator) .  Output  signal  from  integrator  is 
transmitted  to  torquer  TQ,  Which  has  torque  transfer  coefficient  k^,  The  TQ  applies 
a  corrective  torque  to  gyroscope  G,  the  transfer  function  of  which  is  ^  (H  is  angu¬ 
lar  momentum  of  the  gyroscope),  i.e.,  the  gyroscope,  in  accordance  with  precessional 
theory,  is  considered  as  an  integrating  network.  Under  the  action  of  the  applied 
torque  the  gyroscope  precesses,  turning  relative  to  inertial  space  by  angle  B  , 
which  enters  adder  AD2. 

On  the  diagram  the  feedback  line  with  transfer  function - r  characterizes 

Rp^ 

turn  of  terrestrial  system  of  coordinates  relative  to  the  inertial  system.  At  the 
input  of  this  line  there  enters  acceleration  vN  *  pvN;  at  the  output  there  is  ob- 

VN 

tained  angle  Pturn  ■  which  determines  angle  of  rotation  of  terrestrial  system 
of  coordinates  relative  to  the  inertial  system.  Angle  P^urn  enters  adder  AD2, 
from  which  there  is  taken  the  relative  angle  B  ■  Ba  -  ^tum'  the  an8le  of  in" 

clination  of  the  gyroscope  together  with  the  accelerometer  AN  relative  to  plane  of 
the  horizon.  Due  to  this,  into  the  adder  AD,  there  proceeds  component  gQB  of  ac¬ 
celeration  due  to  gravity.  As  a  result,  accelerometer  A^  registers  acceleration 
ay^  ■  vN  -  gQQ  [see  (11.6.18)]. 

Using  the  block  diagram  shown  in  Fig.  11.28,  we  can  compose  the  equation  of 
the  IV  in  the  form 

(11.6.59) 
vN 

Let  us  replace  Ba  by  (Pturn  +  B)  J  considering  that  Pturn  *=  •gp  and  introducing 
the  designation 

(11.6.60) 


instead  of  (11.6.59)  we  will  obtain 

or  equation 

which  coincides  with  the  second  equation  (11,6.21). 
If  condition  (11.6.22)  is  satisfied,  we  have 


(11.6.61) 


(11.6.62) 
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(11.6.63) 


f+ff-o. 

i.e«,  tha  IV  Is  not  disturbed  by  horizontal  accelerations  of  the  object  (vehicle), 
d)  Equations  of  notion  of  IV 

Composition  of  differential  equations  of  motion  of  an  IV,  which  consists  in 
the  considered  case  of  a  gyro-stabilized  platform,  accelerometers  and  integrators, 
is  a  comparatively  complicated  problem  [142,  162,  165].  However,  in  the  first 
approximation,  for  demonstration  of  the  basic  properties  of  an  IV  it  is  possible  to 
be  limited  to  differential  equations  of  motion  of  simple  IV,  the  fundamental  scheme 
of  which  is  shown  in  Pig.  11.22.  Description  of  this  scheme  and  composition  of 
equations  on  the  assumption  that  the  Earth  does  not  rotate  was  given  in  Par.  1  of 
the  present  paragraph. 

For  composition  of  equations  of  motion  of  IV  taking  into  account  rotation  of 

the  Earth  and  all  accelerations  acting  on  the  IV  we  will  use  the  shortened  equations 

of  Euler  (11.6.10),  In  which  p^  and  q^  are  expressed  by  formulas  (11.6.11).  In  the 

latter,  projections  u^,  u^,  u^  of  induced  angular  velocity  u  of  axes  for  the 

geographic  orientation  of  axes  0?  and  0-rj  assumed  by  us  are  determined  by  relationship 

l,'1.2.2b).  As  torques  M  and  M  we  will  consider  only  torques  M 

xi  y-i 


cor  x 


and  M 


cor  y' 


which  are  applied  to  the  IV  by  the  system  of  integral  correction;  i.e.,  Mx  =  Mcor 


My^  =  Mcor  y  [see  (11.6.14)];  thus  M 


and  M  will  be  considered  to  be  Dro- 

cor  x  cr  '  y 


ourtlonal  to  the  integrals  of  readings  of  the  accelerometers  a  and  a  .  The  latter 

X1  yl 

Jetermined  for  «  g^  by  relationships  (11.6.16).  By  substituting  in  them  in 

place  of  and  components  of  total  accelerations  of  the  object  along  axes  0| 
and  0t|,  which  are  oriented  geographically,  from  formulas  (2.2.28)  we  will  obtain  for 
readings  a  and  a  of  the  accelerometers  the  following  expressions  (for  R  »  h)  1 


Vs 


"  vi - tg  ?  —  2£/f vN  sin  ?  —  gQ 1 

r»  , 

-  »*+  -j  *£?  +  U  Rcos  f  sin  ?  + 
+  2Uuesin?-g0? 


(11.6.64) 


Then  for  torques  .  and  M  of  integral  correction  of  the  IV,  by  analogy 

cor  x  cor  y 


with  formulas  (II.6.I9),  we  will  obtain 
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(11.6.65) 


—  2U  9m  sin  f  —  |^aj  dx 


+  U*R  cos  ?  sin  7  -f  2  Uv£  sin  d~ 


where  u  is  a  certain  proportionality  factor,  taken  to  be  lndentlcal  for  both  cor¬ 
rection  circuits  of  the  IV, 

Let  us  Introduce  (1.2.25)  Into  (11.6,11)  t 


qt  «=«  +  (/cos*  +  y  “  ^*in?  +  — •  tg?^  ? 


(11.6.66) 


Disregarding  In  (11.6.66),  for  not  too  large  latitudes  q>,  the  last  two  small 
terms,  we  will  obtain 


fs-i  +  tfcoif-K-j 


Let  us  place  (11. 6. 67)  and  (11. 6. 65)  In  (11.6.10): 

i  +  i/cos?-r-^=-J'j(»£-~-VtgT- 

—  2UvN  tin  ^ —gQ<x)dz 

t 

0  +  ~R  =  W"  J  (®A  +  ~R  tC?  1  ^cos?s,nt  + 

+  2 Uve  sin  ?  —  gj*)  d-> 


(11.6.67) 


(11.6.68) 


whence  after  differentiation,  considering  (1.2.26),  we  find 
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(11.6.69) 


‘ + i  *>““(’*  -  Uv' sin *)(«  “r")“ 

—  "h  sir,  f) 

+  -J-  (^tg? +  £/’/?«*? sin?  +  2t/u£sin;| 

When  the  condition  of  undisturbabillty  (11.6.22)  Is  satisfied,  we  will  obtain 
equations  of  the  IV  in  the*  form 


“y(^tE- +t/UvSin?) 

?+  =  (~  tg?4  £/!/?cos-i sin  f  -f-  2(/o£sin  fj  J 


(11.6.70) 


from  which  it  is  clear  that  equations  of  motion  of  the  IV  even  when  condition 
(11.6.22)  is  satisfied  are  nonhomogeneous ,  and  consequently  the  IV,  for  geographic 
orientation  of  axes  of  sensitivity  of  the  accelerometers,  will  not  be  directed  along 
the  geocentric  vertical.  Thus,  the  IV  has  a  deviation  from  the  geocentric  vertical 
which  Is  caused  by  rotation  of  Earth  and  vehicular  motion  (i.e.,  induced  and  coriolis 
accelerations),  and  remains  undisturbed  only  with  respect  to  accelerations  vN  and 
vE  of  the  object.  These  deviations  of  the  IV  are  usually  called  its  systematic 
errors.  Methods  of  compensation  of  these  errors  in  INS  are  expounded  in  Par.  8  of 
the  present  section. 

Prom  what  has  been  said,  it  follows  that  in  the  scheme  of  IV  based  on  the 
gyroscopic  method  of  artificial  simulation  of  a  physical  pendulum  with  period  of 
84.4  minutes.  In  the  case  of  geographic  orientation  of  axes  of  sensitivity  of  the 
accelerometers,  there  is  not  ensured  complete  undisturbability  of  the  IV  by  accelera¬ 
tions  due  to  rotation  of  the  Earth  and  motion  of  the  vehicle  (object) .  This  cir¬ 
cumstance  is  due  to  the  fact  that,  as  was  shown  earlier  (§  4.5,  Par.  5),  the  physi¬ 
cal  pendulum  in  the  general  case  of  motion  of  the  object  over  the  spherical  surface 
of  the  Earth,  even  when  the  condition  of  M.  Schuler  Is  satisfied,  will  be  disturbed 
by  accelerations  of  the  point  of  itc  suspension. 

g0 

Equations  (11.6.70)  can  be  rewritten  in  different  form.  Let  us  replace  *^- 
by  v"  [see  (11.6.24)];  we  will  introduce,  by  analogy  with  (11.4.115)  time  constant 

A  1  ^ 

T  =  —j  the  quantity  *>  —  will  be  designated  by  transfer  coefficient  k  [see 
v  Bq  a 


i 
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(4.3.24)];  then 


+  —  tg<?  +  £/uvsin <pj 

T*i  4  k  tg?  +  </’*cosf  sin  ?  -f  2£/oe  sin  tf  j 


(11.6.71) 


In  the  general  case,  equations  of  the  IV,  if  we  consider  also  deflection  of 
the  GSP  In  azimuth,  are  obtained  to  be  more  complicated  [162,  165,  142],  However, 
if  we  disregard  certain  small  terms,  then  they  become  equation  (11. 6.70). 


3.  Transient  Responses  of  the  IV 

a)  Transient  Responses  in  the  Absence  of  Damping 

In  the  absence  of  damping,  if  vre  assume  that  systematic  errors  of  the  IV  are 
compensated,  instead  of  (11.6.70)  we  will  obtain  differential  equations  (11.6.23) 
of  oscillations  of  the  IV.  Since  motions  of  the  vertical  along  coordinates  a  and  P 
are  of  the  same  kind,  then  we  will  consider  only  transient  response  with  respect  to 
coordinate  P,  which  characterizes  deviation  of  the  IV  from  the  geocentric  vertical 
in  plaj.e  of  meridian.  We  will  rewrite  the  second  equation  (11.6.23),  considering 
(11.6.24),  in  the  form 

p  +  (11.6.72) 

where  v  is  the  frequency  corresponding  to  the  period  of  M.  Schuler. 

General  solution  of  equation  (11.6.72)  has  the  form 

0 »  Cjcos  »/  4  C,sin  */,  (11.6.73) 

where  and  are  constants  of  integration  determined  by  initial  conditions. 

e  e 

If  we  assume  that  at  t  -  0,  P(0)  -  P(0)  -  then  in  place  of  (11.6.73)  we 

will  obtain 

p-p,cos*f  +-^-slnv/.  (11.6.74) 

Expression  (11.6.74)  can  also  be  represented  in  the  form 

P'— 0cos(v/ +  *).  (11.6.75) 

where  amplitude  of  oscillations  B  and  initial  phase  e  are  determined  by  relationship 
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Thus,  in  the  absence  of  damping,  the  IV  accomplishes  harmonic  oscillations 
with  frequency  v,  whose  amplitude  and  initial  phase  depend  on  errors  Pq,  Pq  is  the 
initial  orientation  of  the  IV.  These  oscillations  do  not  appear  only  in  the  case 
when  P 0  =  0,  Pq  -  0,  i.e.,  when  at  the  Initial  moment  the  IV  is  directed  along  the 
geocentric  vertical;  thus,  during  the  entire  time  of  motion  P(t)  ■  0.  As  will  be 
shown  further  on,  oscillations  P(t)  of  the  IV  considerably  affect  the  accuracy  of 
determination  of  the  inertial  system  of  coordinates  of  the  object  and  parameters  of 
Its  motion.  Therefore,  in  INS  there  usually  are  made  very  high  requirements  for 
accuracy  of  initial  orientation  of  the  IV. 

e 

Let  us  note  that  PQ  and  PQ  up  to  the  moment  of  start  of  operation  of  the  sys¬ 
tem  are  random  variables.  If  we  consider  that  they  are  independent  and  have  zero 
mathematical  expectations,  then,  in  accordance  with  (11.6.74),  we  obtain  the  follow¬ 
ing  expression  for  mathematical  expectation  F  and  root  mean  square  value  a  of  de- 

P 

viation  of  the  IV  from  the  geocentric  vertical! 

f-0;  (11.6.77) 


cos*  */  -f  —  sin* 


(11.6.78) 


where  and  are  root  mean  square  values  of  quantities 


P0  and  P q . 


b)  Transient  Responses  in  the  Presence  of  Damping 

As  was  shown  above,  for  non-zero  initial  conditions  the  IV  accomplishes  sus¬ 
tained  oscillations  (system  is  on  the  boundary  of  stability).  Instrument  errors 
of  its  separate  elements  also  lead  to  such  oscillations  of  the  IV.  These  oeciHa- 
tions  cause  corresponding  errors  in  determination  by  the  INS  of  position  of  the 
object  and  parameters  of  its  motion.  In  connection  with  this,  during  erection  of 
the  IV  there  appears  the  problem  of  d  unping  of  Its  natural  oscillations. 

Methods  of  damping  of  IV  are  varitd.  Schemes  of  damping  of  IV  are  divided 
basically  into  two  types!  the  scheme  using  internal  damping  and  the  scheme  using 
external  information. 

Let  us  consider  several  schemes  of  Internal  damping.  The  simplest  scheme  of  this 
type  was  proposed  by  Ye,  B,  Levental'.  The  essence  of  this  method  of  damping  is  tha+ 
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besides  the  corrective  torque  which  is  proportional  to  the  integral  of  the  accelera¬ 
tion  of  the  object  measured  by  the  acceleromter,  there  is  applied  a  torque  on  the 
gyroscope  which  is  proportional  to  the  measured  acceleration  itself. 

Let  us  explain  how  there  Is  carried  out  damping,  for  instance,  of  oscillations 
of  IV  with  respect  to  coordinate  P.  For  this  we  will  use  the  second  equation  of 
system  (11.6.10) 

—  Hpx  «*  My  ,  (11.6.79) 


where  p^  is  defined  by  relationship  (11.  6.13). 

We  will  represent  torque  M  in  the  form  of  the  sum  of  corrective  torque  M 

yl 


cor  y 


and  damping  torque  M^.  Corrective  torque  MCQr  is  expressed  by  formula  (11.6. 19) j 
damping  torque  Md,  in  accordance  with  the  applied  method  of  damping,  will  be  [see 


(11.6.18)] 


(11.6.80) 


where  b  is  damping  factor. 

Then  for  moment  My  ,  considering  (11.6.19)  and  (11.6.80),  we  have 

P  J( d'  +  *(*'*- «0?)-  (11.6.81) 

Putting  (11.6.81)  and  (11.6,13)  in  (li.6,79),  we  will  obtain 

H’y-  (11.6.82) 

whence  after  differentiation  we  find 

P  +  -J-Ib£  +  «  ^  "  ®a  (~/7  (11.6.83) 

When  the  condition  of  undisturbabillty  (11,6.22)  is  satisfied.  Instead  of 
(11.6.83)  we  will  obtain 

I1 +  V  (11.6.84) 

Let  us  designate 

«*-•£.  (11.6.85) 
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Let  us  transform 


^  gQ  in  the  following  way! 


where 


[see  (11.6.24)]; 


(11.6.86) 


C  is  relative  attenuation  factor 

c«,*y**«  (n.6.87) 

tH  ' 

Considering  deeignations  (11,6.24),  (11. 6. 85)  and  (11.6.86),  we  will  rewrite 
equation  (11.6.84)  in  the  form 


P  +  +  •'?  =  c>v 


(11.6.88) 


or. 


introducing  by  analogy  with  (11.4.113)  the  time  constant  T  = 


1 

v* 


we  will  obtain 


where 


+  +  ?  *»  (11.6.89) 


(H.6.90) 


Equation  (11. 6. 89)  characterizes  damped  oscillations  of  the  IV,  which  are 
analogous  to  oscillations  of  physical  pendulum  with  damping  [see  (4.3.25)].  There¬ 
fore,  transfer  function  of  the  IV  with  damping  and  its  transfer  characteristics  will 
be  the  same  as  for  the  physical  pendulum  (§§  4.3  and  4,4). 

From  equation  (11. 6. 89)  it  follows  that  application  of  the  method  of  internal 
damping  of  the  IV  of  leads  to  loss  by  the  vertical  of  the  property  of  undisturbabil- 
ity,  since  it  is  influenced  by  VN,  and  this  causes  corresponding  dynamic  errors  of 
the  IV  which  are  analogous  in  nature  to  damping-acceleration  errors  of  the  GC 
(§  11.5,  Par.  4,  c).  Thus,  there  appear  corresponding  errors  in  determination  by 
the  inertial  system  of  position  of  object  and  parameters  of  its  motion.  For  de¬ 
crease  of  errors  of  the  IV  it  is  possible  to  decrease  coefficient  c,  i.e.,  relative 
attenuation  factor  £  [see  (11. 6. 90)},  but  this  leads  to  weakening  of  damping  of  the 
IV.  Another  possibility  of  decrease  of  such  errors  is  application  of  so-called 
limited  damping  of  the  IV  [163].  It  consists  of  the  fact  that  damping  torque 
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Fig*  11.29*  Block  diagram  of  "northern"  channel  of 
the  TV  with  damping  with  the  help  of  a  direct  con¬ 
nection  including  the  first  integrator. 


The  above  considered  method  of  damping  usually  is  called  [142]  damping  with 
the  help  of  direct  connection  including  the  first  integrator.  Thus,  the  block  dia¬ 
gram  of  the  "northern"  channel  of  the  IV,  which  is  shown  in  Fig.  11. 28,  if  we  take 
into  account  damping,  will  take  the  form  shown  in  Fig.  11*29.  According  to  this 
diagram,  equation  of  IV  with  damping  will  be  [142]  the  following  equation  instead 
of  (11.6.6l)i 


(11.6.91) 


If  we  designate 

,-MA.  »-*.*«*»•  (11.6.92) 

then  equation  (11.6.91)  will  take  the  form 

i  +  T  *t+  «■  **  “  '« ("Jr  “  t) +  7  "*■ 


#In  this  case,  in  the  diagram  in  Fig.  11.29,  feedback  with  transfer  coefficient 

k,-  should  be  disconnected. 

5 
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which  coincides  with  (11,6,83). 

There  are  also  possible  other  methods  of  internal  damping  of  IV.  One  of  them 
is  damping  with  the  help  of  feedback  including  the  first  integrator.  An  idea  of  the 
scheme  of  IV  with  this  method  can  be  given  by  Pig.  11.29>  if  in  it  we  eliminate  the 
direct  coupling  with  transfer  coefficient  k^  and  connect  feedback  (designated  by 
dotted  line)  with  transfer  coefficient  k^. 

With  this  scheme  of  damping,  equation  of  IV  will  have  the  form  [142] 

(p* + *Ap + ^  a)  ?  -  /»*  (-^  — ( 1 1  • 6  • » ) 

Designating,  by  analogy  with  (11.6.92), 

*  “  *iM».  -fe-Mi.  (11.6.94) 

we  will  rewrite  (11.6.93)  in  the  form 

P  +  ^  +  (11.6.95, 

With  observance  of  condition  of  undisturbability  (11.6.22),  we  have 

P  +  -jJ-ftP  +  «'P - (11.6.96) 

considering  designation  (11.6.86),  we  will  obtain  equation  of  damped  oscillations 
of  IV 

p  +  20-^,  (11.6.97) 

A 

which  is  analogous  to  (11.6.88).  Introducing  time  constant  T  =  —  [see  (11.4.113)], 
instead  of  (11.6.97)  we  have 

T*p  +  2;rp  +  p-=-2cr-^.  (11.6.98) 

R 

whence  it  follows  that  even  with  the  given  method  of  damping  with  the  help  of  in¬ 
ternal  couplings,  the  IV  loses  the  property  of  undisturbability. 

What  has  been  considered  above  permits  us  to  formulate  the  following  general 
statement  [l6]t  damping  of  an  inertial  system  by  means  of  any  internal  couplings 
leads  to  disturbance  of  the  condition  of  undisturbability. 

Let  us  note  one  more  peculiarity  of  damping  of  IV  with  the  help  of  internal 
couplings.  If  the  inertial  system  is  used  for  control  of  motion  of  the  object 
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(i.e.,  operates  in  the  control  mode),  then  damping  introduced  into  the  system  with 
the  help  of  internal  couplings  disappears,  and  the  system  becomes  unstable  [16,  10], 
Thus  [1 6],  damping  introduced  into  the  inertial  system  by  means  of  internal  couplings 
in  the  readout  mode  leads  to  disturbance  of  the  condition  of  undisturbability,  and 
in  the  control  mode  completely  disappears. 

Due  to  this,  we  resort  to  other  methods  of  damping  of  IV,  One  of  the  effective 
methods  is  based  on  use  of  external  information.  This  includes  data  concerning 
velocity  and  coordinates  of  the  object,  which  are  obtained  on  the  latter  with  the 
help  of  devices  not  contained  in  the  INS,  Furthermore,  with  help  of  external  in¬ 
formation  obtained  from  these  systems  it  is  possible  to  carry  out  damping  of  the 
IV,  and  also  to  change  period  of  natural  oscillations  of  the  latter  while  preserv¬ 
ing  properties  of  undisturbability  by  accelerations  of  the  object. 

For  explanation  of  this  circumstance,  we  will  consider  oscillations  of  the  IV 
with  respect  to  coordinate  p  during  use  of  external  information  [162],  Let  ue  use 
equation  (11,6.79)  of  motion  of  the  IV  in  plane  of  the  meridian. 

Let  us  assume  that  as  information,  into  the  inertial  system  there  enters  the 

* 

component  of  displacement  of  the  object  SN  in  plane  of  meridian  and  component  of 
* 

velocity  vN  in  this  same  plane.  In  the  inertial  system  there  are  produced  instru¬ 
ment  values  of  these  quantities  SN  and  vNJ  with  help  of  a  computer  there  are  found 

n  ^  b  *  q 

differences  (SN  -  3^)  and  (vN  -  vN)  (where  n^  and  b^^  are  certain  coefficients, 
and  R  is  radius  of  Earth),  which  together  with  the  reading  a  of  the  "northern" 

accelerometer  A„  (Fig.  11.28)  are  introduced  into  the  firBt  integrator  IT  .  For 
”  N 

simplification  of  further  computations  we  will  assume  that  external  information 


does  not  contain  errors.  Then,  by  analogy  with  (11.6.4?),  error  of  IV 
SjJ  “  .  VjT  —  vN 

B  »  - y— » ,  and  P  »  — y. .....  Consequently,  the  signal  proceeding  from  the  external 

information  into  the  first  integrator  will  be  (n^P  +  b^).  As  a  result,  for  torque 

Mcor  y  °f  integral  correction.  Instead  of  (11.6.19)  we  will  cbtain 


(11.6.99) 


Putting  (11.6.99)  and  (11.6.13)  in  (11.6.79),  we  have 


(11.6.100) 
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whence  after  differentiation,  considering  the  condition  of  undisturbability 
(11.6.22),  we  will  obtain 


(11.6.101) 


i.e.,  the  external  information  provider  damping  of  the  IV.  Furthermore,  the  period 
of  natural  oscillations  of  the  IV,  which  is  equal  to 


It.-kl /-At’  (11.6.102) 

^  r  f*  + «» 

differs  from  the  period  of  M.  Schuler  [see  (11.6.25)].  Thus  the  IV  preserves  its 
property  of  undisturbability  by  accelerations  of  the  object.  This  makes  it  possible 
to  considerably  decrease,  for  instance  by  10-15  times  [16],  the  period  of  natural 
oscillations  of  the  IV]  this  in  a  number  of  cases  has  great  value. 

It  is  possible  to  note  [142]  that  introduction  of  external  information  is 
equivalent  to  "change"  of  the  radius  of  the  earth  while  preserving  the  intensity 
of  its  gravitational  field.  Really,  the  same  period  T1.  of  oscillations  of  the 

1  •  V* 

IV  could  have  been  obtained  in  the  absence  of  external  information,  if  the  radius 
of  the  Earth  were  r  <  R,  i.e.. 


whence,  according  to  (11.6.102),  we  have 


(11.6.105) 


—  =  ft 
^  ft  +  "i 


(11.6.104) 


The  possibility  of  decrease  of  period  of  undisturbed  oscillations  of  IV  means 
of  introduction  of  external  Information  is  a  property  of  not  only  inertial  systems, 
but  in  general,  of  gyroscopic  systems  possessing  positional  properties  (gyro- 
pendulum,  gyrocompass) .  The  basis  of  this  property  in  reference  to  the  indicated 
gyroscopic  systems  was  for  the  first  time  given  by  K.  Qlitscher  [185]. 

Invertigation  of  the  INS  using  external  information  permits  us  to  formulate 
the  following  important  statement  [16]*  "for  construction  of  a  damped  inertial 
system  with  arbitrary  period  which  is  invariant  with  respect  to  maneuvering  of  the 
object,  it  is  necessary  to  introduce  into  it  external  information  on  velocity,  and 
coordinates  of  the  object,  and  on  the  basis  of  comparison  of  this  information  with 
corresponding  Information  given  by  the  inertial  system,  to  determine  angles  and 
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angular  velocities  of  the  vertical." 

External  Information  can  be  Introduced  Into  the  Inertial  system  In  discrete 
steps.  Interval  of  time  bt  ween  Introductions  of  Information  depends  on  period  of 
oscillations  of  the  IV.  Another  peculiarity  of  damping  of  IV  with  the  help  of  ex¬ 
ternal  Information  is  that  error  in  determination  of  the  informational  data  (path, 
velocity)  leads  to  corresponding  errors  in  the  IV  (Par.  7).  One  of  the  deficiencies 
of  the  given  method  of  damping  is  that  with  its  use  the  inertial  system  becomes  non¬ 
self-contained.  Detailed  investigations  of  the  method  of  damping  of  IV  with  the 
help  of  external  information  can  be  met  in  special  works  (for  instance,  [162,  165, 
16,  10]). 


4.  General  Characteristics  of  Errors  of  the  IV 

Elements  of  INS  are  presented  with  exceptionally  high  requirements  for  accuracy 
of  their  readings.  Due  to  this  during  theoretical  investigation  of  INS,  of  especially 
important  value  is  the  analysis  of  accuracy.  However,  the  question  about  estimation 
of  error  of  INS  has  up  til  now  been  insufficiently  well  developed;  thus,  is  explained 
first  of  all  by  the  complexity  of  the  actual  system,  and  also  by  the  insufficiency 
of  experimental  data. 

Let  us  give  brief  information  an  errors  of  IV  and  about  the  influence  of  them 
on  the  accuracy  of  the  inertial  system.  Errors  of  IV,  just  an  of  other  GD,  will  be 
subdivided  into  instrument  and  systematic  errors,  and  errors  in  statics  and  in  dy¬ 
namics  will  be  distinguished. 


5.  Instrument  Errors  of  IV 

a)  General  Characteristics  of  Instrument  Errors 

Instrument  errors  of  an  IV  are  caused  by  errors  of  its  separate  elements  and 
subassemblies:  gyroscopes,  accelerometers,  integrators,  computers,  and  others,  and 
are  due  to  imperfections  of  these  devices:  their  structural  deficiencies,  deviations 
of  characteristics  of  their  parameters  from  rated  values,  etc. 

Among  instrument  errors  of  IV  it  is  possible  to  include  the  following: 

1)  errors  caused  by  inaccurate  initial  setting  of  the  GSP; 

2)  errors  due  to  disturbances  applied  to  gyroscopes:  unbalance  torques; 
frictional  torques  in  axes  of  suspension;  inertial  torques  due  to  accelerations  dur¬ 
ing  oscillations  and  vibrations  of  the  place  of  installation  of  the  instrument, 
which  are  connected  with  elastic  deformations  of  the  gyroscopes,  etc.: 
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5)  errors  caused  by  variations  of  parameters  of  gyroscopes  and  their  correction 
circuits ; 

4)  errors  caused  by  errors  in  accelerometers  and  first  integrators; 

5)  errors  caused  by  inaccuracy  of  azimuthal  stabilization  of  the  GSP ; 

6)  errors  caused  by  damping  of  oscillations  of  the  IV,  etc. 

Instrument  errors  of  IV  are  different  depending  upon  character  of  external 

influences,  i.e.,  under  static  and  dynamic  conditions.  Here  there  are  considered 
instrument  errors  in  statics  —  in  the  absence  of  external  disturbances.  Certain 
errors  of  the  IV  in  dynamics  will  be  determined  further  on  (Par.  7).  Thus  there 
is  considered  the  IV  applied  in  inertial  system  with  gyroscopic  vertical.  We  will 
assume  that  systematic  errors  of  IV  are  compensated,  and  will  consider  only  their 
random  components,  which  under  static  conditions  are  treated  as  random  variables. 

b)  Errors  Caused  by  Inaccurate  Initial  Setting  of  the  GSP 

One  of  the  essential  factors  determining  error  of  IV  is  inaccurate  initial 
installation  of  the  OSP  relative  to  the  reference  system  0£tj£,  which  in  the  case 
considered  further  on  has  geographic  orientation.  Errors  of  initial  installation 
of  GSP  relative  to  plane  of  horizon  are  characterized  by  angular  deflections  a(0)  = 

=  aQ,  P(0)  =  PQ  (Fig.  1.6)  and  angular  velocities  a(0)  =  aQ,  £(0)  =  PQ,  and  also 
by  a  certain  angle  6(0)  =  6Q  and  angular  velocity  6(0)  =  6Q  of  deflection  of  the 
platform  in  azimuth.  If  in  the  first  approximation  we  disregard  azimuthal  deflec¬ 
tion  of  the  platform,  then  error  p  of  the  IV,  for  instance  in  plane  of  the  meridian, 
is  characterized  by  expression  (11.6.74) 

P  «  p,cos  */  +  ~  sin  v/. 

Thus,  errors  PQ  and  PQ  of  initial  orientation  of  the  IV  cause  oscillations  of 
it  with  period  of  84.4  minutes.  Root  mean  square  value  of  angle  of  deviation 
of  the  IV  from  geocentric  vertical  is  determined  by  relationship  (11.6.78) 

^  ^  cos**/  +  sin*v/  . 

Limiting  value  Pm  of  error  of  IV,  by  analogy  with  (4.6.87),  will  be  (for  JS  =  o) 

(11.6.105) 

where  z  is  determined  from  Table  1  (§  4,6,  Par.  10)  by  assigned  probability  Q  of 

z 

the  current  angle  P  exceeding  limiting  value  P  . 

Example  11,15:  To  calculate  root  mean  square  a ^  and  limiting  Pm  values  of 
error  of  IV  due  to  initial  deviation  of  it  from  vertical,  52  minutes  after  inclusion 


46b 


of  the  system,  for  the  biggest  values  of  initial  deflection  and  angular  velocity 
^Om  =  3S  PQm  =  an8ular  minutes/minute.  During  determination  of  limiting  value 
0m  of  error  of  IV,  we  should  assume  probability  Qz  that  current  angle  p  will  exceed 
limit  by  not  more  than  0.1$. 

Solution:  1.  We  find  root  mean  square  values  and  ,  considering  them 
to  be  equal  to  1/3  of  the  biggest  deviations: 

~  «  A  «  l'  ^  0,0002909  rad.. 

*4  **  ms  — — —  —  0,2  ang,  min/min3*  0,9696. 10—*  1/sec. 

*»  1  3 


2.  By  formula  (11.6.24)  we  calculate  frequency  v  of  oscillations  of  the  IV: 

3.  According  to  (11. 6. 78)  we  find  root  mean  square  value  a ^  of  error  of  IV: 


^  ■“  ^  cos*  +  A  sin* 


:  1/  (2,909)*.  10“ *  cos*  1,24. 10"  3. 1920 -f-  1,24- 10“ 3 •  1920  = 

y  (1,24)*.  I0-* 

-0,0005787 rad. -2'. 


4.  For  Qz  =  0.1$,  by  Table  1  (§  4.6,  Par.  10)  we  determine  z  =  3.3;  then  by 
(11.6.105)  we  find  limiting  value  0m  of  error  of  the  IV: 

-  3,3  2  -  6.6. 

From  Example  11. 15  it  follows  that  error  of  IV  caused  by  inaccurate  initial 
installation  of  GSP  may  be  considerable, 

b)  Errors  Due  to  Disturbances  Applied  to  GSP 

For  determination  of  errors  of  TV  due  to  disturbances  applied  to  GSP  it  is 

necessary  to  consider  a  concrete  design  of  uSP.  We  will  show  certain  peculiarities 

of  the  influence  of  disturbances,  considering  the  design  of  IV  shown  in  Fig.  11.22. 

Let  us  use  shortened  equations  (11.6.10),  where  p1  and  q^,  if  we  do  not  consider 

rotation  of  Earth,  are  determined  by  formulas  (11,6.13),  As  torques  M  and  M 

X1  yl 

we  will  consider  torques  MCQr  x  and  MCQr  ,  which  are  applied  to  the  gyroscope  by 

the  system  of  integral  correction,  and  perturbing  torques  f2(t)  and  f1(t),  applied 
to  axes  of  Cardan  suspension  of  the  gyroscope: 

M,-M„  +/,(>)■  (11.6.106) 

Substituting  here  relationships  (11. 6. 19),  we  will  obtain 
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M,r*  I  (”*-*£)*'+ fit 


(11.6.107) 


We  will  Introduce  (11.6.107)  and  (11.6.13)  into  equations  (11.6,10): 


i+T  -  i /(*-*■)* +^P- 


(11.6.108) 


whence  after  differentiation  we  will  obtain 


i+i»- 


(11.6.109) 


When  condition  of  undisturbability  (11.6.22)  is  satisfied,  we  find 


5+ 

P+ff-i/.w 


(11.6.110) 


whence  it  follows  that  perturbing  torques  which  are  constant  in  magnitude  f2(t)  and 
f^(t)  do  not  change  „..j  position  of  equilibrium  of  the  IV,  but  cause,  as  will  be 
shown  further  on,  oscillations  of  it  near  the  position  of  equilibrium. 

As  perturbing  torques  f2(t)  and  f^(t)  we  will  consider  at  first  static  unbalance 
of  the  gyroscope,  when  its  center  of  gravity  lies  on  axis  Oz  (Fig.  11.22)  at  a 
certain  distance  l  from  point  of  support  0.  In  this  case  weight  of  gyroscope  P  =  mgQ 
introduces  a  torque  whose  components  relative  to  axes  0x^  and  0y^  are  determined 
by  relationships  (2.3.56) 

"  (11.6.111) 

+«,)*] 

Considering  that  W^  «  gQ  and  taking  into  account  (11,6.17),  we  will  rewrite 
(11,6.111)  in  the  form 

/.«) — «’(-£-*) 

'  '  (11.6.112) 

/.<0 

Substituting  (11.6.112)  into  (11.6.107),  we  will  obtain 
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Jpr~-r 


t 


f  (»#-*■)*-«’ 

(*-») 

« 

HH 

(11.6.113) 


Taking  Into  account  (11.6.13)  and  (11,6,113) *  we  will  rewrite  equations 
(11.6.10)  in  the  form 


»+■-? 


(11.6,114) 


whence,  differentiating  and  considering  designation  (2.3.20) 


kmJL 

*  ir  • 


(11.6.115) 


we  will  obtain  equations 


i*+  «■  "  '*(*■— s') +* Hr 


(11.6.116) 


which  for  k  *  0  (i.e.,  for  l  -  0)  became  equations  (11.6,21). 
When  condition  (11.6.22)  Is  satisfied,  we  have 


p+a?+li.4 


(11.6.117) 


whence  it  follows  that  in  the  presence  of  static  unbalance  of  the  gyroscope,  even 
when  condition  (11.6.22)  is  satisfied,  the  IV  is  disturbed  by  maneuvering  of  the 
object  (vehicle). 

For  determination  of  errors  a  and  0  of  the  IV  which  are  caused  by  static 

unbalance  of  the  gyroscope,  in  virtue  of  (11.6,117)  we  obtain  the  following  differen¬ 
ce 


tial  equations  in  operator  form  (p  •  ar)* 


*f*>N 


(11.6.118) 

(11.6.119) 


ft  l» 

From  these  formulas  it  follows  that  for  constant  v^  and  v£,  the  IV  will  be 
undisturbed  by  accelerations  of  the  object.  However,  in  the  process  of  establish¬ 
ment  of  these  values  of  v^  and  v£,  the  IV  will  be  disturbed  by  maneuvering  of  the 
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*W*" 


0t~ 

A /m 


object.  Furthermore,  according  to  the  left  sides  of  equations  (11.6.118)  and 
(11.6.119),  during  static  unbalance  of  the  gyroscope  there  will  be  changed  transient 
responses  of  the  IV. 


Therefore,  gyroscopes  applied  in  INS  have  to  possess  high  accuracy  of  stabiliz¬ 
ation  of  center  of  gravity.  These  questions  are  considered  in  detail  by  0.  0. 
Frldlender  [162], 

As  another  form  of  disturbances  we  will  consider  frictional  torques  in  axes 
of  suspension  of  the  gyroscope.  Then,  considering  that  fg(t)  Mfr  x  and  f^(t)  = 

-  Mfr  ,  we  will  rewrite  (11.6.107)  in  the  form 

Substituting  here  in  place  of  Mfr  x  and  Mfr  for  the  case  of  dry  (Coulomb) 

friction  the  expressions  (2.3.84),  we  will  obtain 

(»*  —  tfoa) +  *1 *‘«n  ? 

•  (11.6.121) 

+  K,  “  * 

Let  us  introduce  (11.6.121)  and  (11.6.13)  into  equations  (11.6.10): 


(11.6,120) 


(11.6.122) 


whence,  if  we  disregard  sign-alternating  components  of  frictional  torques  (K  =  K  = 

x  y 

-  0)  and  consider  (11.6.22),  we  will  obtain 

;  +  p  +  Ap  =  0.  (11.6.123) 

l.e.,  components  of  frictional  torques  with  fixed  sign  in  axes  of  the  suspension 
of  the  gyroscope  do  not  change  the  position  of  equilibrium  of  the  IV,*  but  cause, 
in  general,  oscillations  of  it  near  the  vertical. 

Let  us  explain  this  in  an  analysis  of  motion  of  the  IV  in  plane  of  meridian, 
i.e.,  with  respect  to  coordinate  P.  Let  us  -assume  that  at  t  ■  0  8(0)  «  »  0; 

in  accordance  with  the  second  equation  of  system  (11.6.122),  initial  singular  velocity 
£(0)  -  is  determined  by  the  fixed-sign  component  of  frictional  torque 

*What  has  been  said  is  valid  if  we  assume  that  quantities  M^r  x,  M^r  of  fixed- 

sign  components  of  frictional  torques  in  axes  of  suspension  of  the  gyroscope  are 
constants. 


[see  (2.3,90) ] : 


(11.6,124) 


Then  oscillations  of  the  IV,  according  to  (11.6.74),  for  ■  0  and 
are  determined  by  the  relationship 

(11.6.125) 


p  -  ~  tin  v/. 


If  we  consider  a  group  of  I V  made  according  to  the  same  model,  then  fixed-sign 

component  y  of  frictional  torque  is  a  random  variable.  We  will  consider  M^r 

to  be  a  normal  random  variable  with  root  mean  square  value  0  n  ;  then,  in  virtue 

fr  y 

of  (11.6.124),  root  mean  square  value  a  q  of  random  rate  of  precession  tj®  of  gyro- 

scope  under  the  influence  of  friction  will  be 

I 


V » 


(11.6.126) 


For  root  meeui  square  value  a ^  of  error  of  the  IV,  if  we  consider  (11.6.125), 
we  will  obtain 

(11.6.12?) 

P  t 

where  a  Q  is  determined  by  formula  (11.6.126). 

Example  11,16;  To  calculate  root  mean  square  a ^  and  limiting  values  of 
error  of  the  IV  due  to  the  fixed-sign  component  of  frictional  torque  in  axis  of 
suspension  21.1  minutes  after  turning  on  the  system,  for  the  following  initial  data: 
root  mean  square  value  of  fixed-sign  component  of  frictional  torque  a  n  =  0.01  g. cm. 


M 


fr  y 


angular  momentum  of  gyroscope  [4,  p,  147]  H  =  6.45*10^  g*cm  sec,  frequency  of 
oscillations  of  the  IV  v  ■  1.24«10-^  l/sec  (Example  11. 15).  Limiting  value  0m  of 
error  of  the  IV  is  determined  for  the  conditions  of  Example  11.15. 


Solution:  1.  By  formula  (11.6,126)  we  find  root  mean  square  value  0  0  of 
random  rate  of  precession  under  the  influence  of  friction: 


’ 1/s,c- 


2.  According  to  (11,6.127)  we  calculate  root  mean  square  value  of  error 
of  the  IV: 


Knyl  *  1  =  0.00125 

^  .  »  1.24  - HT* 


rad  ■=  4', 3. 


3.  By  the  same  method  as  in  Example  11. 15,  we  find  limiting  value  0m  of  error 


of  the  IV  (for  F  =  0) : 


*  3, 3*4, 3  14', 2. 

471 


f 


'Xti . 


• 


i 

V 


i 

s 


Prom  Example  11.16  it  follows  that  even  comparatively  small  frictional  torque 
causes  considerable  deviations  of  the  IV. 

d)  Errors  Caused  by  Variations  of  Parameters  of  the  Gyroscope  and  Its  Correction 
Circuit 

Variations  of  parameters  of  the  gyroscope  and  its  correction  circuit  also  cause 
errors  of  the  IV.  For  explanation  of  what  has  been  said,  we  will  consider  corres¬ 
ponding  errors  of  the  in  plane  of  meridian,  i.e.,  with  respect  to  coordinates 
P.  Let  us  use  second  equation  of  system  (11.6.21) 

We  will  consider  that  in  the  considered  system  there  can  be  changed  angular 
momentum  of  gyroscope  H,  and  also  coefficient 

Since  according  to  (11,6,60)  p,  «  k^kgk^,  then  it  is  clear  that  p  is  changed 
due  to  deviations  from  rated  values  of  transfer  coefficients  of  the  accelerometer 
k^,  of  the  integrator  kg  and  of  the  torquer  k^  (Fig.  11.28).  In  the  considered 
case  we  consider  change  of  p  due  to  deviation  of  transfer  coefficient  k^  of  the 
torquer  with  respect  to  the  corrective  torque  applied  to  the  gyroscope. 

From  the  above  equation  it  follows  that  for  constant  acceleration  vN  »  const 
in  case  of  zero  initial  conditions 


(11.6.128) 


Let  us  designate  peak  value  of  error  of  the  IV 

“ST"*  («—*-)•  (11.6.129) 

Let  us  find  change  of  quantity  Ppea^  due  to  change  of  H  and  p.  Let  us  designate 
true  (rated)  values  of  H  and  p  by  HQ  and  pQ.  According  to  (11.6.129).  to  them 
there  will  correspond  peak  value  Ppeafc(o)  error 

I  w,  N*  y  ll is _ L\ 

HW.  9*\  H,  Rf- 

he  t  us  assume  that  in  the  IV.  by  analogy  with  (11.6.22),  there  is  realized  the 
condition 


I 


(11.6.150) 


h9  r 

when  it  is  satisfied  we  have 

f.ro-a  (11.6.151) 

We  will  assume  that  in  the  actual  instrument  these  parameters  differ  from  rated 
values  by  5H  and  6p  and  are  respectively 
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L . .  — < 


.*  c-.t*  ■  J  ^ 


H~H9  +  IH\  i*  —  m  ;t- ty; 

thus  Ppeaic  will  be  determined  by  formula  (11.6,129),  i.e.,  will  differ  from  value 
^peak(O)  ^ 

(11.6.132) 

which  represents  the  change  of  amplitude  of  oscillations  of  the  IV  due  to  changes 
of  H  and  p,  or  the  amplitude  of  oscillations  (error)  of  the  IV,  since  Ppggj^o)  *  0 
[see  (11.6.131)]. 

Since  6H  and  6p  are  small  quantities  as  compared  to  their  rated  values,  then 
for  determination  of  6fJ  ealc  we  will  use  method  of  solution  of  the  analogous  problem 
given  in  §  5.5,  Par.  2c.  Then,  in  virtue  of  (11,6.129),  we  will  obtain 


9H%  #N 

dp  dp 

For  partial  derivatives  — geak(O)  and  — we  have 


(11.6.133) 


ft 

M. 


I 


*  N* 

Putting  them  in  (11.6.133),  we  will  obtain 


*«<o>  Ht 

"  ft  jig* 


«P. 


•m  ft,  /fr 


tlu  IH  \ 

ft./ 


(11.6.134) 


H, 


When  the  condition  of  undisturbability  (11.6.130)  is  satisfied  we  have  — *  1, 

P0 


and  in  place  of  (11.6.134)  we  find 


"  i*  i*  H%y 


(11.6.135) 


If  we  consider  that  6p  and  6H  are  independent  random  variables  with  zero 
mathematical  expectations,  then  according  to  (11.6.135)  we  will  obtain  the  following 
expressions  for  mathematical  expectation  and  root  mean  square  value 

of  amplitude  of  oscillations  of  the  IV: 


peak 

(11.6.136) 

(11.6.137) 


where  oB^  and  a6H  are  root  mean  square  values  of  errors  6p  and  6H. 
Formula  (11.6,137)  can  also  be  represented  in  the  form 


•  ■■  1**1  i  /  o*  +  a* 


(11.6.158) 
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where  aR  and  a.u  are  root  mean  square  values  of  relative  errors  ^  and  n^-. 

at  2£L  ^0  H0 

“0  ”0 

Peak  value  8Ppeajt  °f  error  of  the  IV  due  to  variations  of  parameters  6H  and  6p 
can  be  very  high.  However,  such  a  value  of  error  of  the  IV  is  scarcely  attained 
under  real  conditions  of  use  of  the  IV.  Thus,  for  instance,  in  the  considered  case 

( 

error  of  IV  will  obtain  value  50pealc  under  the  condition  that  the  object  moves  with 
constant  acceleration  vN  for  a  quarter  of  the  period  of  M.  Schuler,  i.e.,  approx- 
imately  21.1  minutes.  Such  duration  of  the  action  of  acceleration  which  is  constant 

i 

in  magnitude  is  hardly  possible.  In  practice,  time  of  action  of  acceleration  will 

i 

be  considerably  smaller,  and  therefore  error  of  IV  will  be  much  less  than  its  peak 

I 

value  Due  to  this,  calculation  of  error  of  IV  due  to  variation  of  parameters 

5H,  6u  should  be  conducted  not  for  peak  value  6^  eak'  for  current  value 

60,  which  exists  at  a  given  time  of  action  of  the  acceleration  vN.  For  error  60, 
if  we  proceed  from  formula  (11.6,128),  by  the  same  method  used  during  determination 
of  60pealc  we  obtain  the  following  expression; 

—  cos*/),  (11.6.159) 

where  peak  value  50peak  of  error  of  the  IV  is  determined  by  relationship  (11.6.155). 
Then  for  root  mean  square  value  of  error  of  the  IV  we  have  expression 


(11.6.140) 


where  root  mean  square  value  a 


50 


of  amplitude  of  error  of  the  IV  is  determined 


peak 

by  formula  (11.6.157)  or  (11.6.158). 

Errors  Bp.  and  5H  also  change  the  frequency  of  natural  oscillations  of  the  IV, 
and  consequently  disturb  the  condition  of  undlsturbability  (11.6.150). 

Analogously,  deviation  6v  of  frequency  of  oscillations  of  the  IV  will  be  obtainec 
in  the  form 

or  the  root  mean  square  value  will  be  0^ 


(11.6.142) 


Formula  (11.6.142),  by  analogy  with  (II.6.I58),  can  also  be  represented  In 
the  form 


(11.6.145) 


Using  (11.6.125),  we  will  obtain  expression  for  root  mean  square  value  o&T 
of  error  in  a  period  of  oscillations  of  the  IV 


■ir 


'  *  «.  •  V  * 


(11.6.144) 
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Example  11.17:  To  calculate  root  mean  square  ofep  ,  o&^,  o&v,  o&T  and  limit- 

peak 

ing  BP  ,  .  50  ,  6v  .  8T  values  of  errors  of  the  IV.  and  also  of  errors  in  fre- 

^  peak  m'  m'  m'  m  ’ 

quency  and  period  of  its  oscillations  for  the  following  initial  data:  T.  * 

5064  sec;  v  ■  1.24«10"^  l/sec;  the  constant  value  of  acceleration  of  the  object 

vN  =  2  m/sec^  acts  for  t  ■  10  minutes;  the  biggest  values  of  relative  errors  of 

parameters  of  the  IV  (^-)  -  (n^-)  ■  1#.  Limiting  values  6P  ,  .  6p  ,  Bv  .  BT 

m  peak  m#  Km'  m'  m 


l0  m  “0  m 

are  determined  for  the  conditions  of  Example  11.15. 


Solution:  1.  We  find  root  mean  square  values  a^,  a6H  of  relative  errors 

M-o  ”"~ 

By.  .  6H  U 

-*=-  and  — - 


u 


0 


V 


.  .§LmL_ 


*1 

* 


Sh 

TC 


m.L 


0.0033; 


0.0033. 


2.  By  formula  (11.6.138)  we  calculate  a 


BP. 


peak 


«  «  -t*l  1/  4.  *1"  .  1^(0.0033)*  +  (0.0033)*  ---  0. 

f, .  r  I *,  //,  Ml 


0C095I6  rad  -  3\27. 


5.  Using  (11.6,140),  we  find  a&p: 

•„  -  (!  -  COS  *0  -  3,07  (I  -  cos  1.24  10 -1. 600)  0  ,83. 

4.  According  to  (11.6.145)  and  (11.6.144),  we  determine  agv  and  a&T: 


i-i-.l/"  - 

•*  f  V  %  h9 


-  -L  .  1,14. 10- J  V  (0,0033)*  (0,0033)*  -  0,2891  10  *  5  i/8eC; 

•i»  *  7.  . .  ■  5064  —————  —  1 1,02  sec , 

'  1,24  10- 3 

5.  By  the  same  method  as  In  Example  11,15#  we  find  limiting  values  of  errors 
(for  EFpeak  ■  EJT  «  "Ev  ■  ET  -  0) : 

-w*,.  -3.3-  3,27  -I0',79, 

3,3-0,83  =  2', 74; 

_  *«,,  -  3,3-0,2894  10“ 5  «  0.955  I0“*  i/gec 
lTm  -  it,r  *  3,3- 11,82  =  39.01  Sec. 

From  Example  11.17  it  follows  that  deviations  of  parameters  of  the  IV  can  have 
a  considerable  influence  on  its  accuracy.  Therefore,  it  is  necessary  to  make  high 
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requirements  of  the  stability  of  H  and  p.. 

e)  Errors  Caused  by  Errors  of  Accelerometers  and  First  Integrators 

First  we  will  consider  influence  of  errors  of  the  accelerometer  on  IV.  To 
determine  errors  of  IV  with  respect  to  coordinate  3,  we  will  use  the  second  equation 
of  system  (11. 6, 20),  which,  talcing  into  account  (11.6.18),  we  will  rewrite  in  the 
form 

>  +  •2*— (11.6.145) 

Accelerometers  have  two  forms  of  errors:  1)  error  of  transfer  coefficient  k^ 

(Fig.  11.28),  which  causes  deviation  in  magnitude  of  coefficient  p  [see  (11.6.60) ]j  2) 

error  6a  in  measurement  of  acceleration  a  by  the  accelerometer. 
yl  yl 

Change  of  transfer  coefficient  k^  of  the  accelerometer,  which  leads  to  change 
5|i,  has  the  name  of  scale  error;  the  latter  linearly  depends  on  measured  acceleration. 
Influence  of  Bp.  on  error  of  IV  was  considered  earlier  (Par.  e) ;  thus,  for  example, 
change  of  k^  causes  through  Bp.  error  of  the  IV,  which  is  determined  by  relationship 
(11.6.140). 

Therefore,  subsequently  we  will  be  limited  to  estimate  of  influence  of  error 

5a  of  accelerometer,  which  is  caused  by  displacement  of  its  zero.  Taking  into 

yl 

account  5a  ,  we  will  rewrite  equation  (11.6.145)  in  the  form 
yl 

>+-7---£fK  +  2a„)*.  (11.6. 146) 

or,  taking  into  account  (11.6.18), 

i  +  +  (11.6.147) 

whence,  after  differentiation,  if  (11.6.22)  is  satisfied,  we  have 

(11.6.148) 

8r>  o 

Integrating  (11.6,148),  we  obtain  (^-  »  v^) 

P  —  CjCOsW+CjSin*/ -f  (11.6.149) 

For  initial  conditions  t  =  0,  0(0)  ■  0q  *  0,  0(0)  ■  0^  «  0,  we  have 

1-cosW),  (11.6.150) 

whence  it  follows  that  the  IV  accomplishes  oscillation  near  the  displaced  position 

1 

determined  by  quantity  —  5a  . 

«0  yl 

Root  mean  square  value  a ^  of  deviation  of  TV  will  be 

(1  -  cos  V/),  (11.6.151) 
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where  oB  is  root  mean  square  value  o;  displacement  of  the  zero  of  the  acceler- 
meter. 

Example  11,18;  To  calculate  root  mean  square  a ^  and  limiting  values  of 
error  of  the  IV  for  the  following  initial  data:  root  mean  square  value  of  displace- 
ment  of  zero  of  accelerometer  o&  »  0*5  cm/sec  ;  v  ■  1,24*10  **  1/sec;  value  of 

moment  of  time  t  =»  ^  =  21.1  minutes.  Limiting  value  is  detennined  for  the 
conditions  of  Example  11.15. 

Solution:  1,  By  formula  (11.6.151)  we  determine  a^: 

•i  «■  —  iu  (I— co*x/)  —  — -O.if  1  —  cos  «■  O,0OCjO97rad  «*  I'. 75. 

2.  By  the  same  method  as  In  Example  11,15,  we  find  limiting  value  Pm  of  error: 

3,3. 1,75  =  5\78. 

From  Example  11.18  It  follows  that  accelerometers  applied  in  INS  have  to 
possess  extremely  small  displacement  of  the  zero. 

Let  us  turn  to  analysis  of  influence  of  errors  of  the  first  integrator  on 
accuracy  of  IV;  these  appear  due  to:  1)  error  in  transfer  coefficient  kg  of  the 
integrator  (Fig.  11.28),  which  causes  deviation  in  the  magnitude  of  coefficient  p. 
[see  (11.6.60)];  2)  "drift"  e  t  of  integrator*  (e  is  deviation  of  integrator  in 
1  sec) . 

Influence  of  the  first  of  these  factors,  which  manifests  itself  in  change  of 
coefficient  p,  is  the  same  as  that  due  to  variation  of  parameters  of  correction  of 
gyroscope  and  accelerometer.  Therefore,  we  will  demonstrate  the  influence  of  drift 
of  the  zero  of  the  first  integrator  on  error  of  the  IV,  For  this  we  will  use  the 
second  equation  of  system  (11.6.20),  which,  if  we  take  into  account  drift  of  the 
Integrator,  will  be  written  in  the  form 

t  +  -7-  -  f  (®v  -£<?)*'  +  j *  (11.6.152) 

whence  after  differentiation,  if  the  condition  of  undisturbability  (11.6.22)  is 
satisfied,  we  will  obtain  equation 

f  +  -**P  =  7*.  (11.6.153) 

which  is  analogous  to  equation  (11,6,148)  of  the  IV  in  the  presence  of  displacement 
of  zero  of  the  accelerometer.  Therefore,  by  analogy  with  (11.6.151),  for  root  mean 

♦Drift  of  the  integrator  is  defined  [112]  as  the  appearance  of  an  output  signal 
in  the  absence  of  an  input  signal  from  the  accelerometer. 
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Hi  liltin'^  j-  i,iiflg| 


— bq 


square  value  a ^  of  deviation  of  the  IV  we  have 

—  cos*/).  (11.6.154) 

where  a  is  root  mean  square  value  of  drift  of  the  Integrator  in  1  sec. 

£ 

Thus,  drift  of  first  Integrator,  Just  as  displacement  of  zero  of  the  accelero¬ 
meter,  causes  displacement  of  IV  and  oscillations  of  it  near  this  deflected  position. 

f)  Errors  Caused  by  Inaccuracy  of  Azimuthal  Stabilization  of  the  GSP 

In  the  given  (Par,  a)  list  of  instrument  errors  of  IV  it  was  shown  that  one  of 
the  causes  of  these  errors  is  inaccuracy  of  azimuthal  stabilization  of  the  GSP. 

For  investigation  of  this  question  it  is  necessary  to  compose  equations  of  the 
triaxial  GSP  applied  in  the' considered  type  of  INS  (see,  for  instance,  [50,  142, 

162,  175]). 

Errors  of  the  GSP  are  caused  by:  1)  errors  of  initial  azimuthal  orientation 
of  the  GSP;  2)  drift  of  the  platform  in  azimuth;  3)  change  of  azimuthal  orienta¬ 
tion  of  axes  of  sensitivity  of  accelerometers.  Analysis  of  influence  of  the  first 
two  factors  on  the  accuracy  of  IV  shows  [175]  »*  that  errors  of  initial  azimuthal 
orientation  rf  platform  and  drift  of  azimuthal  gyroscope  lead  to  errorB  of  the  IV. 
Change  of  azimuthal  orientation  of  axes  of  sensitivity  of  accelerometers  alBo  causes 
error  of  the  IV. 

o 

Due  to  what  has  been  said,  there  are  made  very  high  requirements  of  the  accuracy 
of  initial  azimuthal  orientation  of  platform  and  drift  of  the  azimuthal  gyroscope. 


g)  Errors  Caused  by  Damping  of  Oscillations  of  the  IV»* 

Let  us  consider  possible  errors  in  IV  during  damping  of  it  with  the  help  of 
internal  couplings;  errors  during  damping  with  help  of  external  information  in 
dynamics  will  be  discussed  in  Par.  7.  Let  us  assume  that  damping  of  the  IV  is 
carried  out  by  means  of  feedback,  including  the  first  integrator  (Fig.  11.29).  For 
this  case,  motion  of  the  IV  with  respect  to  coordinate  0  is  described  by  equation 


(11.6.97): 


P  +  *»f  +  *?  =  - 


(11.6.155) 


For  vN  =  const,  error  of  IV  upon  completion  of  transient  response  is  determined 
by  relationship 

In-— T’T-  (11.6.156) 

Example  11,19:  To  determine  error  p  t  of  IV  due  to  damping  by  means  of 

♦See  also:  A.  A.  Yakushenkov.  Fundamentals  of  inertial  navigation  "Naval 
Transport,"  1963. 

♦♦These  errors  may  also  be  included  among  systematic  errors. 
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inclusion  of  first  integrator  by  feedback  for  the  following  initial  data:  relative 
damping  factor  £  =>0.5;  Schuler  frequency  v  ■  1. 24*10"'*  1/sec;  constant  value  of 
velocity  of  ship  in  plane  of  meridian  Vjj  -  10  m/sec;  R  -  6371  km. 

Solution:  By  formula  (11.6.156)  we  find  magnitude  of  error  Pgt: 


IW-v  •  y 


20,5 


10 


1,24-10—*  6371- 10* 


-  0,00t266  rad  -  4\3S. 


From  Example  11.19  it  follows  that  error  Pgt  is  considerable.  It  will  be  still 
larger  if  IV  is  installed,  for  instance,  on  au  aircraft.  Thus,  for  speed  of  air¬ 
craft  vN  =  200  m/sec  for  the  same  initial  data  we  will  obtain  error  |Pflt|  *  87', 
which  is  absolutely  impermissible.  Therefore,  the  most  expedient  is  damping  of  IV 
with  the  help  of  external  information. 


h)  Influence  of  Errors  of  IV  on  Error  of  Determination  of  Coordinates  of  the  Object 
(Vehicle)  by  the  TTj? 

Considering  the  operation  of  INS  with  geographic  orientation,  we  will  estimate 
influence  of  error  of  IV  with  respect  to  coordinate  B  in  the  plane  of  the  meridian 
on  error  6S  in  determination  by  the  inert  ini  system  of  path  S,  passed  over  by  the 
object  in  this  plane.*  Thus  we  will  not  consider  the  influence  of  other  errors  on 
&S,  for  instance  due  to  error  of  initial  establishment  of  local  latitude  cp,  errorB 
of  the  second  integrator,  and  others.  Of  all  possible  errors  of  the  IV,  we  will 
take  into  account  errors  caused  by  inaccurate  initial  setting  of  the  IV,  by 
disturbing  torques  applied  to  the  IV,  by  variation  of  parameters  of  accelerometers, 
gyroscopes,  first  integrators  and  by  inaccuracies  of  accelerometers  and  first 
integrators.  For  this  we  will  use  the  second  equation  of  system  (11.6.20),  in  which 
for  simplification  we  will  consider  that  vu  “  0,  vN  =  0;  then  we  will  obtain 


(11.6.157) 


Taking  into  account  the  above  mentioned  errors  of  the  IV,  according  to 
(11.6.108),  (11.6.147),  (11.6.152),  and  replacing  H  by  HQ  +  6H,  \i  by  uQ  +  &U-,  in 
place  of  (11.6.157)  we  will  obtain 


whence  with  accuracy  up  to  terms  of  the  second  order  of  smallness  we  have 

*-[t-Mr)+ +T('-%)- (116159) 


vSuch  auestions  are  considered  in  a  number  of  the  above  cited  works  on  inertial 
navigation  (see  also:  N.  I,  Yefremov.  On  the  theory  of  invariance  of  inertial  sys¬ 
tems  based  on  the  method  o't  dead-reckoning,  "News  of  Higher  Educ.  Institution. 
Instrument  Manufacture,"  Vol.  V,  Issue  6,  1962). 
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Let  us  designate 


(11.6.160) 


Then  we  will  rewrite  (11.6.159)  in  the  form 


+^dx H  +**■**■•  (tl-6-161) 

Since  in  contemporary  precision  gyroscopic  devices  applied  in  inertial  systems, 
oscillations  6H  of  angular  momentum  are  minute,  then  in  accordance  with  (11.6. l6o) 
we  will  take  k^  •«  1  and  instead  of  (11.6.161)  we  will  obtain 


» -  (t + + * +*']+T  (11-6-162) 


+  +  ■«.’)  +  •) +  ^  •  (11.6.163) 


We  will  transform  coefficient  (jp  +  ^ )  in  the  following  way: 

». +  h.  n.  \  +  *r 

According  to  condition  (11.6.130)  of  undisturbability  of  the  IV 

h  ^  1  . 

ft,  ft  * 

we  will  designate 

Then  Instead  of  (11.6.164)  we  will  obtain 

h  i  V  .  1  H 
.ft,  +  ft,  ft  *p' 

Considering  this  expression,  we  will  rewrite  (11. 6.163)  in  the  form 


(11.6.164) 


(11.6.165) 


(11.6.166) 


In  the  first  approximation  for  «  1,  according  to  (11,6.165),  we  will  take 


k  «  1;  then,  considering  (11.6,24),  we  will  obtain 


(11.6.167) 


Designating  angular  velocity  of  precession  (drift)  of  the  gyroscope 

(11.6.168) 


we  will  rewrite  (11.6.167)  in  the  form 

!+»?--£  (to,, +  .)  +  •,.  (11.6.169) 

Further  it  is  necessary  to  establish  the  dependence  between  error  6  of  the  IV 
and  error  caused  by  it  5S  in  determination  by  the  inertial  system  of  path  parsed 
over  by  the  object.  Using  the  block  diagram  of  the  IV  shown  in  Fig.  11.28,  and 
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supplementing  it  with  the  second  integrator 


for  obtaining  of  path  passed  over 


by  the  object  SN  •  3  in  the  plane  of  the  meridian,  we  will  compose  equation  of  the 
channel  for  determination  of  path  in  the  form 


(*>*-«#  +  *•,!.  (11.6.170) 

Considering  that  k^kgk^  -  1  and  not  considering  changes  of  these  coefficients 
relative  to  their  computed  values,  for  error  of  path  63  we  have 


or 


4$.— ^+lo||  +  s,  (11.6.171) 

where  3  is  determined  by  equation  (11.6.169). 

During  integration  of  equations  (11.6. 169)  and  (11.6.171)  for  determination 
of  error  6S,  we  will  use  the  operational  method.*  For  this  we  will  find  the  trans¬ 
form  of  equation  (11.6.169)  for  initial  conditions**  t  -  0,  3(0)  -  3q,  £(0)  • 

<•* +  AW  -  -J-  (*»,.  +  •)+»•.+  **,  +  *J,  (11.6.172) 


and  will  consider  subsequently  that  6a^  ,  e  and  u>dr  are  random  variables  which  are 
not  time -dependent. 

Then  we  will  find  the  transform  of  equation  (11.6.171)  for  initial  conditlonn 
t  -  0,  63(0)  -  63(0)  -  0: 


to  - — (*) + \  +  •• 

Substituting  here  3{s)  from  (11.6.172),  we  will  obtain 

45(i) _ -«tS  .  *■>,+■  *(>.+-.). 


(11.6.175) 


(11.6.174) 


Passing  over  from  transforms  to  inverse  transforms,  we  have 

«  -  M  («■  •<  -  1)  +  £  (I  -  CO../)  + 


+ £  (i  -  *»  •  o  -  *  ( f, + •,)  <  (1  -  ijj*) . 

He  will  designate  components  error  6S1 

(11.6.175) 

(II.6.176) 

*  -cos*/): 

(11.6.177) 

•#(!— cos*/); 

■» 

(II.6.178) 

•See  (881,  and  alsoi  V.  A.  Pitkin  and  P,  I.  Kuznetsov.  Reference  book  on  opera¬ 
tional  calculus.  State  Press  ror  Technical,  and  Theoretical  Literature,  1951. 

••It  is  assumed  that  Initial  angular  velocity  is  caused  by  sampling  action  on 
the  gyroscope.  u 
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(11.6.179) 

Uf-fr^l-^).  (11,6.180) 


Then 


IS  ■  IS*  +  +  iS4  -f  IS*.  (11.6.181) 

From  formula  (11.6.176)  it  follows  that  component  bS^  Is  caused  by  inaccuracy 
of  Initial  setting  of  the  OSP.  Considering  to  be  a  random  variable,  for  root 


mean  square  value  oQS  of  error  63^  we  will  obtain 


(11.6.182) 


Component  &S«  [see  (11.6.177)]  is  caused  by  error  &a„  of  the  accelerometer. 

*  yl 

For  small  time  t  formula  (11.6.177)  can  approximately  be  represented  in  the  form 

^  la,  #(l  - COI  ./)=  ^ .  (11.6.183) 

i.e.,  at  first  error  6Sg  is  Increased  proportionally  to  the  square  of  time,  since 
in  the  IV  there  is  carried  out  double  Integration  of  acceleration  measured  by  the 
accelerometer.  However,  subsequently  (for  large  t),  increase  6Sg  is  limited  due 
to  the  presence  in  the  circuit  of  feedback,  and  the  error  acquires  an  oscillatory 
character. 

For  root  mean  square  value  oQS 


of  error  6Sg  we  wil*  obtain 


c®4  ■') 


(11.6.184) 


Vhat  has  been  said  above  completely  pertains  also  to  error  5S^  [see  (11.6.178)] 
due  to  drift  of  the  first  integrator;  therefore,  for  root  mean  square  value  o&s 


of  error  63^  we  have 

V*-i>.(l-co«W).  (11.6.185) 

Error  bS^  [see  (11.6.179)]  is  caused  by  initial  angular  velocity  of  the  OSP. 
This  error,  besides  an  oscillatory  component,  contains  a  component  which  increases 
proportionally  to  time. 

For  root  mean  square  value  o^g  of  error  63^  we  have 

•«.  “  *  V  (l — -^^r-)  -  (ll,6,186) 

From  formula  (11.6.180)  it  follows  that  error  63^  is  caused  by  drift  of  the 
gyroscope  with  angular  velocity  u>dr,  Thus,  gyroscope  drift,  besides  oscillatory 
change  of  error  bS^,  causes  continuous  build-up  of  it  in  proportion  to  time.  For 
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small  Interval  of  time  t ,  formula  (11.6.180)  can  be  approximately  represented  In 
the  form 


(11.6.187) 

Prom  what  has  been  said  above,  it  follows  that  there  have  to  be  made  very  high 
requirements  of  the  accuracy  of  gyroscope  applied  in  INS. 

For  root  mean  square  value  a&g  of  error  63^,  according  to  (11.6.180),  we  have 

(11.6.188) 


where  0  is  root  mean  square  value  of  gyroscope  drift  velocity, 

“dr 

Considering  in  (11.6. 181)  all  components  of  error  6S  to  be  independent,  and 
taking  into  account  (11.6.182),  (11.6.184),  (11. 6,185),  (11.6.186)  and  (11.6,188), 
for  root  mean  square  value  o6g  of  error  bS  caused  by  errors  of  the  IV  in  determina¬ 
tion  by  the  INS  of  path  of  the  object,  we  have 


<$ 


+  (1 — cos  »/)*  + 

*  /  * 


(11.6.189) 


Example  11.20;  To  calculate  root  mean  square  o^g  and  limiting  6Sm  values  of 

error  in  determination  by  the  inertial  system  of  path  of  the  object,  which  1b  due 

to  errors  of  the  IV,  for  the  conditions  of  Examples  11.15  and  11.18;  root  mean 

square  value  of  angular  velocity  of  gyroscope  drift  a  -0.2  deg/hr;  period  of 

“dr 

2ir  1  ■» 

operation  of  system  t  -  ~  ^  ■  635  sec;  v  ■  1,24*10"  l/sec;  R  -  6371  lcm;  a3  * 

2 

-0.5  cm/sec  . 

Solution:  1.  By  formula  (11,6.189)  we  determine  o6g: 

km. 

2.  By  the  same  method  as  in  Example  11.15,  we  find  limiting  value  of  error 
6Sm  (for  EF  -  0) : 

Us  -  ».u-  J.3  1.55  -  8,12  km. 

From  Example  11.20  it  follows  that  for  the  accepted  values  of  errors  of  elements 
of  the  IV  and  for  t  *  10  minutes,  error  in  determination  by  the  inertial  system  of 
path  passed  over  by  the  object  is  very  great. 

Error  bs  causes  corresponding  error  bf  in  determination  by  the  inertial  system 
of  latitude  of  the  position  of  the  object.  According  to  (11,6.35) 

(11.6.190) 

whence  for  root  mean  square  value  of  error  bq>,  we  will  obtain 
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(11.6.191) 


Thus,  for  the  conditions  of  Example  11.20,  we  have  -  O^Sj,  and  limiting 
value  of  error  Bo  -  2'. 74. 

During  finding  of  error  53  we  did  not  take  Into  account  instrument  error  due 
to  azimuthal  deflection  of  the  OSP.  This  question  Is  considered  in  separate  works 
(for  instance,  (162,  175]#).  Let  us  note  only  that  Inaccuracy  of  initial  azimuthal 
orientation  of  QSP  and  drift  of  azimuthal  gyroscope  cause  error  in  the  IV,  and  also 
error  in  determination  by  the  inertial  system  of  velocity  and  path  passed  over  by 
the  object.  Therefore,  very  high  requirements  are  made  of  the  accuracy  of  initial 
azimuthal  orientation  of  the  OSP  and  azimuthal  gyroscope.  Besides  what  has  been 
indicated,  during  motion,  for  instance,  of  an  aircraft  along  an  orthodrome,  azimuthal 
drift  of  the  platform  leads  to  lateral  displacement  of  center  of  gravity  of  the 
aircraft  from  its  resigned  orthodrome. 

Above  there  were  considered  only  certain  basic  instrument  errors  of  IV  and 
their  influence  on  accuracy  of  determination  by  the  inertial  system  of  coordinates 
of  the  object.  It  is  possible  to  become  acquainted  with  analysis  of  other  instru¬ 
ment  errors  of  IV  in  the  literature  (see,  for  instance,  [142,  162,  117]  and  the 
books  indicated  in  the  note  on  p.  494). 

6.  Systematic  Errors  of  IV 

a)  General  Characteristics  of  Systematic  Errors 

Among  systematic  errors  of  IV  there  are  included:* 

1)  errors  due  to  rotation  of  Earth  and  vehicular  motion  with  respect  to  the 
Earth  caused  by  Induced  and  Coriolis  accelerations; 

2)  errors  due  to  non-sphericity  of  the  Earth  and  non-centrality  of  its  gravita¬ 
tional  field; 

3)  errors  caused  by  vertical  comrenent  of  velocity  of  the  object,  and  others. 

b)  Errors  Caused  by  Induced  and  Coriolis  Accelerations 

During  the  analysis  of  IV  in  the  case  of  geographic  orientation  of  axes  of 
sensitivity  of  accelerometers,  and  with  consideration  of  induced  and  Coriolis 

•See  also:  A.  A.  Yakushenkoy.  Fundamentals  of  inertial  navigation,  "Naval  Trans¬ 
port,"  1965;  J.  Carpentler.  J1.  kadix,  J.  Bouvet.  0.  Bonnevalle.  Navigation  par 
inertie.  Dunod,  Paris,  i$B2. 

••Errors  considered  in  Par.  5g,  which  are  connected  with  damping  of  oscillations 
of  IV,  may  also  be  counted  as  systematic  errors. 
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accelerations,  there  were  obtained  equations  (11.6.70)  of  motion  of  the  considered 

inertial  vertical 


(^?Ltg?+l,0**lnT) 

P+— -P-  -^(y  t«?  +  i/*/?cos?sin  ?  +2(/oesln 

Since  these  equations  are  nonhomogeneous,  then  consequently  the  IV  during 
geographic  orientation  of  axes  of  sensitivity  of  accelerometers  will  not  be  directed 
along  the  geocentric  vertical,  i.e.,  it  has  a  deviation  from  it  caused  by  induced 
and  Coriolis  accelerations.  These  deviations,  which  are  usually  called  systematic 
errors .  are  determined,  according  to  (11.6.70),  for  zero  initial  conditions  by  the 
following  relationships: 


t 

f  (-^'8?  +  t'e.v*'" t) *1" »(/- t)rft 

I 

igf +U*R  cm?  sin  1  + 

+  2(/o£sinf  —  x)dx 


(11.6.192) 


~  acc  acc 

Errors  a  and  0  are  analogous  to  errors  of  a  physical  pendulum  in  a  Cardan 

suspension  [see  (4.5.23)*];  thus  the  fundamental  circumstance  is  that  the  IV  is 

•  •  acc  acc 

not  influenced  by  relative  accelerations  vN,  vE  of  the  object.  Errors  a  and  0 

are  determined  to  be  quantities  of  the  same  order  as  in  Examples  4.3  and  4.4  (§  4.5, 

Par.  6).  Since  such  errors  are  for  inertial  systems  impermissibly  large,  they  are 


usually  compensated.** 

♦Formulas  (4.5.23)  characterize  static  values  of  errors  of  the  short-period 
physical  pendulum. 

♦♦Above  it  was  shown  that  induced  and  Coriolis  accelerations  cause  error  in  the 
IV.  Let  us  note  that  errors  in  determination  of  coordinates  of  the  object  depend 
not  on  these  accelerations  themselves,  but  on  their  derivatives.  Actually,  latitude 
<P  is  determined  as  the  double  integral  of  readings  Oy^  of  the  northern  accelerometer 

(Fig.  11.21).  Considering  (11.6.64),  we  have 


tg  f  +  U*  R  sin  y  cos  f  -f-  2Uve  sin  y 


-*.«)  d*. 


Constant  component  0U  of  error  of  the  IV,  according  to  (11. 6. 70),  will  be 


i(h’ 


) 


we 


+  (/*A  cos  y  sin  y  +  2{/pg  sin  y  I.  Substituting  0=0  in  the  expression  for  <p. 


I  1  '  • 

have  y  «*  ;  this  coincides  with  (11.6.5),  i.e.,  induced  and  Coriolis 


accelerations  do  not  cause  error  in  latitude  (with  accuracy  up  to  the  oscillatory 
component  of  error).  If,  however,  now  we  consider  the  alternating  character  of 
accelerations,  then  it  is  possible  to  show  that  error  in  qp  will  depend  on  the  deriva¬ 
tive  of  these  accelerations. 
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For  compensation  of  systematic  errors  of  IV  due  to  induced  and  Coriolis  accel¬ 
erations  there  are  directly  used  values  of  components  vN  and  Vg  of  velocity  of  the 
object  and  latitude  9  of  the  position  of  the  object  which  are  produced  by  the  inertial 
system  itself.  One  of  the  methods  of  compensation  in  IV  of  these  systematic  errors 
is  that,  corrections  produced  by  the  computer  2UvN  sin  9,  2UVg  sin  9,  ...[see 
(11.6.68)]  are  introduced  together  with  readings  of  accelerometers  into  the  input 
of  the  first  integrators;  due  to  this,  from  readings  of  the  accelerometers  there 
are  eliminated  components  of  induced  aj  u  Coriolis  accelerations.  Let  us  note  that 

p 

certain  terms  of  (11,6.68),  for  Instance  U  R  cos  9  sin  9,  can  turn  out  to  be  small 
as  compared  to  other  terms,  and  therefore  in  a  number  0*  cases  it  is  not  necessary 
to  compensate  them. 

From  the  first  equa4-*'"  of  system  (11  .C.CZ)  it  follows  that  it  is  also  necessary 
to  compensate  the  horizontal  component  U  cos  9  of  angular  velocity  of  diurnal 
rotation  of  the  Earth.  For  this  it  is  necessary  to  apply  to  the  eastern  gyroscope 
of  the  GSP  corrective  torque  HU  cos  9,  where  H  is  angular  momentum  of  the  gyroscope. 
The  scheme  of  compensation  in  IV  of  the  considered  systematic  errors  will  be  given 
in  Par.  8. 

Besides  INS  with  geographic  orientation  of  axes  of  sensitivity  of  the  accelero¬ 
meters,  there  are  also  applied  Inertial  systems  with  orthodromic  orientation  of 
these  axes  (Par.  lb),  when  the  latter  are  directed  along  the  assigned  orthodrome 
of  motion  of  the  object  and  perpendicular  to  it.  With  such  orientation  of  axes  of 
sensitivity  of  accelerometers,  the  IV  also  has  systematic  errors  due  to  induced 
and  Coriolis  accelerations  which  are  analogous  to  the  corresponding  errors  of  a 
physical  pendulum  in  a  Cardan  suspension  during  motion  of  the  object  along  an  ortho¬ 
drome  [see  (4.5.24)].  These  errors  of  the  IV  must  also  be  compensated.  Detailed 
analysis  of  systematic  errors  of  the  IV  for  orthodromic  orientation  of  axes  of 
sensitivity  of  accelerometers  is  given  in  a  number  of  works  (for  instance,  [142, 

162]). 

It  is  of  interest  to  find  if  there  exists  an  orientation  of  axes  of  sensitivity 
of  the  accelerometers  for  which  the  IV  would  not  have  systematic  errors  due  to 
induced  and  Coriolis  accelerations.  One  of  such  possibilities  is  indicated  by  the 
analysis  of  errors  of  the  physical  pendulum  with  period  of  84.4  minutes,  which  was 
given  in  §  4.5,  Par.  5.  There  it  was  shown  that  if  such  a  pendulum  is  installed 
on  a  platform  which  is  stabilized  in  azimuth  from  a  free  gyroscope,  then  it  is 
undisturbed  by  relative,  induced  and  Coriolis  accelerations,  i.e.,  it  does  not  have 
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systematic  errors  due  to  rotation  of  the  Earth  and  motion  of  the  vehicle,  and  for 
zero  initial  conditions  conserves  the  direction  of  the  geocentric  vertical  given  to 
it  at  the  initial  moment.  Such  a  method  of  installation  of  the  physical  pendulum 
corresponds  to  an  inertial  system  with  free  orientation  in  azimuth  (Par.  lb),  when 
axes  of  sensitivity  of  accelerometers  have  in  plane  of  horizon  constant  azimuthal 
orientation  relative  to  inertial  space. 

Let  us  show  that  in  this  case  the  IV  does  not  have  systematic  errors  due  to 
induced  and  Coriolis  accelerations.  For  this  we  will  compose  equation  of  motion 
of  the  IV,  using  shortened  Euler  equations  (11.6.10),  in  which  p  and  q^  are  deter¬ 
mined  by  formulas  (11.6.11).  If  in  the  latter  we  disregard  small  terms  u^a  and 
u^P  for  not  too  large  latitudes  9,  then  we  have  approximately 

Pi  “  — £  +  -■+«,.  (11.6.193) 

Since  in  the  considered  case  the  GSP  preserves  horizontal  position,  then  com¬ 


ponents  u^  anc  u^  of  induced  angular  velocity  of  axes  0£n£  are  connected  with  linear 
velocities  v^  and  v^  by  relationships  (4.5,10) 


^  '  R 

Then  instead  of  (11.6.193)  we  will  obtain 

As  torques  M  and  M  we  will  consider  only  torques  M 


cor  x 


(11.6.194) 


(11.6.195) 

and  Mcor  y'  aPPlled 


to  the  IV  by  the  system  of  Integral  correction,  i.e.,  we  will  assume  that  M 


cor  x'  y. 


cor  y 


[see  (11.6.14 )]j  thus,  we  will  consider  M 


and  M  to 

cor  x  cor  y 


be  proportional  to  Integrals  of  readings  of  the  accelerometers  a  and  a  .  The 

X1  yl 

latter  are  determined  for  «  gQ  by  relationships  (11.6,16).  Substituting  in  them 
in  place  and  expressions  (4.5.9)*  we  will  obtain 

*o«i  +  (11.6.196) 


Then  for  torques  Mcor  x  and  Mcor  of  integral  correction  of  the  IV,  by  analogy 
with  (11.6.19),  we  will  obtain 

I  t  I  f  t  ' 

(«i  -  »,«;  -  «,«)  -  I *  J  (s + -  *?) *  •  (!1 .6 .197 ) 

Putting  (11.6.195)  and  (11,6.197)  in  (11.6.10),  we  have 


•  +  y  "  'ifj (*»  ""  "  *»*)  (11.6.198) 
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whence  after  differentiation  we  find 


•"+£v-*(5— x)— S-* 


(11.6.199) 


When  condition  of  undisturbability  (11.6.22)  is  satisfied,  we  vrill  obtain 
equations  of  the  IV  in  che  form 


(11.6.200) 


oa 


For  the  considered  inertial  system  with  free  orientation  in  azimuth,  component 
of  angular  velocity  of  trihedron  05q£  relative  to  Inertial  space  along  the  axis 
is  equal  to  zero  (u^  ■  0).  Then,  instead  of  (11.6.200)  we  will  obtain 


i.e.,  homogeneous  equations,  and,  consequently,  the  IV  does  not  have  systematic 
errors  due  to  induced  and  Coriolis  accelerations. 

Thus,  for  inertial  system  with  free  orientation  in  azimuth,  when  axes  of 
sensitivity  of  accelerometers  have  in  plane  of  horizon  constant  azimuthal  orientation 
relative  to  inertial  space,  there  are  absent  systematic  errors  caused  by  rotation 
of  Earth  and  vehicular  motion.  Application  of  such  a  system  ensures  automatic 
compensation  of  the  indicated  errors. 

However,  we  should  consider  that  an  inertial  system  with  free  orientation  in 
azimuth  has  an  essential  deficiency  connected  with  the  absence  in  the  system  of 
a  directional  torque;  this  can  lead  in  a  real  system  to  drift  of  the  GSP  in  azimuth. 


c)  The  Influence  of  Ncn-Sphericity  of  the  Earth 

One  of  the  systematic  errors  of  IV  is  error  due  to  non-sphericity  of  the  Earth 
and  non-centrality  of  its  gravitational  field.  Detailed  investigation  of  this 
error  and  the  bases  of  methods  of  its  compensation  goes  beyond  the  scope  of  the 
present  account  of  the  theory  of  IV.  Therefore,  we  will  be  limited  only  to  certain 
short  explanations. 

Earlier  during  investigation  of  different  GU  we  assumed  the  Earth  to  be  a 
sphere  of  average  radius  R  =  6371.228  km.  In  reality,  the  Earth  has  the  form  of 
an  ellipsoid  of  rotation,  which  is  called  the  terrestrial  spheriod  [l6o].  On  the 
terrestrial  spheroid  (Fig.  11.30),  the  equator  and  the  parallel  drawn  through  the 
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place  of  observation  A  constitute  circles.  The  meridian  passing  through  axis  P^PS 
'which  coincides  with  axis  of  rotation  of  Earth)  and  place  of  observation  A  is  an 
ellipse.  Semimajor  axis  of  the  ellipsoid  will  be  designated  a;  the  semiminor  axis 
will  be  b;  radius  of  parallel  on  the  sphere  will  be  designated  p.  At  point  A  on 
the  terrestrial  spheroid  we  will  assign  a  system  of  coordinates  04q£  having  geographic 
orientation:  axis  04  is  directed  along  the  tangent  to  the  parallel  to  the  east;  axis 
Otj  —  along  the  tangent  to  the  meridian  to  the  north;  axis  0£  —  along  the  line  AB 
at  the  angle  of  geographic  latitude  9  to  the  plane  of  the  equator,  i.e.,  along  the 
normal  to  the  ellipsoidal  surface  of  the  Earth  (along  the  line  of  action  of  gravity). 
Geocentric  latitude  q>'  is  determined  by  the  angle  between  line  AC,  which  connects 
place  of  observation  A  with  center  C  of  the  ellipsoid,  and  the  plane  of  the  equator. 
The  cross  section  of  the  terrestrial  spheroid  along  the  plane  of  the  meridian  is 
represented  in  Fig.  11.31. 

In  the  Soviet  Union,  as  the  terrestrall  spheroid  there  is  accepted  the  spheroid 
of  Krasovskiy,  for  which  the  seaiaajor  axes  a  -  6378.245  km  and  the  semiminor  axis 
b  =  6356.863  km.  '’’he  shape  of  the  terrestrial  spheroid  is  characterized  by  its 
flattening  a,  which  is  determined  by  relationship  [160] 


a  ■■ 


a— * 


(11.6.201) 


For  the  spheroid  of  Krasovskiy 

1  1 

29B.3 


a  -  ahO  n  •*  v*7r.  Frequently  instead  of 
flattening  a  there  is  used  the  magnitude 
of  eccentricity  of  the  terrestrial 
spheroid 

(11.6.202) 

e 

Between  a  and  e  there  exists  the 
relationship 

^  —  8«  — «*se2a. 

Difference  7  between  geographic  $ 
and  geocentric  <p’  latitudes  is  called 
the  reduction  [160] 

i-t— 


it  is  determined  by  relationship  [66] 

t(T%s$intf 

or,  considering  that  a  » 

Tssll'2r«ln2?. 


(11.6.203) 

(11.6.204) 

(11.6.205) 


The  largest  value,  il'27”  is  attained  by  reduction  7  at  latitude  cp 


45°. 
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Radius  p  of  parallel  on  the  spheroid  (Pig.  11.30  and  11.31)  Is  determined  by 
relationship  [160] 

->,*“**  .  •  (11.6.206) 

y  i —i*  sis*  f 

Instead  of  p,  B.  V.  Bulgakov  [20]  uses  the  quantity  R^  -  AC'  (Pig.  11.31)# 
which  constitutes  the  main  principal  radius  of  curvature  of  the  surface  of  the 


spheroid  in  the  plane  which  is  perpendicular  to  plane  of  meridian.  Since 


then  in  virtue  of  (11.6.206) 


cm  r 


*  -'T. 

V  l-«'sia*f 


(11.6.207) 


(11.6.208) 


We  will  introduce  principal  radius  of  curvature 
Rg  ■  AB  of  merldianal  cross  section  of  the  ellipsoid. 
For  it  we  have  the  following  expression  [20,  160] : 

ft  -  •{*-*) 

**  S  *  (11.6.209) 

(l-s»ne«i)T 

Latitudes  %  and  <p'  are  connected  through 


eccentricity  e  by  relationrhip  [20] 

«*?'-(* -«*)  tg?. 


(11.6.210) 


rig.  11.31.  Cross  section 
of  terrestrial  spheroid 
along  plane  of  meridian. 


During  motion  of  the  object  over  the  terrestrial 
spheroid,  there  are  changed  latitude  a  and  longitude 
X  of  its  position.  By  analogy  with  (1.2.26)  and 


(1.2.27),  we  have 

T  ft,  ’  f  *tCOSf 


(11.6.211) 


where  v^  and  vE  are  components  of  relative  veloc.ty  of  the  object  along  the  meridian 
and  the  parallel. 

For  cor  espondlng  components  of  absolute  velocity  of  the  object,  by  analogy 


with  (1.2.29)  we  have 


Yg  —  jy/cos,  +  Vg,  Y  M 


(11.6.212) 


We  will  give  formulas  for  components  u^,  u^,  u,  of  angular  velocity  17  of  axes 
which  is  caused  by  rotation  of  the  Earth  and  motion  of  the  vehicle,  taking  into 
account  oblateness  of  the  Earth.  For  u^,  u^,  u, ,  with  geographic  orientation  of 
axes  Of,  and  Or,,  instead  of  formulas  (1.2,20)  we  easily  obtain  for  the  terrestrial 


spher  Id  the  relationships 
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4»M  t  -'•*•4**1 


«,-((/+l)co»f-e/co»f + 

4.(f/  +  l)slnt-t/iinf +  £ltg? 


(11.6.213) 


which  for  -  R  became  (1.2.28).  Let  ua  note  that  In  (11.6.213)  there  la 

contained  geographic  latitude  9,  while  In  formulae  (1.2,28)  by  9  there  la  denoted. 

In  general,  geocentric  latitude  p'.  Thla  dletlnctlon  la  due  to  the  fact  that  earlier 
(Pig.  1.9)  axla  OC  waa  conaldered  by  ua  to  be  directed  along  radlua  of  Earth,  which 
waa  assumed  to  be  a  sphere.  In  the  case  of  the  terrestrial  spheroid  (Fig.  11.31) 
axis  0(  la  directed  along  the  normal  to  the  ellipsoidal  surface  of  the  Earth,  l.e.. 
along  the  line  of  action  of  gravity.  Formulas  (11.6.213)  can  be  used  during  the 
analysis  it  precision  GD.  in  particular  IV.  If  It  la  necessary  to  consider  non* 
sphericity  of  the  Earth. 

For  this  purpose  It  Is  necessary  to  obtain  expressions  for  ‘.omponents  of  total 
acceleration?  of  the  object,  while  taking  Into  account  non-spherlclty  of  the  Earth. 
Let  us  use  general  formulas  (2.2.37)  for  components  V^.  of  acceleration? 
along  axes  0{nC  (Pig.  11.30) 


(11.6.21*) 


where  u..  u  .  u.  -  projections  of  angular  velocity  Z  of  axes  0(r£  which  are  deter* 

'  1  '  mined  by  formulas  (11.6.213); 

Vg.  v^,  v^  -  projections  of  absolute  velocity  of  the  object. 

Projections  Vg  •  Vg  and  v^  •  VR  are  determined  by  formulas  (11.6.212).  If  the 

object,  for  Instance  a  ship,  moves  over  the  terrestrial  spheroid,  l.e.,  Its  heignt 

above  sea  level  C  •  h  •  0,  then  Its  "vertical”  velocity  v^  •  0.* 

•Me  will  show  that  Indeed  v.  •  0.  Let  us  Introduce  in  Fig.  11. 31  the  geocentric 
vertical  0<Q,  directed  along  radius  of  Earth  R  •  Ok.  Quantity  R  la  determined  with 
accuracy  up  to  e2  (e  is  eccentricity)  by  relatlonsnlp  (160)  «  whence 

*ln  2f**‘  lf  "J  congld#r  (l»/i.211).  (11.6.209)  end  the  formula 

for  reduction  (160)  sin  y  •  y  •  J-  sin  2e,  then  for  k  with  accuracy  up  to  e2  we 
•  «2 

have  R  •  -  vM  tin  2*  -  -  vB  sin  y.  Let  us  find  absolute  velocity  of  object  v. 

*  ■  *0 
along  axis  0C0;  from  Fig.  11.31  we  obtain  v^  •  k  •  -  v^  sin  >  ♦  v^  cos  y.  Since 
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Putting  (11.6.213)#  (11.6.212)  and  v^  •  0,  v^  •  0  in  (11.6.211),  we  will  obtain 

.  _ ■  X  ^  X  f  J.D  Am  _  aln  a  X  Ifln  aJn  a  |11($(215) 


~^tgf  +  </*/?|  cot  f  tin  f  +  (11.6.215 

r,-  -  i  -  £  -  M,!*  »-»»,«»  T 

whore  can  b«  represented  In  tho  fora 

AmlS  4JL  (11.6.216) 

1  M  "  4f  *  *  "  *,  ’  4  ’ 

dlL 

Derivative  can  be  determined  froa  (11.6.208).  (11.6.209)  and  (11.6.211)) 

2  2  2 

.  VgC  aln  t  coa  a  UvMe  aln  %  coa  » 

wo  have  R*  *  "  ■  and  UR,  coa  %  -  "  -  ■  m  ■  ;  then  lnatead  of 

^  lV  1  l-« 


wo  have 


(11.6.215)  we  will  obtain 

**••*+  +  +  2t/pflinT  (11.6.217) 

W t  ee  —  i  —  -4  —  (/*A,  coa9  f  —  M/e4  coa  f 

Capering  (11.6.217)  with  analogous  formulae  (2.2.20)  fur  h  •  0.  which  were 
obtained  when  non-apherlclty  of  the  Earth  wae  disregarded,  we  oee  tltat  In  (11.6.217) 
there  are  contained  radii  of  curvature  R^  and  of  the  spheroidal  surface  of  the 
Earth,  which  differ  froa  radius  of  Earth  R  In  (2. 2. 2*3).  Kurthemore,  In  formulas 
(2.2.20)  by  t  there  la  denoted.  In  general,  geocentric  latitude  a,  while  In  (11.6.217) 
there  Is  dlrec  ly  contained  quantity  s'.  Zn  other  respects,  formulas  (11.6.217)  do 
:.  t  differ  froa  (2.2.28V  for  R1  -  Rj  -  R  and  «  -  * •  formulas  (11.6.217)  become  (2.2.20). 

Using  during  Investigation  of  IV  relat  lonshlps  (11.6,217).  we  suet  take  Into 
account  the  following  circumstance,  lor  the  terrestrial  spheroid,  axis  0(  is 
directed  along  the  normal  to  the  ellipsoidal  surface  of  the  Earth,  l.e.,  along  the 
line  yf  action  uf  gravity.  If  by  the  latter  we  understand  resultant  of  the  force 
of  terrestrial  gravitation  and  the  centrifugal  force  due  to  rotation  of  the  Earth. 
Therefore,  during  investigation  of  IV,  thus  centrifugal  force  can  be  Included  In 
the  f  rco  of  gravity,  and  then  In  expressions  (11.6.. 17)  for  W^,  W„  It  la  not 
necessary  t  taxo  into  account  projections  of  centripetal  acceleration  froa  rotation 

llWTKiCK  COJC'l)  KROK  PRECED1IW  PAOE). 

e2 

.  vx  i,n  •,  •  •  Vj,  J"  aln  2  %  •  A,  then,  consequent  ly ,  v^  -  0,  which  it  was  required 
to  prove, 
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of  in*  Earth  (ton*  containing  h?),  In  this  cuo  instead  of  (11.6.217)  we  will 
obtain 


-  V “  ^  f  -  W*M  Hi n  t 


(11.6.210) 


r‘—  I 

Let  u*  note  on*  mot*  lapo  riant  circumstance.  During  vestlgatlcn  of  17  on 
the  assumption  that  Earth  1*  a  sphere,  it  was  yauad  that  gravltai lonal  field  of 
the  Earth  la  central,  and  th*r*for*  we  directed  acceleration  due  to  force  of 
terrestrial  gravitation  along  th*  geocentric  vertical  (Klg.  2.11).  However,  In 
reality,  due  to  oblaten***  of  th*  Earth,  direction  of  gravitational  field  sosewhat 
deviate*  froa  the  g*oc*ntrlc  vertical,  aalnly  In  th*  plane  of  th*  goographlc  aerldlan, 
*"/  angle  Ay,  which  1*  determined  by  relatlonahlp  (14?) 


At- Main  V.  (11.6.219) 

where  c*  la  geocentric  latitude. 

Therefore,  for  projection*  g^,  g^,  g of  acceleration  7^  onto  axe  a  0* 

(Klg.  2.11),  If  we  take  Into  account  angle  A>  of  deviation  of  vector  g^  froa  the 
geocentric  vertical  Of,  lnetead  of  (2.5.5»  we  ahould  uee  formulae 


—  g,c«iT*-«r 


(11.6.?2f  ) 


Thee*  relatlonahlp*  are  aoaetlaea  taken  (14?)  Into  account  during  the  analyale 
of  :v  on  the  assumption  that  Earth  ha*  fora  of  sphere. 

In  cone lua ton  let  ua  not*  that  dlaregardlng  of  non-spherlclty  of  Earth  cauaea 
for  the  IV  a  aeries  of  undesirable  phenomenal  change  of  period  of  Its  natural 
oacl llat Iona,  deviation  of  position  of  equilibrium  from  the  vertical,  oscillations 
near  the  equilibrium  position.  This  leads  to  corresponding  errors  In  the  INS  during 
Its  determination  of  coordinates  of  th*  object  and  parameters  of  the  object's 
motion.  The  above  relationships  permit  us  to  show  th*  Influence  of  non-spherlclty 
of  the  Earth  on  accuracy  of  IV  and  of  the  Inertial  system  as  a  whole,  and  also  to 
substantiate  possible  methods  of  taking  Into  account  oblateness  of  the  Earth  In 
readings  of  the  INS.  These  questions  are  considered  In  a  number  of  works  (for 
Instance,  (14?,  16?,  121,  117]). 
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d)  Tta  iPLLmaa  Ot  th#  Vrtlcal  Component  of  Velocity  of  the  Object 

During  analysis  of  operation  of  the  IV  wo  obtained,  for  Instance  for  readings 

of  accele roasters  In  the  case  of  geographic  orientation  of  their  axes  of  sensitivity, 

relationships  (11,6.64),  In  which  there  were  not  considered  vertical  components  of 

velocities  and  accelerations  of  thi  object,  tilth  consideration  of  the  latter,  In 

accordance  with  (2.2.27)  for  h  •  0,  readings  of  acceleroaeters  a  and  nu  will, 

X1  yl 

IT  we  take  into  account  (11.6.15),  be  determined  by  the  following  relationships 
instead  of  by  (11.6.64) i 


**»•*■  »  +  <-t  (7  +  Wcot  - 

4+»l 


( 


U*R  cos*  1  —  2Uvt  cos  1)  * 


(11.6.221) 


From  these  formulae  It  follows  that  terms  proportional  vertical  component  v^ 
f  velocity  of  *  ho  object  will  cause  additional  dynamic  errors  or  the  IV;  l.e., 
there  will  be  changed  Its  position  of  equilibrium,  and  also  there  will  be  observed 
deviation  f-om  the  equilibrium  position.  Furthermore,  vertical  a rcelerations  of 
the  object  and  also  vertical  components  of  Induced  and  Coriolis  accelerations  disturb 
the  c  nditlon  of  undlsturbablllty  of  the  IV. 

Analysis  of  Influence  of  vertical  component  of  velocity  of  the  object  on 
systematic  errors  of  the  IV  is  given  by  0.  0.  Krldlender  [162],  who  also  proposed 
one  of  the  methods  of  their  compensation  by  means  of  satisfaction  by  the  condition 
of  undlsturbablllty  (11.6.22),  but  with  consideration  of  change  of  magnitude  of  R 
In  accordance  with  actual  change  of  distance  of  object  from  center  of  Earth. 

Influence  of  vertical  accelerations  of  object,  and  also  of  vertical  components  of 
Induced  and  Coriolis  accelerations  Is  less  important.  What  has  been  said  Is  valid 
for  velocities  of  the  object  less  than  the  tripled  value  of  the  speed  of  sound  [16]. 
For  higher  velocities  of  the  object,  if  we  consider  (11.6,15),  period  of  natural 
oscillations  of  the  IV  will  be  determined  by  the  following  relationship  (for  - 
•  const)  insteud  of  by  (11. 6. 25): 
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(11.6.22?) 


where  vertical  acceleration  of  the  object  Is  expressed  by  formula  (2.2.27),  which 
for  h  «  R  has  the  form 


I 


—  IPR  cot*  f  —  2 Uvt  cos  ?. 


(11.6.22?) 


For  very  high  horizontal  velocity  of  the  object,  for  Instance  for  aircraft  at 
velocity  v  >  UH  ^  450  m/auc,  In  formula  (11.6,22?)  the  second  term  haB  predominant 

'j  2  P 

value.  Since  vg  +  ■  v  »  where  v  Is  relative  horizontal  velocity  of  the  object, 

then  In  the  Indicated  caae  -  const  and  Instead  of  (11.6.222)  we  will 

'bt6  In 


(11.6.224) 


For  the  first  cosmic  velocity  v  -  yHg0,  period  of  oscillations  of  the  IV  tends 
to  infinity.  Consequently,  It  Is  obtained  that  the  Inertial  system  cannot  function 
on  an  object  which  moves  with  first  coamlc  velocity.  However,  If  initial  deviations 
of  the  system  are  eliminated  with  the  help  of  external  Information,  then  the 
presence  of  a  large  period  after  cessation  of  correction  Is  not  on  important  defi¬ 
ciency  of  the  system  [16],  Here  application  of  an  inertial  system  with  analytic 
vertical  Is  possible. 

Above  there  were  Indicated  certain  systematic  errors  of  the  IV.  They  cause 
corresponding  systematic  errors  of  the  Inertial  system  In  its  determination  of 
position  of  the  object  and  parameters  of  motion  of  the  object.  Analysis  of  these 
errors  Is  given  In  works  of  0.  0.  Frldlender  [162],  V.  P.  Seleznev  [142]  and  others. 
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7.  Dynamic  Errors  of  the  IV 

a)  general  Characteriotica  of  Dynamic  Errors 

Errora  of  IV  are  moat  fully  characterized  by  dynamic  errors  appearing  under 
actual  conditions  of  operation  of  the  system  during  continuous  change  of  input  para¬ 
meters  (accelerations)  and  during  variable  external  disturbances.  Among  dynamic 
errors  of  the  IV  wo  include: 

1)  errors  due  to  oscillations  of  the  GSP  and  deflections  of  axes  of  sensing 
elements  of  the  system  of  Integral  correction  —  accelerometers  —  caused  by  them; 

1.')  errors  due  to  disturbances  applied  to  the  gyr  scopes:  unbalance  torques; 
frictional  torques  in  axes  of  the  suspension;  inertial  torques  due  to  accelerat l"ne 
during  actuations  and  vibrations  of  the  place  id'  installation  of  the  Instrument 
which  are  connected  with  elastic  deformation:;  i  f  the  gyroscopes,  etc.; 

!>)  errors  caused  by  damping  of  oscillations  f  the  IV,  for  Instance  those 
appearing  due  to  errors  in  the  external  information  which  i3  used  for  damping; 

instrument  errors  in  dynamics  which  we  caused  by  deviations  of  parameters 
>f  the  IV  from  their  rated  values,  etc. 

Under  actual  conditions  of  operation  of  the  IV,  the  muj  >rity  >f  the  above- 
mentioned  errors  have  a  random  character,  since  they  are  caused  by  disturbances  which 
are  random  functions  of  time. 

Before  we  g  on  to  analysis  of  certain  of  the  ub >ve-lndicated  dynamic  errors, 
we  will  consider  dynamics  of  the  IV,  considering  thus  t  <.me  constants  of  their  elements. 
:’h-  Latter  Is  very  Important  for  calculation  <f  errors  id’  IV  and  for  establishment 
f  requirements  fir  dynamic  characteristics  of  its  elements. 

b )  Dynamics  of  IV  Taking  into  Account  Time  Constants  f  its  Elements 

Earlier  during  composition  of  differential  equations  if  motion  of  I'r  we  consldere  i 
all  Its  elements  to  be  inertialess,  i.e.,  we  did  not  consider  their  time  constants. 

N  >w  we  will  compose  differential  equatl  >n  of  motion  f  IV,  f  r  instance  in  the  plane 
f  the  meridian,  i.e.,  with  respect  to  coordinate  ft,  taking  into  account  time  con¬ 
stants  f  its  elements:  gyroscopes,  accelerometers,  integrators,  actuating  mot  rs . 

1’he  basic  component  part  of  the  IV  is  the  gyro-stabilized  platform.  It  is  considered 
[ lbO,  6]  that  the  most  promising  for  inertial  navigational  systems  are  GSP  in  which 
there  are  used  iloatlng  Integrating  gyroscopes  with  servo  drives,  which  make  it 
possible  to  ensure  high  accuracy  of  gyroscopic  stabl  .1  izat  1  n. 

In  rig.  \l.y>  there  is  given  a  schematic  diagram  f  the  "northern"  channel  of 
the  IV  with  a  uniaxial  GSP  which  is  based  on  use  of  the  flouting  Integrating 


>  • 


gyroscope  (PIQ)  working  Jointly  with  a  servo  drive.  An  analogous  scheme  of  a  uniaxial 
platform  with  FIQ  and  pendulum  correction  was  described  in  §  9,3>  lar.  6b.  In  the 
diagram  in  Fig.  9.14  the  correction  signal  from  pendulum  P  proceeds  directly  to  the 
torquer  TQ  of  the  floating  gyro.  In  the  diagram  in  Fig.  11.32,  the  signal  from  the 
accelerometer  A^  is  introduced  at  first  into  the  integrator  Ij  ,  and  from  the  output 
of  the  integrator,  in  accordance  with  the  principle  of  integral  correction  applied 
in  the  IV,  enters  the  torquer  TQ  of  the  floating  gyro. 


r 
I 
I 

I 

t_ 

Fig.  11.32.  Schematic  diagram  of  "northern"  channel 
of  IV  with  QSP  based  on  the  use  of  FIG. 

We  will  briefly  explain  the  operation  of  the  design  shown  in  Fig.  11.32,  The 

FIG  is  located  on  the  platform  in  such  a  way  that  the  axis  of  the  gyroscope  in  its 

initial  position  coincides  with  the  vertical  0^ .  Input  axis  0£,  which  is  directed 

from  west  to  east,  is  horizontal  and  coincides  with  the  axis  of  rotation  of  platform 

P;  output  axis  Otj  is  also  horizontal  and  directed  towards  the  north.  During  rotation 

of  platform  P  around  axis  0£,  the  FIG  through  the  signal  pickoff  SP  and  amplifier  AM 

switches  on  stabilizing  motor  SM,  which  turns  the  platform  in  the  opposite  direction; 

as  a  result,  the  platform  retains  its  constant  position  relative  to  inertial  space. 

In  this  case,  the  system  operates  in  the  mode  of  geometric  stabilization  (§  9,3, 

lar.  6b).  For  retention  of  the  side  in  the  horizontal  position  there  is  applied  an 

integral  correction  system,  elements  of  which  are  accelerometer  A  ,  integrator  IT 

N  1N 

and  torquer  TQ.  During  rotation  of  platform  P  around  axis  0£  by  angle  0  relative 
to  the  plane  of  the  horizon,  the  accelerometer  will  register  component  gQP  [see 
(11.6,16)]  of  the  force  of  gravity  and  transmit  the  corresponding  signal  to  the; 
Integrator  IT  .  Output  signal  from  the  integrator,  which  is  proportional  to  the 
integral  of  readings  of  the  accelerometer,  enters  the  torquer  TQ.  The  latter  turns 
„ne  floating  gyro  assembly;  due  to  thie,  through  the  signal  pickoff  SP  and  amplifier 
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AM  there  is  switched  on  the  stabilizing  motor  SM,  which  returns  the  platform  to 

horizontal  position;  thus  the  controlling  signal  from  the  accelerometer  will  be  turned 

off.  In  the  considered  case,  the  floating  gyro  with  servo  drive  operates  in  the 

mode  of  spatial  integration  (§  9.3,  Par.  6b). 

If  the  object  moves  with  acceleration  vN,  then  readings  ay  *  vN  -  g0£  [see 

(11.6.18)1  of  accelerometer  A  enter  integrator  IT  ,  and  then  enter  the  torquer  TQ. 

N  IN 

This  provides  integral  correction  of  the  platform,  which  acquires  the  properties  of 
an  oscillatory  system  and  if  a  certain  condition  is  satisfied  becomes  undisturbable 
by  accelerations  of  the  object. 

Let  us  compose  the  equation  of  the  IV  with  respect  to  angle  P,  taking  into 
account  time  constants  of  its  separate  elements. 

1.  Floating  integrating  gyroscope. 

By  analogy  with  (9.3.14),  we  will  write  the  equation  of  the  FIG  in  the  form 


(11.6.225) 


>re  T-  —  time  constant  of  FIG  [see  (9.3.12)]; 

leg 

^  —  angle  of  rotation  of  floating  gyro  assembly; 

k  —  transfer  coefficient  of  FIG  [see  (9.3.13)]; 

tu^  —  absolute  angular  velocity  of  platform  around  axis  0£; 

p  —  transfer  coefficient  of  FIG  with  respect  to  controlling  and  disturbing 
torques  applied  relative  to  the  axiB  of  rotation  of  the  float  [see 
(9.3.13)]; 

Mj.  —  torque  applied  by  the  torquer; 
f^(t)  —  disturbing  torque  relative  to  axis  of  rotation  of  the  float. 


Angular  velocity  can  be  written  in  the  form 


(11.6.226) 


where  co,  .  —  Induced  angular  velocity  of  the  platform,  which  is  equal  to  absolute 
angular  velocity  of  the  object  (vehicle)  relative  to  inertial  space; 

cnrel  —  relative  angular  velocity  of  the  platform  (with  relative  to  the  object). 

In  the  considered  case,  when  axis  Oq  (Fig.  11.52)  is  directed  towards  north. 


for  CD,  ,  we  have 
lnd 


•  —  mm  f  *N  dz 


(11.6.227) 


Designating  angle  of  rotation  of  platform  P  around  axis  0£  relative  to  the 


object  by  P,  we  will  obtain 

Putting  (11.6.227)  and  (11.6.228)  in  (11.6.226),  we  have 


(11.6.228) 
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2.  Signal  pickoff. 

Voltage  U  taken  from  the  signal  pickoff  is  related  with  angle  ^  of  turn  of  the 
floating  gyro  assembly  by  relationship 

D  M  (ii.6.230) 

where  —  transfer  coefficient. 

3.  Amplifier. 

Voltage  UqTn  taken  from  the  amplifier  is  determined  by  equation 

Tfi,  +  {/y-x//,  (11.6.231) 

where  T  —  time  constant  of  amplifier’ 
am 

U  —  voltage  from  signal  pickoff,  which  goes  to  the  input  of  the  amplifier, 
n2  —  amplifier  gain. 

4.  Stabilizing  motor  and  platform. 

Equation  of  motion  of  platform  around  axis  0£  is  the  following: 

"*«+/«<*>.  (11.6.232) 

where  I.  -  moment  of  inertia  of  platform  relative  to  axis  0£,  with  consideration 
^  of  the  given  moment  of  inertia  of  the  armature  of  the  motor; 

M  -  stabilizing  torque  on  axis  0 

f2(t)  -  disturbing  torques  acting  relative  to  axis  0£,  including  inertial 
torques  of  induced  motion. 

For  moment  of  Inertia  we  have  relationship 

A-'m+TV,.  (11.6.233) 

where  Jpl  —  moment  of  inertia  of  platform  relative  to  axis  0£; 

J  —  moment  of  inertia  of  armature; 
ar  ' 

7  —  gear  ratio  of  gear  transmission  from  axis  of  stabilizing  motor  to  axis 
of  rotation  of  platform. 

Stabilizing  torque  M0,  by  analogy  with  (7.2,23),  will  be 

(11.6.234) 

where  M  _  —  torque  of  motor; 
s.m 

T)  —  efficiency  of  transmission. 

Considering  for  simplicityTj  1,  we  will  obtain 

Af€-TMCJ|.  (11.6.235) 

For  direct  current  motor  with  independent  excitation,  by  analogy  with  (7.2.44) 
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we  have* 


Af,.*-#'.  (11.6.236) 

where  <t>  —  magnetic  flux  of  excitation  windings; 

i  —  current  intensity  in  armature  of  motor. 

Current  intensity  i  is  contained  in  the  equation  of  balance  of  voltages  in  the 
armature  circuit  of  the  motor  in  the  following  way  [see  (7.2.46)]: 

^  +  ri‘  +  “  Uv  (11.6.237) 

where  l  —  self -inductance  coefficient  of  armature  circuit  (including  self-inductance 
coefficient  of  amplifier); 

r  —  resistance  of  armature  circuit  (including  internal  resistance  of  amplifier); 

s  —  coefficient  characterizing  dependence  of  counterelectromotive  force 

induced  in  armature  of  motor  on  relative  angular  velocity  -yea  ,  of  its 
rotation; 

U  —  voltage  brought  from  the  amplifier  to  the  armature  of  the  stabilizing 
8111  motor. 

Taking  into  account  relationships  (11.6.232),  (11.6.235) >  (11.6.236),  (11.6.237), 
we  will  obtain 


+  /^ot.  -  -f  U*  +  7  f/a  (0  +  rh  (*>]•  (11.6.238) 

where  1^  —  total  moment  of  inertia  of  armature  of  motor  and  platform,  reduced  to  axis 
of  armature  of  the  motor  [see  (11.6.233)] 

/'  A  _  /  I 

We  will  divide  (11.6.238)  by  s1*1  and  introduce  designations 


V  T  I  J_  r 
IT'  •  >'  H  <i’  4 


where  T  —  electromechanical  time  constant  of  motor; 
m 


Tg  —  electromagnetic  time  constant  of  armature  circuit  of  motor; 

—  transfer  coefficient  of  motor; 

—  transfer  coefficient  with  respect  to  disturbance  f2(t). 

Then  instead  of  (11.6.238)  we  will  obtain 


(11.6.239) 


(11.6.240) 


“oth  ~  *l^y  *4  [Tjt  (0  4*  ft  (/)]  (11.6.241) 


or,  considering  (11.6.228), 

r,r ji  +  tJ + ?  -  «,£/,  + ».  [T,f,  (0 +/.(<)]•  ( n.6.242) 


5.  Accelerometer. 

Equation  of  accelerometer,  by  analogy  with  (11.6.56),  will  be  written  in  the  form 

+  2t  Ttx  +  .r  =  ktaft  +kj(t),  (11.6.243) 


♦See  footnote  on  p.  20  . 
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where 


T  —time  constant  of  accelerometer  [see  (31.6.55)]; 

£  —  relative  damping  factor  [see  (11.6.55)]; 

x  —  linear  displacement  of  inertial  mass  of  accelerometer ; 

2 

k^  =  —  transfer  coefficient; 

a  —  acceleration  measured  by  accelerometer; 
yl 

f(t)  —  disturbing  acceleration,  for  instance  due  to  oscillatory  motion  of 
the  object. 

Taking  a  the  expression  (11.6.18),  we  will  obtain 
y3 

T\x  -f-  2  ;rai  +  *  =  *,  (y  v  —  $.?)  +  *,/(/)  ( ii  .6.244) 

Voltage  U  at  the  output  of  the  accelerometer 

cl 

(/.-V.  (11.6.245) 

where  k^  is  transfer  coefficient. 

6.  Integrator. 

Equation  of  integrator  will  be  presented  in  the  form 

Tj)m+Um  =  ktUt,  (11.6.246) 

where  —  time  constant  of  Integrator; 

Ui  —  voltage  at  the  output  of  the  integrator; 

k,  -  transfer  coefficient. 

5 

7.  Torquer. 

Current  intensity  i.  in  the  torquer  is  proportional  to  voltage  taken  from 

o ,  q. 

the  integrator 

Lm—KU',  (11.6.247) 

where  k^  —  transfer  coefficient. 

The  torque  of  the  torquer,  according  to  (9.5.2),  can  be  written  in  the  form 

Wim'  (11.6.248) 

where  kc  is  transfer  coefficient. 

5 

Applying  to  the  above  obtained  equation  the  Laplace  transform,  we  can  easily 
find  transfer  functions  of  elements  of  the  IV  and  construct  its  block  diagram  (Fig. 
11.55). 

Thus,  considering  (11.6.225),  (11.6,229),  (11.6.250),  (11.6.251),  (11.6.242), 
(11.6.244) -(11.6.248) ,  we  have  the  following  system  of  equations  of  the  considered 
inertial  vertical: 
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(riMtlft*  JNUMtlir) 


Tflt  +  U  I  ■“■•St 

Iwpiirur) 

T.r}  +  rj + f  -  hv,  +  .,  [r,/,  <o  t-  /.  w| 

(•UklMlWJ  »0l  9  r  *9.4  |.Ulr«r«) 

T^ir  4-  XTag  + 1  -  (ov  -$>?)  +  *,/(*)• 

(tcKliriMUr) 

TA+0.-^,z 

( lriU<mlor) 


(11.0.  •  •) 


Let  us  comp  ae  at  first  the  equation  of  the  IV  with  respect  to  coordinate  3, 
d la  regarding  time  constants  of  Its  elements  and  not  considering  disturbances.  Then 
system  (11.6 ,2'*9)  In  operational  form  (p  -  ^-)  can  be  written  In  the  following  way: 


u,  P?  -  hU, 

*-*• (***-*■?);  p^.-M** I 


(11.6. 250) 


whence  by  means  of  successive  elimination  of  variables  It  is  easy  to  obtain  equation 
of  IV  with  respect  to  coordinate  3  In  the  form 

(P*  +  iff  +  }  -  Pl/yfo*"  -  .  (11.6.251) 

where  ' 

(11.6.25?) 

A.  ■  pA|A.A,A|4..  (11.6.253) 


From  equation  (11.6.251)  It  follows  that  when  the  following  condition  is  satis¬ 


fied: 


or 


i 

*  p 


(11.6.254) 

(11.6.255) 


the  IV  is  undisturbed  by  accelerations  vN  of  the  object. 

When  condition  (11.6.255)  is  satisfied,  equation  (11.6.251)  takes  the  form 

(J_p».J.p«  +  ^)?  =  °  (11.6.256) 
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(11.6.257) 


*r.4  pltlfurn 


:-ig.  11.33.  Block  d  lag  ram  jf  "northern"  channel  of  IV  with  GSI’  based  on  u»«  r 


If  the  total  amplification  factor  »Qk  of  the  IV  Is  m^i^  *uff  lclont  iy  largo,  trie.*, 
the  fundamental  oscillation  of  the  IV,  according  to  (11.6 will  be  determined 


by  the  equation  already  known  to  us 


»+*>-». 


(11.0.1  V*?) 


which  characterized  undamped  harmonic  oscillations  of  the  IV  with  Schuler  frequency 

,B|  f  &  and  period  T  «  Js  \/  —  ,  equal  to  84.4  min. 

I  *  ■  •  I  fc 

We  will  give  equation  of  the  XV,  taking  Into  account  time  constants  of  its 
elements.  Using  system  (11.6.249),  we  can  simply  obtain  the  following  equation  f  r 
angle  of  displacement  B  of  the  platform  from  the  plane  of  the  geocontrlc  horlron: 

[*'(r»  ^  +  •)  (r,  TJ  +  Tj  +  I)  (Tf  +  I)  +  + 

+ - - li_ 

(V +')(»!'' +,:v+')  y 

mf0M  [ - sA - ill  j. 

l(V  +  l)(r5',  +  *V  +  l)  *  J 

+  ■  *A - fit)  — 

<V+0PV  +  *V  +  «) 

—  ^•P/i(0+n(7'..,P+ +  ,)(7'rp+  1)  p*/a  (0.  (11.6. r*>o 


where  [see  (9.3.13)] 


»-T- 


(11.6.260) 
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If  in  w#  #ct  tiito  constant*  oT  o.c*«hi*  uf  the  IV  T-  -  T  *  T  - 

*  T  ^  -  T  -  T,  -*  o  and  disturbance*  f(t)  *  f, (t)  -  r.  (t)  *  o,  tn«n  this  equation 
boctvi)  Fro*  (11. &.?'/»)  U  follow*  that  for  guarantee  of  undlfturbubi  1 It y 

of  the  XV  by  acceleration  pv^  •  vR  of  the  object,  It  la  necessary,  In  genera l,  that 


express 1  on 


_ *-'• _ 


y. 

t 


be  equal  t  j  fnj  the  latter  In  principle 


cann  i  be  realise!  du«  to  the  Influence  of  t'.s«  constants  f  ace®  i«r<  meter  and  Inte¬ 
grator.  Therefore,  for  guarantee  of  undtiturbabl 1  it/  of  the  iv  by  acceleration*  of 
the  iiject  it  1*  necessary  that  accelerometer*,  integrator*,  and  al*o  torquer*  puseeeti 
mini -us.  t  la*  con*  l  ant*.  Further*^  re ,  it  1*  desirable  to  h*vc  stall  time  constant*  or 

t ric  floating  gyro,  amplifier  am  stabilising  tutor.  In  rler  t  bring  frequency  f 
natura.  oscillation*  of  the  XV  clo*er  to  flchulcr  frequency, 

>t  u*  aet  time  constant*  of  eleaent*  of  the  IV  equal  to  sero;  then  Instead  >X 
li.b..S>)  we  will  obtain  equation 


(f*+ +  vMJP  -*%  (*A  -  +  vV(0  - 


(U.6.?6l) 


a 


IT  there  1*  satisfied  the  condition  of  unJlsturbablllty  (li.'>.?5*>) ,  then 

-  j/W-£*/.W  +  Jj-*V.W  (li.i.Jc) 

r  f  r  sufficiently  large  value  of  coefficient  >'uk  wc  will  obtain 

P  +  -Jp-  j/(0-  ”/i(0+  (11.6.165) 

Since,  according  to  ( 1 1 .6  .VY) ,  a  *  Hk0.  then,  designating 

•*A|,  *^|  ^ ^n«  (ll.b..’0<i) 

we  w  rewr  tc  equation  (ll.o.io))  in  me  f^rt 

»+*•»-  -j/<0  "/,(')+  -J-/.W)  (u.6.:f,) 

MuturDancee  f(t),  fj(l),  f ,> ( t )  are  random  function*  or  time.  Knowing  thdr 
probability  characteristic*,  we  con  determine  probability  characteristics  of  error 
:»(t)  of  the  IV  In  lynaalca.  Individual  problem*  of  dynamic*  of  GSP  in  which  there 
are  used  FIG,  are  JUcuesed  in  a  number  of  work*  (fir  instance,  (16‘u,  i’B,  Yj,  1  <3, 

iS-  ])  . 


c)  Certain  dynamic  hrrora  in  IV 

Ix*t  uu  consider  error*  <f  the  IV  In  dynamic*.  If  we  l  not  take  into  account 
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i ittt  c  >m*  ionic  <r  elements  up  the  IV,  then  lt«  error  i>  can  be  determined  from  equation 
(11.0.26'.) ,  In  the  right  oldc  .f  which  them  are  contained  d Isturbanees  i  1)  f(t), 
applied  to  the  ace©  Urometer  j  2)  f^(t),  Applied  to  the  K1C ;  })  f(t),  afjplled  to 

the  platform.  Usually  f(l),  fj(t),  f?( t)  Are  rAhdom  function*  of  time.  If  there 
are  Known  their  pr  bablllty  characteristics,  then,  by  using  ( 11 .6.,’6‘.>) ,  we  can  deter¬ 
mine  pr  bablllty  characteristics  of  random  function  fl(t),  which  Is  the  error  of  the 
IV  In  iynamlcs. 

As  an  examp. c  we  will  consider  error  0( t)  due  to  disturbance  f(t)  <>n  the 
a  l* e  1  <; r  meter.  K  r  thlr  In  (11.6.?6‘j)  we  set  f^(t)  •  f,,(t)  -  0;  then  we  will  obtain 

||+ Jkp«i/(,,.  (»>• 

nrror  M(t)  of  t»,c  IV  esuaes  corresponding  error  &S(t)  In  determination  by  the 
Inertial  ayatem  >f  the  path  passed  over  by  the  object.  Krr  >r  t>S(t),  which  In  a 
random  function  i  time,  by  analogy  with  (11,6.171)  Is  related  to  9(t)  by  the  relation¬ 
ship 

tS(/) --*?(»+/«)  (11.6.267) 

Then,  considering  (11.6.24),  we  will  obtain  the  equation  for  determination  >f 
err  >r  i>S(t) : 

||  +  «HS -/(#)•  (11.6.  "'6-) 

Let  us  aesame  that  f(t)  Is  normal  stationary  random  function  with  mathematical 
expectat Ion  nrr  -  0.  Then  mathematical  expectation  of  error  hS(t)  will  also  be 
equal  to  zero; 

07*7- 0.  (11/..M 

Therefore,  random  function  SS(ty  Is  characterized  by  its  dispersion  D[6S]  or 
root  mean  square  value  o^g.  During  determination  of  D[68]  we  should  consider  that 
random  function  CS(t)  Is  not  stationary,  since  in  (11.6.269)  there  la  absent  the 
term  characterizing  damping  of  the  system.  Consequently,  for  finding  D[t>S]  from 
(11,6.269),  It  Is  Impossible  to  use  basic  relationships  of  the  theory  of  stationary 
random  functions.  Solution  of  the  analogous  problem  by  determination  of  probability 
characteristics  of  the  rsndom  function  at  the  output  of  a  linear  dynamic  system  wltn- 
ut  damping,  which  Is  given  In  several  works  [193#  139,  167],  shows  that  disperse  n 
of  solution  of  equation  of  type  (11.6.268)  contains  a  term  proportional  to  time,  con¬ 
stant  terms,  and  terms  which  are  harmonic  functions  of  time  with  frequency  2 v  [1*9]. 
During  prolonged  operation  of  the  system,  tne  term  proportional  to  time  has  predominant 
value  for  larga  t.  If  we  disregard  other  terms,  we  can  determine  dispersion  D[fcS]  by 
'Simula  [139] 

D|ISj-.^-5,(*)/.  (11.0..' 7j) 
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w n«r«  S,  uj)  I  la  jpectral  tensity  r  disturbance-  r(t). 

r  n  .  •  v 

For  determlnat Ion  of  Sf(v)  we  will  assume  that  t  ship  moves  westward,  and 
acce leromcter  (F  U.  11.  32)  mi’ an u re o  component  of  acceleration  In  the  plane  of  a 
rib  of  the  ship.  Then  disturbance  f(t)  will  be  caused  by  orbital  motion  of  center 
f  gravity  of  the  ship  and  Its  rolli;jg.  In  this  case  f(t)  Is  determined  by  relation¬ 
ship  (  -.6.41). 


If  we  consider  only  rolling,  then 

m — * 

Then  spectral  density  3^(u>)  will  be 
r,  considering  (2.1.50)  and  (2.1.04), 


S(.)_  -L... - . 

'  *  +  + 

2 

where  a,,  and  b^  are  determined  by  formulas  (2.1. 5:0. 
Consequently,  for  Sf(v)  we  have  (for  v  s<  b?) 


(11.6.271) 


(11.6.27?) 


( 11.6.27 3) 


5  (,\ .  }*t£- .  — 5l - ^  _ - —  D|ij. 

,w  •  ,*+fc,.*  +  »}  ■  .}+»{ 

Putting  (11.6.274)  In  (11.6.270),  we  will  obtain 

DRS| 

g+d  . 

For  root  mean  oquare  value  o^g  of  error  bS(t)  we  have 


(11.  *..274 


(11.6.275) 


(11.6.276) 


1  j,  „  is  proportional  to 

The  fact  of  Increase  of  dispersion  of  errors  of  tne  inertial  system  due  to  random 
••rr  ru  jf  accelerometer  (the  same  thing  occurs  for  random  errors  of  the  gyroscope, 
Integrator,  etc.)  lo  Important  In  principle  and  Indicates  the  fact  that  It  Is  necessary 
to  considerably  lower  random  errors  of  elements  of  the  IV,  and  In  individual  cases  - 
to  introduce  damping.  Actually,  if  int  the  left  side  of  equation  (11.6.260)  we 
Introduce  a  term  proportional  to  0$  (system  becomes  damped',  then  dispersion  D[bS] 
no  linger  will  Increase  In  time,  as  this  was  shown  during  calculation  of  dispersion 
D [ x  1  f  random  nations  of  the  physical  pendulum  with  damping  (see  (4.6.00)). 

What  has  been  said  about  Influence  of  errore  of  the  accelerometer  on  accuracy 
of  the  Inertial  system  also  completely  pertains  to  Influence  of  errors  of  gyroscopes 


1 


I 


j 


506 


(1)3,  167]#  Integrator*  and  other  element*  of  the  IV.  Certain  probability  character¬ 
istics  of  random  drift*  of  gyroocope*  are  given  (on  the  lar.it;  of  experimental  data) 

In  Individual  article*  (for  instance,  (193#  122]). 

A*  was  shown  (lar.  a)#  dynamic  error*  of  the  IV  are  caused  also  by  damping  of 
It*  ouel  llatlon*.  One  of  the  effective  method*  of  damping  1*  based  on  use  of  external 
Information  about  coordinates  of  object  anJ  it*  speed.  In  this  case  errors  of  the 
IV  in  :  Mimic,  ire  caused  by  corresponding  errors  in  determination  of  the  data  of 
the  Information,  l.e.,  of  path  and  velocity  of  the  object.  In  order  to  demonstrate 
tin-  method  of  finding  these  dynamic  errors,  we  will  compose  the  equation  of  the  IV 
with  ruapoct  to  coordinate  (3,  taking  into  account  errors  of  external  Information  fiS 
In  determination  of  path  and  bv  of  velocity  of  the  object.  Then  the  equation  of  the 
IV,  w/.lch  In  the  absence  of  errors  of  external  information  was  expressed  by  relation¬ 
ship  (11.6.100),  will  have  the  form 


(11.6.?77) 


whence  after  differentiation,  if  we  consider  the  condition  of  undioturbability 
(11.6.22) ,  we  will  obtain 

P  - - (11.6,272) 

Usually  errors  6S(t)  and  bv(t)  are  random  functions  of  time.  Then  error  of 

the  IV  fi ( t )  is  also  a  random  function,  for  determination  of  probability  characteristics 
of  which  It  Is  necessary  to  know  probability  characteristics  of  random  functions 
b  3  ( t )  and  bv(t).  If  mathematical  expectations  5S(t)  =  0,  6v(t)  =  0,  then  in  acc  rd- 
anc--  \.’.th  (11,6,17-)#  after  termination  of  transient  resp  nre,  mathematical  expecta¬ 
tion  ft  of  error  0(t)  also  la  equal  to  zero: 

f-0.  (11.6.27?) 

If  we  consider  that  6S(t)  and  5v(t)  are  stationary  random  functions  of  time, 
then  It  1 8  easy  to  find  spectral  density  Sp(u>)  of  error  0(t).  According  to  (11.6.273) 
we  have* 

Sf  (•)  *  |  *$.  u(b)fSu(m)  4- 1  W’r,.„(/«)|,St> (u»),  (11.6.280) 

where  SBS^  ttnd  S6v^cu^  “*  Bpectral  densities  of  random  functions  6S(t)  and  bv(t); 

WA  =„ ( Jtu) ,  W n  «„(J<e)  —  amplitude-phase  responses,  determined  from  (11.6.278) 
p,ot>  p,ov  the  relationships: 

•It  Is  assumed  that  random  functions  6S(t)  and  6v(t)  are  not  related. 
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(11.6.281) 


(11.6.282) 

Thus,  knowing  dynamic  characteristics  of  the  IV  and  spectral  densities  SuS(o>) 
and  Sbv(o>)  of  errors  of  the  external  information,  we  can  determine  dispersion  D[[3] 
of  corresponding  error  0(t)  of  the  IV.  Detailed  investigations  and  calculations  of 
errors  of  the  inertial  systems  in  the  presence  of  damping  with  use  of  external  infor¬ 
mation  are  given  in  a  number  of  works  (see,  for  instance,  [142,  16,  10]). 

If  it  is  necessary  to  determine  dynamic  errors  of  the  IV  taking  into  account 
time  constants  of  its  elements,  then  there  should  be  used  equations  of  the  IV  of  type 
(11.6.259). 

During  investigation  of  an  inertial  system  intended  for  use  in  the  control  mode, 
there  appears  the  problem  of  analysis  of  it  taking  into  account  dynamic  properties 
of  the  controlled  object,  for  instance  an  aircraft.  Solution  of  this  problem  is  given 
in  a  number  of  works  (see,  for  instance,  [162,  9,  10,  16?]). 

8,  Application  of  IV  in  Inertial  Systems 

a)  Preliminary  Remark 

Let  us  consider  several  fundamental  schemes  of  INS  which  explain  peculiarities 
f  use  of  inertial  verticals  in  these  systems.  In  accordance  with  the  earlier  given 
classification,  we  will  consider  inertial  systems:  1)  with  gyroscopic  vertical;  2) 
with  mechanical  (geometric)  erection  of  the  vertical;  ?)  with  analytic  erection  of 
the  vertlcul. 

b)  1-Undamental  Scheme  of  an  INS  with  Gyroscopic  Vertical 

It  is  known  (iar.  lc)  that  in  INS  with  GV,  erection  of  the  vertical  is  carried 
ut  with  help  of  gyroscopes  by  mean3  of  artificial  simulation  of  the  undisturbed 
physical  pendulum  with  period  of  84.4  min  by  the  scheme  of  Ye.  B.  Levental',  which 
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•t 

* 


h 

* 


Then  for  dispersion  of  error  0(t)  we  have 


cu  (oi-  J  i  »vu<Hfs„  <•)<*.+ 
4  J  |rfcHwfsk(.)*. 


consists  of  gyroscopes,  accelerometers,  integrators  and  is  a  closed  dynamic  system. 
Schematic  diagram  of  an  INS  with  gyroscopic  vertical  and  geographic  orientation  of 
axes  of  sensitivity  of  the  accelerometers  [121,  175,  142]  is  shown  in  Fig.  11.54. 


Basic  component  part  of  the  system  is  the  inertial  vertical.  Th^  IV  consists 
of  a  gyro-stabilized  platform  GSP  with  accelerometers  AN  and  A£,  integrators  Ij  , 

I  and  computer  located  on  it.  On  platform  P,  which  is  installed  in  a  complete 
IE 

Cardan  suspension  having  three  degrees  of  freedom  (third  ring  of  the  suspension  is 

not  shown  in  Fig.  11.34),  there  are  located  three  floating  integrating  gyroscopes 

FICi^ ,  FIG2,  FIG,.  The  latter  through  signal  pickoffs  SP^  SP2,  SP^  and  amplifiers 

AMj ,  AM2,  AM-j  are  connected  with  stabilizing  motors  SM1,  SM2»  SMy  which  carry  out 

stabilization  of  the  platform  relative  to  plane  of  horizon  and  azimuthal  direction 

to  the  north.  Due  to  this,  axes  of  sensitivity  of  accelerometers  AN  and  A£  have 

geographic  orientation.  Accelerometers  measure  components  and  Wp  of  total 

acceleration  of  the  object;  from  these  components,  on  adders  AD^  and  AD2  there  are 

eliminated  corrections  AW^  and  AW^  for  induced  and  Coriolis  accelerations  produced  by 

the  computer.  Relative  accelerations  wN  =  vN  and  w£  =  Vg  obtained  from  adding 

devices  AD,  and  AD0  enter  first  integrators  I,  and  IT  .  From  the  output  of  the 
12  iN  iE 

integrators  components  \'N  and  Vg  of  relative  velocity  of  the  object  enter  torquers 
TQ?  and  rQ  of  the  floating  gyros  FIG2  and  FIG^  this  proves  for  integral  correction 
of  the  IV.  Thus,  in  the  eastern  channel,  into  adder  AD^,  there  is  introduced  the 
correction  for  horizontal  component  U  cos  q>  of  rotation  of  the  Earth  which  is  obtained 
from  the  computer.  The  latter  also  produces  angular  velocity  U  sin  <p  +  — ^  tan  <j  of 
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induced  rotation  of  the  plane  of  the  meridian;  thlB  velocity  is  introduced  into  the 


torquerTQ^  of  the  floating  gyro  FIG^;  due  to  this  there  is  carried  out  azimuthal 

orientation  of  platform  P  in  the  plane  of  the  meridian. 

Components  v^  and  v^  of  relative  velocity  of  the  object  are  introduced  into  the 

second  integrators  ITT  and  ITT  ,  from  which  there  are  taken  changes  of  latitude  Aq> 

llN  11E 

end  longitude  AX  of  the  position  of  the  object.  The  latter  are  added  in  the  adders 

Aj  aril  AD„  with  initial  values  a;,,  and  X„.  As  a  result  there  are  obtained  current 

.J  4  (JO 

latitude  t,  and  longitude  X.  Values  of  <p,  v^  and  v^  are  introduced  also  into  the 
computer  for  aeterminat ion  in  it  of  the  earlier  mentioned  corrections.  More  detailed 
Information  about  this  INS  and  its  investigation  are  given  in  a  number  of  works  (for 
Instance,  [121,  175,  142]). 


c )  Fundamental  Scheme  of  INS  with  Mechanical  (Geometric)  Vertical  Erector  (VE) 

As  it  is  known  (par.  lc),  in  INS  with  mechanical  VE  obtaining  of  the  local 
vertical  is  carried  out  without  use  of  gyroscopes,  with  the  help  of  geometric  vertical 
erect  r,  on  the  platform  of  which  there  are  located  accelerometers.  Gyroscopic 
.evice  uf  the  system  in  the  form  of  a  GSP  is  oriented  along  axes  of  inertial  system 
f  c  'ordinates.  Thus  the  GSP  is  used  for  "memorization"  of  position  of  vertical  at 
the  initial  moment.*  Schematic  diagram  of  mechanical  (geometric)  VE  for  one  channel 
i s  shown  in  Fig.  11,23.  Schematic  diagram  of  an  INS  with  mechanical  VE  [142,  149] 
is  given  in  Fig.  1.35. 

Basic  component  parts  of  the  system  are  the  GSP  and  VE.  Erection  of  the  GSP 
here  in  principle  Is  the  same  as  in  the  scheme  in  Fig.  11.34;  I.e.,  it  contains 
three  floating  integrating  gyroscopes  utilized  by  the  unloading  servo  drives.  The 
difference  is  only  the  fact  that  in  this  system  the  GSP  does  not  have  correction,  and 
therefore  the  platform  preserves  constant  posit:  n  in  inertial  space,  for  Instance 
perpendicular  to  axis  of  the  Earth  PMP  . 

The  platform  of  the  VE  is  fixed  so  that  it  can  turn  relative  to  frame  F  around 

axis  0^,  which  is  directed  towards  the  east;  axis  Ot;  is  oriented  to  the  north,  and 

axis  0£  is  along  the  vertical.  Due  to  this,  accelerometers  A^  and  A£  fixed  on  the 

platform  of  the  VE  have  geographic  orientation.  From  the  accelerometers  there  are 

components  vN  and  vp  of  relative  acceleration**  of  the  object,  which  are  introduced 

into  the  first  integrators  I,  and  I_  .  Components  v.r  and  v„  of  relative  velocity  of 
_  IN  XE  N  E 

•See  footnote  2  on  p,  432. 

•♦Induced  and  Coriolis  components  of  acceleration  of  the  object  can  be  compensated 
Just  is  in  the  scheme  shown  in  Fig.  11.34. 
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the  object  obtained  at  the  output  of 

these  integrators  enter  the  second 

integrators  ITT  and  ITT  ,  from  which 
11N  AiE 

there  are  taken  changes  of  latitude 
Acp  and  longitude  AX  of  position  of 
the  object.  The  latter  are  added  in 
adders  AD.  and  ADn  with  initial  values 
cpQ  and  XQ.  Latitude  <p  through  ampli¬ 
fier  AM^  enters  stabilizing  motor 
SM^,*  which  turns  the  platform  of 
the  VE  by  angle  tp  around  axis  . 

Since  the  GSP  and  frame  F  are  perpen¬ 
dicular  to  axis  of  Earth  p  p  ,  then 

i'i  O 

turn  of  the  VE  by  angle  <p  ensures 
retention  of  platform  of  VE  in 
horizontal  position.  Longitude  X 
through  amplifier  AM^  enters  stabilizing  motor  SMg,  which  turns  frame  F  together  with 

VE  around  axis  P  p  .  In  order  to  take  into  account  rotation  of  Earth  with  velocity 

N  o 

U  around  axis  r  there  is  used  a  clockwork  mechanism  CM,  which  Introduces  the 
quantity  Ut  to  adder  AIX,  where  there  is  obtained  the  quantity  X  +  Ut ;  this  quantity 
In  turn  proceeds  to  rotate  frame  F  around  axis  P^Pg .  The  latter  provides  for 
azimuthal  orientation  of  platform  of  VE  in  geographic  system  of  coordinates.  From 
what  has  been  said,  it  follows  that  geographic  coordinates  and  X  of  the  object  are 
characterized  in  the  considered  inertial  system  by  angle  of  turn  cp  of  the  platform 
of  the  VE  around  axis  0^  relative  to  frame  F  and  by  angle  of  rotation  X  of  frame  F 
together  with  platform  of  VE  around  axis  P^Pg  relative  to  the  GSP;  due  to  this,  the 
system  13  sometimes  called  a  geometric  system  [121],  More  detailed  information  about 
this  inertial  system  and  its  investigation  can  be  found  in  a  number  of  works  (for 
instance,  [142,  149]). 

d)  Fundamental  Scheme  of  INS  with  Analytic  VE 

Earlier  it  was  shown  (Par.  lc)  that  in  INS  with  analytic  VE  there  is  applied 
GSP  oriented  along  axes  of  Inertial  system  of  coordinates;  on  the  GSP  there  are 
fixed  three  accelerometers.  Readings  of  these  accelerometers  are  corrected  for 

*For  motor  SM,^  to  turn  platform  by  angle  cp,  it  must  operate  jointly  with  a  servo 

system,  which  in  Fig.  11.35  is  not  shown.  In  the  simple  case  represented  in  Fig. 

11,35,  as  motor  SM^  it  is  possible  to  consider,  for  instance,  a  selsyn. 
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Fig.  11.35.  Schematic  diagram  of  INS  with 
mechanical  (geometric)  VE. 


accelerations  due  to  forces  of  gravitation  with  the  help  of  external  correction  or 
autocompensation.  Erection  of  the  vertical  is  carried  out  by  the  analytic  method. 
Coordinates  of  the  object  are  determined  on  the  basis  of  readings  of  the  accelero¬ 
meters,  corrected  for  accelerations  due  to  forces  of  gravitation. 

In  Fig.  11.36  there  Is  shown  the  installation  of  the  three  accelerometers  A„  , 

x0 

Ay  ,  Az  on  the  GSP,  which  is  stabilized  relative  to  axes  OxQy0z0,  which  preserve 
constant  position  in  inertial  space.  Axis  of  sensitivity  of  the  accelerometers  are 
directed  along  axes  of  coordinate  system  OxQy0z0.  Readings  of  the  accelerometers 

a  ,  a  ,  a  are  Integrated  twice  due  to  which  there  are  determined  displacements 

a  y  z 

(coordinate)  of  the  object  S  ,  S  ,  S  in  inertial  system  of  coordinates.  Readings 

a  y  z 

of  accelerometers  a.  a  ,  a  ,  by  analogy  with  (11.6.46),  are  expressed  by  relation- 
jc  y  z 

ships 

•« 8*'  (11.6.283) 

where  X,  y,  2  —  components  of  absolute  acceleration  of  the  object  along  axes 

°w0; 

gx,  gyj  6Z  —  components  of  gravitational  acceleration  along  the  same  axes. 

If  we  designate  initial  coordinates  of  the  object  by  S  ,  S  ,  S  ,  and  initial 

0  y0  0 

components  of  its  velocity  by  v  ,  v  ,  v  ,  then  for  current  coordinates  S  ,  S  ,  S 

x0  y0  z0  x  y  z 

we  have  the  evident  relationships 


+*)** 


From  the  given  formulas  it  follows  that  readings  of  accelerometers  a  ,  a  ,  a 

x  y  z 

must  be  corrected  for  components  gx,  gy,  g2  of  gravitational  acceleration.  For 

this  purpose,  as  it  was  said,  there  is  applied  external  correction  or  autocompensation. 

Let  us  consider  a  scheme  of  INS  with  autocompensation  of  gravitational  acceleration 

[142,  13],  This  scheme  usually  consists  of  three  identical  channels  for  determination 

of  coordinates  of  object  S.  S  ,  S  :  therefore,  we  will  give  fundamental  scheme  of 

x  y  z 

only  one  channel  —  for  determination  of  Sx  (Fig.  11.37). 

Reading  a  of  accelerometer  A  is  introduced  into  adder  AD. ,  where  it  is  added 
x  xQ  x 

with  quantity  gx,  which  is  determined  by  the  autocompensation  system,  i.e.,  on  the 

basis  of  the  data  themselves  which  are  produced  by  the  inertial  system.  The  obtained 
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sum  X  =  ax  +  gx  [see  (11.6.283)]  Is  Introduced  into 

the  first  Integrator  I.  .  Readings  taken  from  It  are 

±x 

added  In  adder  AD„  with  the  component  v  of  Initial 
*  x0 

velocity  of  the  object,  and  the  result  is  introduced 

into  second  integrator  I__  .  Increment  obtained  at 

AAx 

the  output  AS  is  added  in  adder  AD,  with  initial 

coordinate  S  .  As  a  result  there  is  obtained  current 
x0 

value  of  coordinate  Sx  =  Sx  +  ASX<  Analogously  there 

are  found  current  values  of  other  coordinates  S  and  S  .  Coordinates  S  ,  S  ,  S 

y  z  x  y  z 

are  introduced  into  the  computer,  which  produces  autocompensation  signals  g  ,  g  ,  g  . 

x  y  z 

For  determination  of  g^,  g^,  gz  there  exist  various  approximate  analytic  dependences 
[142,  13,  117].  For  instance,  for  gx  the  simplest  formula  has  the  form 

<f°r  H€R)'  (11.6.285) 

where  gQ  —  acceleration  due  to  force  of  terrestrial  gravitation; 

R  —  radius  of  Earth; 

h  —  altitude  of  flight  of  the  object,  for  instance  an  aircraft,  above  surface 
of  Earth. 


Fig.  11.37.  Fundamental  scheme  of  determination  of 
Sy  in  an  INS  with  analytic  VE. 


If  it  is  necessary  to  go  from  coordinates  S  ,  S  ,  S  to  the  coordinates  of  the 

x  y 

object  in  the  terrestrial  system,  then  erection  of  the  vertical  necessary  for  this 
transition  is  carried  out  analytically  by  the  same  method  which  is  realized  in  the 
3chem'  in  Fig.  11.26.  Detailed  theoretical  investigation  of  such  an  inertial  system 
is  contained  in  a  number  of  works  [142,  13,  14,  12,  40]. 

Above  there  were  considered  INS  containing  a  gyro-stabilized  platform;  however, 
in  principle  there  is  possible  creation  of  INS  without  gyroscopic  devices.  One  of 
such  systems  has  the  name  of  inertial-pendulum  system  of  navigation  [142],  In  it 


Fig.  11.36.  Location  of 
accelerometers  on  a  OSP  in 
an  INS  with  analytic  VE. 
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there  is  used  an  inertial  body  as  stabilizer,  with  which  there  are  connected 
accelerometers.  Signal  from  accelerometer  is  given  through  the  amplifier  to  the 
motor,  which  acts  on  the  inertial  body;  due  to  this  the  accelerometer  retains  its 
horizontal  position.  Accelerations  measured  by  accelerometers  enter  the  integrators 
for  determination  of  coordinates  of  the  object. 

There  are  possible  inertial  systems  without  stabilizers  [142,  12].  In  this 
case  the  coordinate  system  which  fixes  directions  of  the  axes  of  sensitivity  of 
accelerometers  is  reproduced  analytically.  For  this  purpose  it  was  proposed  [12] 
to  use  3 lx  accelerometers  rigidly  installed  on  the  object  at  a  certain  distance  from 
each  other.  They  are  designed  for  determination  ox'  linear  accelerations  of  center 
of  gravity  of  the  object,  and  also  angles  of  its  rotation  relative  to  the  inertial 
system  of  coordinates.  For  practical  realization  of  systems  without  stabilizers 
there  are  necessary  especially  accurate  accelerometers  and  computers.  It  is  possible 
to  become  acquainted  with  design  of  the  inertial  system  based  on  this  principle  and 
with  theoretical  investigations  of  it  in  works  [142,  12], 


9.  Certain  Remarks  About  Other  Types  of 
Gyroscopic  Navigational  Systems 

Among  gyroscopic  navigational  systems,  as  was  shown  in  §  11.x,  there  are  included 
also  gyrohorlzon  compasses,  gyrolatitude  compasses  and  gyrolat itudes . 

The  theory  of  the  gyrohorlzon  compass  (GHC)  was  considered  in  §  11.5,  Tar.  6. 

In  reference  to  the  use  of  this  instrument  as  a  navigational  system,  it  is  possible 
to  say  the  following.  The  GHC  gives  plane  of  horizon  and  indicates  direction  to 
the  north;  thus,  thanks  to  satisfaction  of  the  condition  of  aperiodic  transitions, 
the  system  is  undisturbed  by  accelerations  of  the  object.  Consequently,  the  sensing 
element  if  the  GHC  is  identical  in  its  properties  to  the  inertial  vertical  obtained 
in  the  INS  by  means  of  artificial  simulation  of  the  pendulum  of  M.  Schuler  with  help 
of  gyroscopes,  accelerometers  and  integrators.  Let  us  place  on  the  sensing  element 
of  the  GHC  two  accelerometers  with  axes  sensitivity  directed  toward  north  and  east.* 
Accelerometers  will  measure  accelerations  of  the  object  along  these  directions.  By 
means  of  double  integration  of  readings  of  the  accelerometers,  one  can  determine 
latitude  q  and  longitude  X  of  position  of  the  object.  Consequently,  by  supplementing 
the  GHC  with  two  accelerometers,  integrators  and  computer  according  to  a  scheme 
analogous  to  that  shown  in  Fig.  11.54,  we  will  obtain  an  inertial  navigational  system 
of  the  gyrohorlzon  compass  type. 

*In  reality  axes  of  sensitivity  of  accelerometers  deviate  from  the  indicated  axes 
by  the  angle  of  velocity  error  of  the  GC  (§  11.5*  far.  4b). 
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Such  an  inertial  system  with  two  accelerometers  is  investigated  In  work  (166). 

One  of  the  peculiarities  of  this  system  is  that  undisturbat  '  lty  of  azimuthal  motion 
of  the  sensing  element  of  the  OHC  is  attained  by  appropriate  control  of  velocity  of 
rotation  of  the  rotors.  As  Initial  data  for  operation  of  the  control  system  there 
serve  current  values  of  readings  of  accelerometers,  which  ar>-  used  for  subsequent 
determination  of  latitude  and  longitude  of  position  of  the  oh.Jec-t. 

Application  in  GHC  of  two  accelerometers  makes  It  poesible  instead  of  a  sensing 
element  with  displaced  center  of  gravity  to  use  i  balanced  censing  element,  which 
for  retention  of  it  in  the  plane  of  the  horizon  and  in  direction  of  the  local  meridian 
is  supplied  with  a  system  of  correction  (from  the  same  accelerometers)  which  is 
analogous  to  the  one  used  in  the  GC<  with  electromagnetic  control  [D]  (see  S  11, h, 

Par.  la).  In  this  case  for  obtain. ng  in  the  instrument  of  the  vertical  (plane  of 
horizon)  there  is  applied  essentially  the  principle  of  integral  correction  from  the 
accelerometers.  One  cf  such  INS  of  the  gyrohorixon  compass  type  [2]  is  based  on 
the  property  of  the  GHC  to  measure  vector  of  absolute  velocity  of  the  object  f  ] 
and  on  the  property  of  the  GC  to  Indicate  direction  of  vector  of  its  absolute 
horizontal  velocity. 

The  system  consists  [2]  of  two  astatic  gyroscopes  located  mutually  perpendicularly 
to  each  other  on  a  platform  installed  in  a  Cardan  suspension.  On  the  platform  there 
are  placed  two  accelerometers.  The  system  of  correction  using  readings  of  its  sensing 
elements  —  accelerometers  —  applies  correcting  torques  relative  to  the  horizontal 
and  vertical  axes  of  the  corresponding  gyroscopes;  these  torques  are  proportional  t 
the  integrals  of  readings  of  the  accelerometers.  By  selection  of  appropriate 
coelficients  there  is  provided  undisturbability  of  the  system  by  accelerations  of 
the  object.  Thus,  one  of  the  gyroscopes  acquires  properties  of  the  gyrocompass, 
and  the  other  —  properties  of  the  gyrohorizon.  If  these  gyroscopes  are  connected 
to  the  control  of  actuating  motors  fixed  on  the  axes  of  the  Cardan  suspension  of  the 
platform,  then  the  latter  will  be  stabilized  in  plane  of  horizon  and  will  preserve 
azimuthal  direction  to  the  north.  Consequently,  readings  of  one  of  the  accelerometers 
will  make  it  possible  to  determine  horizontal  component  of  absolute  velocity  of  the 
object,  and  readings  of  the  other  —  vertical  component  of  this  velocity.  Presence 
of  the  indicated  data,  for  known  Initial  coordinates  and  with  consideration  of  diurnal 
rotation  of  the  Earth,  permits  us  to  determine  current  coordinates  of  the  object  in 
terrestrial  system  and  parameters  of  its  motion.  Merit  of  this  inertial  system  is 
that  it  has  a  directional  torque  in  azimuth;  this  decreases  influence  of  disturbances. 
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System  does  not  have  systematic  errors  during  measurement  by  it  of  absolute  horizontal 
velocity  of  the  object.  A  detailed  theoretical  investigation  of  this  system  is 
contained  in  article  [2], 

There  is  possible  another  variant  of  INS  of  the  gyrohorlzon  compass  type:  on 
sensing  element  of  the  OHC  there  is  installed  only  one  accelerometer,  which  is 
oriented  in  the  north  direction;  due  to  this,  after  integration  of  its  readings  there 
will  be  obtained  the  northern  component  vR  of  velocity  of  the  object.  Eastern  com¬ 
ponent  v£  of  velocity  is  determined  in  the  following  way:  As  B.  V.  Bulgakov  [20] 
showed,  angle  6  of  rotation  of  gyroscopes  inside  the  gyrosphere  (Fig.  11.19)  with 
accuracy  up  to  harmonic  oscillations  determines  in  a  certain  scale  the  absolute 
eastern  velocity  of  the  ship  Vg  «=  RU  cos  <p  +  Vg,  whence  it  is  easy  to  obtain  quantity 
v„.  Let  us  note  that  practical  realization  of  this  scheme  of  INS  of  the  gyrohorlzon 
compass  type  is  very  complicated. 

It  is  of  interest  to  indicate  the  scheme  of  the  gyroscopic  navigational  system 
proposed  by  A.  Yu.  Ishlinskiy  [48]  for  determination  of  latitude  cp  and  longitude  X  of 
position  of  the  object  using  a  gyrohorlzon  compass,  directional  gyroscope  and  a 
computer.  The  latter  determines  <p  and  X  on  the  bases  of  integration  of  the  following 
nonlinear  equations  [48]; 


tin  ft;  4  =  •,  —  u»fcos  ft  tg  X  =  », 


coil 

cost 


-U. 


(11.6.286) 


where  $  —  angle  between  the  tangent  to  the  trajectory  of  object  and  the  parallel; 

it  is  equal  to  velocity  error  of  the  GC  [see  (11.5.71)]; 

u>  ,  u>  —  components  of  angular  velocity  of  the  trihedron  Oxyz,  axes  Ox  and  Oy 
y  of  which  are  tangent  to  the  earth's  surface,  and  axis  Oz  of  which  is 

directed  along  radius  of  Earth. 

Quantity  is  determined  by  the  GHC,  since,  according  to  (11.5.172),  angular 
velocity  is  connected  with  angle  e  of  separation  of  the  gyroscopes  by  the  relation¬ 


ship 
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(11.6.287) 


Angular  velocity  cuz  is  determined  by  the  directional  gyroscope,  the  sensitive  axis 
of  which  is  connected  with  the  compass  trihedron  Oxyz.  If  into  the  computer  there  are 
introduced  uj  ,  o>z  and  Initial  values  of  coordinates  <pQ,  XQ,  *Q,  then  in  accordance 
with  formulas  (11.6.286)  there  will  be  obtained  current  coordinates  <p ( t ) ,  X(t),  $(t). 

Certain  investigations  of  this  system  are  contained  also  ir.  [38], 

Some  of  the  types  of  gyroscopic  navigational  systems  are  gyrolatitude  compasses 

and  gyrolatitudes.  In  a  number  of  works  there  are  given  fundamental  schemes  of  these 
systems  and  their  theoretical  foundations.  We  refer  those  interested  in  such  systems 
to  the  appropriate  literature  (which  will  be  given  below),  and  will  ourselves  be 
limited  to  the  following  remarks. 


* 
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The  most  well  known  scheme  of  gyrolatitude  compass  is  the  scheme  witn  the 
sliding  pendulum  [7,  145],  which  was  for  the  first  time  considered  by  A.  P.  Korzhov. 

The  basic  element  of  the  instrument  is  the  astatic  gyroscope  with  three  degrees  of 
freedom,  fixed  in  Cardan  suspension  on  a  stabilized  platform.  With  the  platform 
there  is  connected  an  annular  vessel,  the  plane  of  which  passes  through  axis  of 
gyroscope.  In  the  vessel  there  is  liquid;  the  period  of  its  flow  can  be  regulated 
with  help  of  a  diaphragm  with  a  hole  fixed  in  the  vessel.  The  system  containing  a 
vessel  with  liquid  is  called  a  sliding  pendulum.  By  means  of  investigation  of 
differential  equations  of  motion  of  the  system  it  is  possible  to  show  that  in  position 
of  equilibrium  the  axis  of  the  gyroscope  is  established  in  plane  of  meridian  at  the 
angle  of  latitude  <p  to  plane  of  horizon.  Consequently,  this  gyrolatitude  compass 
determines  heading  of  the  object  K  and  latitude  $>  of  its  position.  It  has  velocity 
and  ballistic  errors.  For  compensation  of  ballistic  errors,  period  of  natural  sus¬ 
tained  oscillations  of  the  gyrolatitude  compass  should  be  equal  to  84.4  min,  since 
the  instrument  is  a  variety  of  the  gyropendulum.  Let  us  note  that  period  of  natural 
oscillations  of  the  gyrolatitude  compass  does  not  depend  on  local  latitude.  The 
question  of  practical  creation  of  such  an  Instrument  is  very  complicated;  in  particular, 
there  is  necessary  stabilization  of  its  sensing  element,  and  this  will  require  not 
one,  but  two  gyroscopes.  The  scheme  and  analysis  of  the  considered  gyrolatitude  com¬ 
pass  are  given  in  a  number  of  works  (for  Instance,  [7,  92,  145]). 

Of  interest  is  the  scheme  of  gyrolatitude  compass  with  indirect  correction 
[98,  7].  Sensing  element  of  the  instrument  is  an  astatic  gyroscope  with  three 
stabilized  relative  to  the  plane  of  the  horizon.  For  transformation  of  the  gyroscope 
into  a  gyrolatitude  compass  there  serves  a  torquer  located  on  the  horizontal  axis 
of  the  suspension;  it  applies  to  the  gyroscope  a  corrective  torque  proportional  to 
angular  velocity  of  deflection  of  axis  of  gyroscope  from  plane  of  horizon.  Angular 
velocity  is  determined  by  differentiation  of  the  indicated  angle,  of  displacement, 
which  is  taken  from  the  signal  plckoff  which  is  fixed  on  the  horizontal  axis  of  the 
suspension  of  the  gyroscope.  Consequently,  we  have  here  a  system  of  automatic 
derivative  control;  due  to  this  there  is  not  required  Introduction  of  special  damping. 
Analysis  shows  [98,  7],  that  in  the  position  of  equilibrium  the  axis  of  the  gyroscope 
is  established  in  plane  o*'  meridian  at  the  angle  of  latitude  <p  to  plane  of  horizon. 

It  is  possible  to  become  acquainted  with  the  scheme  and  investigation  of  the  gyro- 
latitude  compass  with  indirect  correction  in  the  above-indicated  works. 
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There  are  known  a  number  of  schemes  of  gyrolatltudes  which  make  it  possible  to 
determine  the  local  latitude.  The  gyrolatitude  using  the  Foucault  gyroscope  of 
second  kind  was  considered  by  us  in  §  11.2;  application  of  such  an  instrument  on  a 
rocking  base  is  quite  difficult.  One  of  the  modifications  of  this  scheme  was  inves¬ 
tigated  by  D.  R.  Merkin  [92],  There  have  been  proposed  schemes  of  gyrolatltudes 
using  gyroscopes  with  three  degrees  of  freedom  [7].  One  of  such  schemes  consists 
of  a  gyroscope  in  a  Cardan  suspension;  axis  of  rotation  of  outer  ring  is  horizontal; 
to  the  latter  there  is  fastened  a  load.  The  platform  on  which  the  gyroscope  is  fixed 
has  geographic  orientation  by  means  of  connection  with  a  GC.  Investigation  shows 
[7]  that  in  the  position  of  equilibrium  the  uxis  of  the  gyroscope  is  established  at 
the  angle  of  latitude  9  to  plane  of  horizon.  Accurac  of  readings  of  this  instrument 
is  greatly  influenced  by  change  of  velocity  of  the  object  and  its  circulations.  These 
and  ether  circumstances  hamper  the  practical  application  of  such  systems.  Other 
schemes  of  gyrolatltudes  are  given  in  the  article  [101]. 

For  determination  of  local  latitude  there  may  also  be  applied  the  method  of  C. 

Fox  [188],  which  is  based  on  measurement  of  gyroscopic  torques.  The  device  consists 
of  two  two-degree-of -freedom  gyroscopes  located  on  a  platform  which  is  stabilized 
relative  to  plane  of  horizon  and  azimuthal  direction  in  plane  of  meridian.  On  the 
axes  of  precession  of  the  gyroscopes  there  are  fixed  torquers  which  serve  for 
compensation  of  the  corresponding  gyroscopic  torques  appearing  about  these  axes. 

Since  the  platform  is  stabilized  relative  to  plane  of  horizon  and  azimuthal  direction 
in  plane  of  meridian,  then  rotation  of  it  relative  to  inertial  space  causes  appear¬ 
ance  of  gyroscopic  torques.  The  latter  tend  to  deflect  gyroscopes  from  their  initial 
position  in  plane  of  the  platform,  but  are  balanced  by  corresponding  torques  applied 
by  the  torquers.  This  makes  it  possible  to  measure  these  gyroscopic  torques,  the 
ratic  of  which  determines  [188]  the  local  latitude  <p.  With  the  help  of  a  computer 
one  can  determine  longitude  X,  by  using  relationship  X  =  fi  ggg  ^  where  v  and  K  are 
assumed  to  be  known. 

It  is  necessary  to  note  that  the  scheme  of  C.  Fox  can  hardly  be  useful  in 
practice,  since  here,  like  the  Foucault  gyroscope  of  second  kind  (§  11.2,  Par.  2b), 
errors  of  stabilization  of  the  platform  —  more  exactly,  angular  velocities  of  its 
oscillation  relative  to  the  given  position  —  will  cause  appreciable  error  of  two- 
degree-of  -freedom  gyroscopes. 

In  conclusion  let  us  note  that  for  self-contained  determination  of  local  latitude 
and  longitude  it  is  possible  also  to  use  the  astatic  gyroscope  fixed  on  a  horizontal 
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base  [135],  In  [135]  there  is  investigated  a  three -degree -of -freedom  astatic 
gyroscope,  the  axis  of  the  outer  Cardan  ring  of  which  is  fixed  horizontally.  There 
are  composed  equations  of  motion  analogous  to  (3.3.51).  The  obtained  system  of  non¬ 
linear  differential  equations  is  integrated  within  finite  angles  a  and  P  of  rotation 
of  outer  and  inner  Cardan  rings.*  As  a  result  there  are  found  expressions  whose 
realization  in  the  computer  makes  it  possible  to  calculate  latitude  and  longitude 
of  position  of  the  object.  For  certain  particular  cases,  the  corresponding  formulas 
are  obtained  to  be  quite  simple.  Thus,  for  Instance,  if  with  the  earlier  shown 
installation  of  the  astatic  gyroscope,  its  axis  at  the  initial  moment  is  located 
exactly  along  the  vertical  (aQ  *  PQ  ■  0),  then  for  latitude  qp  and  longitude  X  we 
have  the  relations  [135] 


*  — src*in-~ — Ut 

f  a*«  +  «rc 


(11.6.208) 


Consequently,  by  taking  from  the  gyroscope  angles  a  and  P,  by  formulas  (11.6.288) 
it  is  possible  to  calculate  current  values  of  qp  and  X. 

If  axis  of  gyroscope  is  parallel  to  plane  of  equator,  i.e.,  aQ  =  qpQ,  PQ  =  0, 

then 

fJ.  }  (31.6.289) 

i.e.,  values  of  <p  and  X  can  directly  be  taken  f.'om  axes  of  Cardan  suspension  of 
gyroscope.  If  in  the  considered  case  the  object  is  motionless,  then  X  =  XQ  and 
P  =  -Ut;  i.  e.,  the  free  gyroscope  can  serve  els  a  chronometer.  It  is  necessary  to 
note  that  practical  realization  of  this  method  of  determination  of  coordinates  qp  ani 
X  requires  creation  of  an  "ideal"  free  gyroscope  and  accurate  computers. 


•Integration  of  analogous  equations  was  for  the  first  time  performed  by  A.  M. 
Letov  [81],  D.  R.  Merkin  [90],  R.  I.  Chertkov  [169,  135],  E.  I.  Sliv  [135]. 
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